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The present book is based on lectures given by the authors at the 
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tion as well as on the applications and computational aspects. 
Chapters 1-6 and Supplement 2 (Qn Universal Digital Computers) 
have been written by S.V. Fomin and Chapters 7-11 and Supple- 
ment 1 (Asymptotic Expansions) by B.M. Budak. The authors have 
discussed together the general plan of the book and many details 
concerning the presentation of the material. 

In the preparation of the book the authors have received valuable 
advice from their colleagues V.A. IHlyin, E.G. Poznyak, 
A.G. Sveshnikov and others. The authors owe very much to 
AN. Tikhonov for his helpful comments and aid. Some important 
observations have been made by N.V. Yehimov and L.D. Kudryavtsev 
who have read the manuscript of the book. To all of them the 
authors express their warmest gratitude. 
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‘] Double 
Integrals 


The definite integral 
b 
\ f(x) dx 


is connected with the problems of determining the distance passed 
over for a given speed, computing the area of a curvilinear trapezoid 
etc. There are many similar problems involving functions dependent. 
not on one but on many arguments. A typical problem of this kind 
is to find the volume of a curvilinear cylinder (which is a three- 
dimensional analogue of a curvilinear trapezoid). 

By a curvilinear cylinder (cylindroid), with base F lying in the 
zr, y-plane, we understand a solid £ bounded by the base, a surface 
z = f (xz, y) and the lateral cylindrical surface (Fig. 1.1). It seems 


Fig. 1.1 


natural to evaluate the volume of such a solid in the following way. 
Divide the base # by a net of curves into elements, cells. F;. This 
results in breaking up the entire cylinder 7 into elementary eviin- 
ders 7’; whose bases are the cells /;. It is clear that the volume of the 
cylinder 7 should be understood to be equal to the sum of volumes 
of the elementary cylinders 7;. 

To find the volume of an elementary cylinder 7;, we choose a point 
(£3, 44) in #; and replace the elementary cylinder 7; having a curvi- 


an 
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linear upper base hy a right cylinder with constant altitude f (&;, 1,) 
and the same lower base F;. In other words, we consider the volume 
of the elementary cylinder 7; to be approximately equa! to 


fi, Ni) AS; 


where AS; is the area of the element /;. Now we take, as an appro- 
ximate value of the volume of the whole cylinder 7, the sum 


n 

Nf (En ni) AS; (1.4) 

i=1 
extended over all the cells the base F is divided Into. It is intuitively 
clear that suin (1.1) represents the volume of the cylinder 7 with 
deyrce of accuracy increasing as the sizes of the cells £; are dimi- 
nished. Fo oblain the precise value of the volume we must pass 
to the limit in expression (1.1) by making the sizes of the elements /, 
tend 10 zero. 

This passage to the limit leads to the notion of an integral of 
a Junction f (z, y) of two independent variables, i.e. to the double 
huldegral, 

There is an obvious analogy between the above (heuristic) conside- 
rations concerning the double integral and the construction of the 
definile integral of a function of one argument on an interval. The 
only distinction between thei is that in the former we consider fine- 
tions dependent not on one but on two arguments and that instead 
of the lengths of subintervals Ax, we take the areas of the cells F; 
into which the figure /, the base of the cylinder, is divided. 

Besides the problem of computing the volume of a curvilinear 
evlinder there are many other problems connected with the concept 
of the double integral. Some of them will be discussed in § 4 of this 
chapler. 

Some physical und geometrical problems lead to the concept of 
an integral of a function of three and more independent variables. 
The next chapter is devoted to these integrals. 

The problem of evaluating the volume of a curvilinear cylinder 
indicates that the nelion of a double integral ts closely related to 
the concept of area of a curvilinear plane figure because expres- 
sion (1.1) involves the areas AS; of curvilinear plane elements #; 
into which the base of thea cylinder has been broken up. Therefore. 
although we suppose the reader to be familiar with the concept of 
area*, we begin this chapter with a brief discussion of the basic 
properties of area. 


* E.gz. see [8], Chapter 11, § 2. 


CH. t. DOUBLE INTEGRALS pA 


€ tf. AUXILIARY NOTIONS. AREA OF \ PLANE FIGURE 


{. Interior and Boundary Points. Domain. We arc going to remind 
the reader of some notions which we shall need in what follows. 
Let @ be a point of the z. y-plane. An open circle of radius e€ with 
centre at the point @* is” referred to as an e-ncighbourhood, or 
simply a neighbourhood, of the point. A point a of a given set A 
is said to be its interior point if a “sufficiently small” e-neighbour- 
hood of the point @ entirely consists of points belonging to the set A. 
A\ set whose all points are interior is called an open set. An open 


i 


Fig. 1.2 (2) 


set G is said lo be (arewise) connected if each pair of its points can 
be joined by a eontinuous curve entirely Iving within G. An open 
connected set is briefly referred to as a domain. 

For instance, the collection of points whose coordinates satisfy 
the inequality xr? 3 y®< fo is a domain (see Fig. 1.2a). The set 
consisting of the two circles 2*> + y*? << 1 and ( — 2)? = yy? <1 
is not a domain because though it is open it is net connected (see 
Fig. £.20). 

A point a is called a boundary point of the set A if its every neigh- 
bourhood contains both peints belonging and not belonging to A. 
A boundary point itself may or may not belony to A. In particular, 
au open set contains none of its boundary points. The collection 
of all the boundary points of a set is called its boundary. .\ set con- 
taining all its boundary points is called closed. IXvery set ean be 
turned into a closed set (called its closure) by adding all the boun- 
dary points to it.** In particular, when adding to a domain G all 
its boundary points we arrive at a sel referred to as a closed domain. 

A point @ is called a limit point of a set 4 if in A there exists 
an infinite sequence of pairwise distinct points @;. da. 2... an, 
convergent toa. A limit point of a sct A may or may not be contained 
mol. Aset contains all its boundary puints if and only ifit is clused. 
(Prove it.) 


* That is the tolality of all points of the plane whose distances from a 


are less than e. 
** An achitrary set may he, of course, neither open nor closed. The collec- 


tion of all interior points of «a set is referred to as its interior. — Jr. 


lo 
[= 
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We say that a set is bounded if it can be placed within a circle 
of sufficiently large radius. let 1 be a bounded set. Denote by 
p (a,, 22) the distance between its two arbitrary points. Let now 
a, and a,independently run over the whole set A. The set of numbers 
0 (a;, a2) is then obviously bounded above (because p (a,, @2) cannot 
exceed the diameter of the circle in which A is contained). The least 
upper bound of the set of numbers o (a,, @,) is called the diameter 
d (A) of the set .1 (Fig. 1.3). 


Fig. 1.3 


Ifa set A isa part of a set & or coincides with it (i.e. A isa subset 
of B) we shall designate this fact, as usual, by the symbolic rela- 
tion 4 = 2B. If a point a belongs to a set A we write @€ A. 

The union of two sets A and B&B, i.e. the collection of all points 
belonging at least to one of the sets, will be denoted as A 4- B, 
and the intersection (or product, or meet) of two sets 4 and B 
which is the collection of all points simultaneously belonging to A 
and 8B will be designated by AB. 


2. Distance Between Two Sets. Let us introduce another notion which 
will be applied to the proof of the theorem on the existence of a double 
integral. 

Let A and B be two arbitrary sets in the plane. We shall call the 
number 


po (4, &) = inf p (a, bd) (1.2) 


the distance between Lie seis A and B. In (1.2) the greatest lower 
bound is taken with respect to all the pairsa € A, 6b€ &. Weclearly 
have p (4, &) =Oif A and B have at least one point in common. 


The converse does not hold in the general case; for instance, the 


distance between the hyperbola y = ~and the z-axis equals zero 


although these two lines have no common points at all. At the same 
time the following theorem (which will be needed in § 2) holds: 


Theorem 1.1 (On Separability of Closed Sets). If P 
and © are two bounded closed sets with no points in common then 
p (P, QO) > 0. 


Proof. Assume the contrary, i.e. let p (P, G) = O. Then, by the 
detinition of the distance between two sets, for each 2» = 1, 2, ... 
there are points p, € P and g, €@ such that 


P(Pns Qn) <— (1.3) 
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But. {p,} being a bounded infinite sequence. we can choose, according 
to the well known Polzano-Weiersirass theorem (e.g. see [8], Chap- 
ter 14, § 2), a subsequence 


Pay Pn, sey Pnyr oes 
of {pn} convergent to a point po. ‘Then the corresponding points 


dn,» dn, eeey Qnys eee 


of the sequence {g,,} form a subsequence convergent, by (1.3), to the 
same point Po. 

The point py is sure to belong to the set ?. In fact, there are two 
possibilities here. Either the subsequence {p,,} contains an infim- 


tude of distinct points, and then pg is a limit point of P and py € P 
because P is closed, or the subsequence {pn,} is stabilized in the 


sense that all its points from some number onwards coincide, and 
then they apparently coincide with ny and again p, € P. By the 
same argument, Po € VY. But then P and ¢@ have a common point, 
Which contradicts the hypothesis. 


Fig. 1.4 


Exercise. Show that the theorem remains true when at least one 
of the two closed sets P and @ is bounded. 


3. Area of a Plane Figure. The concept of area of a polygonal 
figure is well known from elementary geometry. (By a polygonal 
figure we mean a set constituted by a finite number of bounded 
polygons. see Fig. 1.4.) The area of a polygonal figure is a nonnega- 
five® number possessing the following properties: 

1 (monotonicity). lf P and Q are two polygonal figures and / en- 
tirely lies inside GQ we have 


area of P <= area of G 
2 (additivity). lf 7); and /’. are two polygonal figures without 
common interior points and P,; + Pe is the union of the figures 


* It can be equal to zero only if the polygonal figure degenerates into a 
finite number of points or line segments. 
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we have 
area of (P; + P.) = area of P, + area of P2* 


3 (invariance). If two polygonal figures P; and P, are congruent 


area Of P, = area of P. 


Let us now extend the concept of area. preserving (he three pro- 
perties. from polygonal figures to a wider class of plane figures. 
This problem is solved as follows. 

Let F hea plane figure**. We shall consider all the possible poly- 
goual figures / entirely lving inside # and the polygonal figures @ 
entirely containing #. The former will he referred to as enbedded 
figures and the latter as enveloping ones. The areas of embedded 
figures are bounded above (for instance, by the area of any enveloping 
figure) and the areas of enveloping figures are bounded below (e.g. by 
the number zero). Therefore the set of areas of all polygonal figures 
embedded in the figure / possesses the least upper bound *** 


S, = 8, (F) = sup (area of P) 
PCF 


and the set of areas of all enveloping figures possesses the greatest 
lower bound 


S* == S*(F) = inf (area of GQ) 
Qo 


The quantity S, is known as the interior (Jordan****) content 
of the figure F and §&* as its exterior (Jordan) content. The area 
of any embedded ligure not exceeding the area of any enveloping 
gure, we have 


S, <8* 


if S,; = S* = § their common value S is simply called the area 
(the Jordan content) of the figure F. In this case the figure F is said 
to be squarable. 


* We can easily verify that the requirements t and 2 are net. independent 
because monotonicity of area is implied by ils nonnegativity and additivity. 
Indeed. if a polygonal figure ? lies inside a polygonal figure Q we can represent 
Qas the umon of P and a polygonal figure which can be notuvally called 
the difference between the sets G and F# and designated as @ — P. Then. bv 
additivity, we have area of Q = area of P = area of (9 — P).. But area of 
(O — P) > 9 and therefore area of OQ & area of P. 

** Toe. a bounded set of points in the plane. 
see [f it is impossible to place any polygonal figure within the figure 
Fe we put, by definition. S, - 0. 
***« Jordan, Camille (1838-1922), a French mathematician. 
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Thus, we have extended the concept of area from polygons to 
a wider class of figures.* The retention of the basic properties 
of area (i.e. additivity, monotonicity and invariance) will be proved 
in Sec. 4. 

We now establish the following necessary and sufficient condi- 
tion for a hgure being squarable which will be of use for our further 
aims. 

Theorem 1.2. A figure F is squarable if and only if for every 
e >> UO there exist two polygonal figures P CF and @ > F such that 


area of GQ — area of P< eg (1.4) 
Proof. In fact, if such figures exist it follows from 
area of P= S, <= S* < area of O 
that 
O< §*¥ —S,;<e 


and therefore, since ¢ > 0 is chosen arbitrarily, we have S*'= S,. 
Conversely, if S* = S, then, by definition. for any given e > QO, 
there is an embedded polygonal figure P and an enveloping figure 
(/ such that 
é ; 
S,—3 <area of P< S,, S* <area of OS eres 
which implies 
urea of OG — area of P <e 


The collection of the points helonging to GY and, simultaneously, 
not belonging to / isa polywonal tivure of area (area of (4 — area of /) 


containing the boundary of the figure #. Consequently, the condition 
of Theorem 1.2 implies that F is squarable if and only if its boundary 
can be embedded in a polygonal figure of an arbitrarily small area 
(Fig. 1.0). 


* Every polygonal figure is obviously squarable. and the new definition 
of area (introduced with the help of S, and S*) yields the original value of 
Its area. 
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The theorem enables us to establish the squarability of some 
figures distinct from polygonal ones, for instance, the squarabililyv 
of the circle. For a circle we can take, as P and Q, a regular inscribed 
and a regular circumscribed polygon with a sufficiently large number 
of sides. 

By the way, the derivation of the formula for the area of a circle 
usually performed in elementary courses of geometry is based on the 
same arguments which are given here in the general form. 

Let us introduce the following terminology. We shall say that 
a set and, in particular, a curve, is of area zero if it can be embedded 
in a polygonal figure of an arbitrarily small area. This enables us 
to rephrase Theorem 1.2 as follows: 


Theorem 1.2'. Fora figure F to be squarable, it is necessary and 
sufficient that its boundary be of area zero. 


Based on the theorem, we now describe a sufficiently wide class 


of squarable figures to which we shall restrict ourselves in our further 
considerations. 


Tenuma. Each rectifiable curve* has zero area. 


Proof. Let Z£ be a rectifiable curve of length 2. Divide the curve 
into parts by m-+-1 points so that the length of each part is 


Fig. 1.0 a 
i So ‘08 . 
less thin = (of course, this is always pussible) and construct a square 


9 
of sie = with centre at the Ath point of division for each & = 


= 1,2,...,2-+ 1 (see Fig. 1.6). The union of the squares is a poly- 
gonal figure enveloping the curve J and the area of the polygonal 
figure does not exceed the sum of the areas of the constituent squares, 

Al? 


3 (2 + 1). Since 2? is fixed and vx can be 


i.e. is nol greater than 


* A rectihMable curve is the one that passesses a finite length. As is well 
knewn (e.g. see [8], Chapter 11, § {), if a curve can be represented by parametric 
equatians of the form 

x= (tf), y= vo (o), aate<pB 


where qm (é) and y (¢) are continuous functions with continuous (or piecewise 
continneass) derivatives it is rectihable. 
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taken as large as desired the curve Z can be actually embedded 
in a figure of an arbitrarily small area. The lemma has been proved. 

From the lemma and Theorem 1.2’ we conclude: 

Every plane figure (i.e. a bounded plane set) whose boundary is 
composed of one or several rectifiable curves is squarable. 

Jt is this class of hgures that, as a rule, we shall consider in what 
follows. 

Note. We can also point out another class of squarable plane 
figures. Any curve which can be represented by an equation of the 
form 

yof(z), @axtrab 


where f (x) is a continuous function or by an equation z = g (y), 
cy <d where g (y) is also continuous is of zero area. (The proof 
of this fact can be found, for instance, in [8], Chapter 11.) It follows, 
by Theorem 1.2’, that every figure with a boundary representable 
as a union of finite number of continuous curves defined by equations 
of the form y =f (x) or z= g(y) is squarable. 

4. Basic Properties of Area. Now we are going to show that the 
definition of the area of a plane figure thus introduced possesses the 
properties of monotonicity, additivity and invariance. 

Monotonicity is directly implied by the definition of area, and 


Fig. 1.7 


the proof of the property is left to the reader. Vet us establish 
additivitv, i.e. prove the following assertion: 

(1) Let F, and F, be two squarable figures with no interior points 
in common and F be their union (see Fig. 1.7); then F is also squarable 
and 

area of / = area of Fy + area of fF. (1.5) 


The squarability of the figure F follows from Theorem 1.2’ and the 
fact that the boundary of F is composed of sets of area zero which 
are some parts of the union of the boundaries of the squarable figu- 
res F, and F,.* Therefore, to complete the proof, we must only 
deduce equality (1.5). To this end consider polygonal figures P, 
and Ps embedded in Ff, and F,. and polygonal figures Q, and OQ, 
enveloping F, and Fe, respectively. Since the figures 7, and Py, 


* It appears obvious that every part of a set having zero arca is a sot of 
areca Zero. 
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do not intersect. the area of the polygonal figure composed of 2; 
and #5 equals area of ,; — area of P.. The figures VU; and G. (which 
may intersect) constitute their union @ whose area does not exceed 
area of GQ; + area of Ga. Thus, we have 


area of 2? = area of 7, + area of P, S area of F <= 


< area of GO < area of Q; + area of V2 
and 
area of /’, -+ area of Po. < area of F, + area of Fo Se 


< area of GO, — area of Q> 


Since the diflerences (area of O, — area of Py) and (area of QO. — 
— area of ?.) can be made arbitrarily small it follows that equality 
(1.5) holds. Additivity is thus proved. 

Finally. the property of invariance of area immediately follows 
from the invariance of the area of polygonal figures and from the 


Fig. 1.8 


way the area of squarable figures has been introduced by means of 
the areas of polygonal figures. 

There is another property of the squarable figures: 

(2) The intersection of two squarable figures is a squarable figure. 

Indeed. if /, and fs are two squarable figures and # is their utter- 
section (Fig. 1.8). each boundary point of / is a boundary point 
at least of one of the figures £, and £'y. Therefore our assertion fallowe 
from Theorem 1.2° and the fact that the area of a union of sets of 
zero area is equal to zero. 


a. The Concept of Measure. As has been mentioned above the 
concept of area has been introduced here according to Jordan's idea. 
But this way of defining the measure of a set possesses certain disad- 
vantages. Indeed. as has been shown, the union of two squarable 
figures is squarable. ‘This immediately implies that the union of any 
finite number of squarable figures is again a squarable figure. But if 
we take an infinite sequence of squarable figures 


a a ae 
their union may not be squarable. Ilere is au example. Taice the 


square 
0O<Szr<1, O<y<!1 


in the z, y-plane and consider the collection of all its interior points 
with rational coordinates. [It can be easily shown that these points 
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form a countable set, i.e. they can be arranged into a setyuence 
ic oe (xy, Yi), P2= (Zo, Yo), -e ey Da = (2% Yn)s cae 
Now take a number ¢ >> O and construct a closed circle of radius 
= 3 . Z , = 
r, <3 withcentreat the point p, lying within the square. Further, 
take first of the points pa. pa, ... which falls outside the circle and 


; ; E % : P 
construct a new closed circle of radius re << lying inside the 


22 
square and not intersecting the former circle. Next we find the 
first of the remaining points lving oulside the circles thus constructed 
and take it as the centre of a circle of radius r,< = contained 
in the square and not intersecting the circles constructed before. 
Let us infinitely continue the process in this fashion. We thus obtain 
an iufinile sequence of nonoverlapping circles placed in the square, 
their union being everywhere dense in it.* We can easily show that 
the uuion of the circles is a figure # which is nonsquarable in the 
sense of Jordan (let the reader preve it), On the other hand, it 
appears natural to attribute to this hgure an area equal to the sum 
of the areas of the circles it is formed of. This sutn is obviously 
equal to 


co oy 
a f° | 
{ - e 
yar < > aay = ay Te® 


i= 1 i=! 


Such difficulties can be avoided by iniroducing a more flexible 
and perfect concept of a Lebesgire measure** but we cannot discuss 


it at fougth here. 


§ 2. DEFINITION AND BASIC PROPERTIES 
OF DOUBLE INTEGRAL 


1. Definition of Double Integral. Let us now pass to the main 
object of this chapter, i.e. the notion of a double integral. Let G be 
a squarable figure and f (z, y) be a bounded funetion defined in G. 
Divide G into a finite number of nouintersecting squarable parts G; 
forming a partition {G;} of the figure G. Consider a sum of the forn 


rr 2 (Ei, Ya) AS; (1.6) 


* This means that the union of the circles is a set whose closure coincides 
with the entire square. 

** Lebesgue, Henri Loon (1875-1941), a prominent French mathematician, 
one of the founders of modern theory of functions. 
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where AS; is the area of G; and (&;, n;) ig an arbitrary point belonging 
to G;. Sums of form (1.6) will be referred to as integral sums (asso- 
ciated with the function f (z. y) and the fgure G). We introduce the 
following detinition of the limit of integral sums (1.6). 


Definition 1. Let D be the maximal of the diameters ad (G;) of the 
figures G; (the quantity D, the mazimal diameter of the partition {G;}, 
is called the fineness of the partition). A number J is said to 
be the limit of tutegral sioma (1.6) as D — 0 if for every e > U 
there is & >U such that 


lo Jl<e (1.7) 


wReER 


D<zd (1.8) 


In other words. inequality (0.7) must hold for all integral sums 
o corresponding to the partitions G = G, + Gz +... —G, which 
satisfy condition (1.8) irrespective of the way the figure G is broken 
up into parts G; and of the particular choice of a point (2;, 43) in 
each element of the partition. 


Definition (2. Ff the limit 


re 
lim >) f (Ei, yi) AS, 
D-+0 i—! 
of dutegral sums (1.0) esists it is called the dowble tritegral of 
the function {(z,y) over the figure G and denoted by the 
symebot 


\\ f(z, yds or VV f(x, yaxdy 
G G 


In this case the function f (z, y), the integrand, is said to he inte- 
grable on the figure G and G is called the domain of integration. 
The expression f (7, y) ds or f (z, y) dz dy is referred to as an clement 
of integration. 

The notion of a double integral is sometimes introduced in a diffe- 
rent manner. A figure G taken from a chosen class of figures is broken 
into rectangular cells by means of straight lines paralle! to the 
coordinate axes (see Fig. 1.9). In each cell a point (&;, 4;) 15s then 
chosen and the sum o = ST (E,, n;) AS, is formed. The sum is 
taken, say, over al! the cells entirely lying within G disregarding 
those adjoining the boundary of G (the total area of the Jalter is 
small). Then the passage to the limit is performed as the maximal 
diameter of the cells tends to zero. The imperfection of such a defini- 
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lion is that it is connected with a certain coordinate system in the 
plane whereas it is intuitively clear that the integral { J (x. y) ds, 


i.e. the volume of the corresponding cylindrical solid. must be inde- 
pendent of the choice of the coordinate system. When tlie notion of 
a double integral is introduced by means of such rectangular cells 
the above fact should be additionally proved but our definition 
iinplies it automatically. The definition given here has some other 


Fig. 1.9 Fig. 1.10 


advantages. Let, for instance, a function f (z, y) assume on G only 
two values: a, and @, (lig. 1.10). If the parts G,; and G. on which 
/ (x, y) is equal to a, and @s, respectively, are squarable our defini- 


tion mahes ib pussible to evaluate the integral { \ J (x, y) ds without 
G 


passing lo the limit. Intuitively, it is apparent that 


if } (x, y) ds = (area of G;) +a; + (area of Go) “Ao 
G 


(prove it). But the definition based on forming rectangular cells 
would need a sophisticated passage to the limit even in this simple 
case. 

At the same time it should be noted that both definitions result 
in the same notion of a double integral. 


2. Conditions for Existenee of Double Integral. Upper and Lower 
Darboux Sums. Let us find out what requirements should be imposed 
on a function / (7, y) defined over a squarable figure G in order to 
suarantee the existence of the douhle integral 


(\ f(x, yds 


e* @ 


G 
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In introducing the definition of the double integral we have 
supposed the corresponding function / (z, y) to be bounded.* At the 
same time we can easily conslruct exaimples indicating that 
an arbitrary bounded function is by far not always integrable.** 

To establish the integrability conditions it is convenient, as in 
the case of one independent variable, to use the so-called Darboux* ** 
upper and lower sums. 

Tet # (7. y) be a bounded function defined on a squarable figure G, 
and {G;} be a partition of the figure. Denote by AJ; and an; the least 


upper and the greatest lower bounds of the values of f (z, y) on the 
element G;. The sums 


7 "1 
() — “ WAS; and w= S} miAdS; 
i=1 i= 1 


are, respectively, referred to as the upper and the lewer DVarboux 
sums of the function f(z, y) (correspondiug to the given partition 
{G;} of the figure G). We obviously have Q > © for any partition 
{G; }. 

Let us enumerate the basic properties of the upper and lower sums. 

(1) For every partition {G;} of the figure G, the corresponding 
upper amd lower suis are, respectively, the least upper bound 
and the greatest lower bound for the integral sums 


48 


FEL, Mi) AS: 


i 


© As is huewn, a furrtion of ome variable whieh is (Riemann) otlegrable 
On an interval is necessarily bounded (e.g. see [8]. Chapter 10). liut the argu- 
went applied to proving this fact cannot he campletely extended to the case 
of two arguments. Actually. when taking different partitions of a squaralble 
figure G tuto squarable clements G; we cannot. in general, avoid the cases in 
which some of the clements are of area zero. But this means that the corres- 


ponding integral sums “’ / (&;, 1;) AS; must not necessarily be unbounded for 


each partition even if the function f (z, 1) is not bounded (because the function 
may turn out to be unbounded only on those elements of partition whose area 
equals zero). This cannot be the case for a function of one variable when we 
break up the interval of integration into nonoverlapping half-segments. It is 
possible to avoid the appearance of clements of area zero for functions of two 
(or several variables) by restricting both the class of figures and the class of 
partitions in question. Another way out (which we follow in our presentution 
Gf the theory) is to completely exchide unbounded funclious. 

** An example of a bounded but nonintegrable function of two variables 
is the one defined on the square 0 Q2zqQi,0<y <t in the following way: 
f(a. uv) = 1 ifs andy are cational numbers and / (rt, y) = 0 if otherwise. 
The proof of the fact that the function thus constructed is nonintegrable is left 
to the reader. 

*** Darhboux, Jean Gaston. a French mathematician (1842-1917). 
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associated with the partition {G;} (for all the possible ways of 
choosing the points (&, n;)). In particular, we always have 


vt Ta 


w= >) mASL< <> 1k, ni) AS; < 2 MASI =2 


i= { 


Indeed, the inequality 


M,ASj = 


il re 


pa (Ei, ni) ASI< 


obviously holds for any choice of aaa (E;. y,) on G; Gi = 1, 2, 
.. 2). On the other hand, by the definition of the least upper 
bound, for every #& > 0 it is possible to take a point (€;, 1);) in each 


element G,; of the partition {G;} so that J/; — f (&, 1;) << 
(where S is the area of the domain G). But then we have 


— D1. WASH = Ds —/ Es, 00) ASL < HD) AS: =e 


i—1 t= 1 i=} 


An analogous argument applies in the case of a lower sum. 

A partition {G3} will be referred to as a refinement of a partition 
{G,;} if each clement G; of the latter is either an element of the former 
ora union of several elements of the former partition. In these terms 
we can formulate the following assertion: 

(2) lf Q and w are the upper and the lower sums corresponding 
toa partition (6,3, and @' and wo’ are the upper and the lower suis 
for a refinement {G3} of {G;}, then 

Ome’ ZHAO 


that is the upper Darboux sum doves not increase and the lower one 
does not. decrease as the partition is refined. 

Actually, let {G;§ be a partition of the figure G and {G3} be its 
refinement. Then cach clement G; of the partition {G;} is the union 
of some elements Gig, @ = 1, 2, ..., k; of the latter partition. 
Furthermore we have 


AS;= S ASi, (1.9) 


AMT >> M ie, 7 |e! (i (1 .10) 


each element Gj being a constituent of only one element G;. It 
follows that 
k 


() \ MAS; > S y MioASin = 


i=] ag en 
We similarly prove the inequalitv o < mm’. 
3—0824 
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(3) Let {Gj} and {G3} be two arbitrary partitions of the figure 
G, and Q", w’ and 2", w” be, respectively, the upper and the lower 
Sums associated with the partitions. Then we have 


Q° >So” and Q’ > oa’ 


i.e. every lower sum (corresponding tuo a given function f (z, y)) 
does not exceed any upper sum (corresponding to the same function). 
To prove the property we first of all note that for any two partitions 
of the same figure G there exists their “common refinement”, i.e. a par- 
tition such that it serves as a refinement of each of the two parti- 
tions. kor instance, to construct such a common refinement we can 
take, as its elements, the intersections of elements Gj of one parti- 
tion with elements Gj of the other (of course, we only take those 
elements Gj; and Gj which have common points). 

Now consider the upper and the lower sums corresponding to the 
partitions {G;}, {Gj} and to their common refinement {G,}. Denote 
them, respectively, as Q’, w’; 2’, w” and Q, wo. Then, by proper- 


ty (2), 


and 


c 


oO Lo, wo Lw 


Besides, we obviously have the inequality 


Ilence, we have 


and, similarly, 


The assertion has thus been proved. 
The collection of all upper sums corresponding to a given func- 


tion f (x, y) is bounded below (e.g. an upper sum cannot be less than 
any lower sum) and the collection of all lower sums is bounded above 


(e.g. a lower sum cannot exceed any upper sum). Therefore the 
totality of the upper sums possesses the greatest lower bound whiich 
we designate as J and the totality of the lower sums has its least 
upper bound. J. The numbers J and J are, respectively, called the 
upper and the lower (Darboux) integrals (corresponding to the 


domain G and the tunction f (z. y)). 
The upper and the lower integrals satisfy the inequalily 


J<J 


CH. 1. DOUBLE INTEGRALS 35 


In fact, assume the contrary, i.e. J > J. Then there exists a number 
e >O such that 7 
J—J>e>0 (1.11) 


Furthermore, by the definition of the least upper and greatest lower 
bounds, there is an upper sum @, and a lower sum Wy. such that 


1—-S< sy and J—-Mm<s 


that is 7 
2; — We + (J — J) <e 


Consequently, by (1.1141), we have 
Q, — Wo 0 


which contradicts property (3). 

Properties (1)-(3) of the upper and the lower sums enable us to 
establish the following necessary and sufficient condition for the 
integrability of a funetion f (z, y) which is completely analogous 
to the corresponding necessary and sufficient condition for the 
existence of the definite integral of a function of one argument 
(e.g. see [8], Chapter 10, Theorem 10.1): 


Theorem 1.8. A bounded function f (<, y) defined on a squarable 
figure G is integrable over G if and only if for every & => 0 there exists 
a partition of the figure G such that the Darbouz sums associated with 
the partition satisfy the condition 92 — w< e. 


The proof of the theorem is based on the following (Durboux) 
lemma: 


Darboux Lenima. The upper (lower) integral J (/) is the 
limit of the upper (lower) Darbour sum as D — 0 (where D is the mazi- 
mal of the diameters d (G,) of the elements G; of the partition {G,} of 
the figure G). 


For convenience, we introduce the notion of the boundary of a par- 
tition. If we are given a partition {G;} of a figure G into squarable 
parts G; the union Z of the boundaries £; of all the elements G; will 
be referred to as the boundary of the partition {G;}, i.e. 


L=h,+heat... tL, 


The houndaries Z, being of area zero for every partition of the fig- 
ure G into squarable parts G;, the boundary L of the partition {G;} 
has a zero area as well. 

The boundary 1 is the union of a finile number of closed sets L; 
and therefore it is also closed. (This is a general property of a union 
of a finite number of closed sets. Let the reader prove it.) 


3 
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We now proceed to prove Darboux’s lemma. 


The proof of Darbouz's lemma. By the definition of the upper intc- 


gral J, for every © > U there is a partition {Gf} of the figure G such 
that the corresponding upper sum 2* satisfies the condition 


0<Q*—Jae 


embed the boundary Z£* of the partition in a polygonal figure @ 


of area less than — where VV = sup |f(z, y)|, so that L* 
is (x, WEG 


is strictly contained in it. The boundary 2* and the boundary 
of the polygonal figure VY are Lwo bounded closed sets having no points 
in common (see Fig. 1.11). Consequently, by Theorem 1.1, the 
distance between them is a positive quantity a. Now consider an 
arbitrary partition (G,,} of the figure G for which D < a. There is 


Fig. 1.11 


wu obvious property of the clements G, of the partition: if G, and L* 
have at least one common point, then G,, lies entirely in the interior 
of the figure Q. Such elements G, will be called boundary elements, 
and all the other will be called ivterior elements. Let us show that. 
to ~~ partition {G,} with D <a, there corresponds an upper 
sum 2 which differs from J by less than «. To this end, divide the 
sum &2 into two a of terms: 


-> MyAS, = S\ M,ASi. + SY MAS) 


where the summation in >, is extended over all intcrior elements 
and S’” is taken over all the boundary elements of the partition 


{G,}. Let us separately estimate each sum. I:very interior element 
of the partition is strictly contained in an element of the partition 
{G?}. The corresponding least upper bound AW, apparently does not 
exceed the least upper bound of the values of the funetion f Gx, y) 
assumed on this element of the partition {G7}. It follows that 


NVR, AS), < Q* 
Furthermore, we have the evident inequalities 
| AT, ja M -- ies td y)| (for all &) 
Wwe 
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and 
Y, AS; <area of <5 
Consequently, 
Dy Misi <3 
and hence, 
Q= >) MiASi+ DS) MAS; <O*+ >< Jt+e 


which is what we set out to prove. The lower sums are considered 
in a similar way. 
Finally, we pass to the proof of Theorem 1.3. 


Necessity. Let f (z, y) be integrable and an arbitrary & ~>O be 
viven. Denote the integral of j (7, y) by the symbol J/. From the 
definition of the limit of integral sums, for any given ¢ there exists 
6 >> 0 such that for each partition {G;} with D < 6 the inequality 


J—- De, wasi|<t (1.12) 


i= {1 


~ 


that the upper and the lower sums corresponding to the partition 
{G;} are the least upper and the greatest lower bounds of the integral 
cums associated with the partition. Therefore. we can take a fixed 
partition and choose the points (€{, nj) and (&j. 13) within the 
elements G; of the partition so that the following inequalities are 
fulfilled: 


holds irrespective of the choice of the points (€;. 4,;). We also know 


2— DHE, WAS < +: 21, M)AS;j—O<Z (1.13) 


Nach of the two integral sums satisfying condition (1.12), we deduce, 
from (1.13), the desired result: 


Q—o<e 
Sufficiency. l{ for every ¢ > O there exists a partition such that 
Q — << F 
we obviously have 
J SJ 


Denote the common value of the quantities J and J by J. Let us 


show that J is the limit of integral sums. i.e. the double integra! 
of the funetion f (xr. v) over the domain G@ By Darbonvy'’s lomma 
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J is the common limit of the upper and lower sums for D — 0. 
But since the value of any integral sum associated with a partition 
is contained between the corresponding Darboux sums 2 and @ the 
number J is the limit of the integral sums as D + Q. The theorem 
has been proved. 


3. Some Important Classes of Integrable Functions. Applying 
Theorem 1.3, we shall now establish the integrability of some impor- 
tant classes of functions, and, trst of all, continuous functions. 
[fn what follows we shall regard each function in question as being 
defined on a bounded closed squarable domain. 


Theorem 4. Every continuous function f (x, y) defined in 
a bounded closed* domain G is iniegrable on G. 


Proof. Since f (x, y) is continuous on a bounded closed sel it ts 
bounded and uniformly continuous on it.** The untform continuity 
of the function f (x, y) implies that for every ¢ > 0 there is 6 > 0 
such thal if the figure @ is divided into parts G; whose diameters 
are less than 8 the oscillation of the function f (z. y) on each of the 


parts. i.e. the difference 7; — m;, is less than ¢. But then 
nt Tr n 
O—w= » MW;AS;—» m:AS;<e > AS; = eS 
i=| i=! i=! 


and hence the funetion f (2, y) is integrable. 

The condition of continuity of the integrand is too restrictive. 
Therefore the theorem below guaranteeing the existence of the 
double integral for a class of discontinuous functions is important 
fur applications. 


Theorem 14. Mf a function f (x, y) is bounded over a bounded 
closed dumain G and is continuous throughout G possibly except a set 
of area zero the function is integrable on G. 


Proof. Take an arbitrary ¢ > 0. By the hypothesis, f (xz, ¥) is 
bounded, that is there exists a number & such that | f (z, y) |< A.- 
Let us embed the set on which the function f (z, y) is discon- 


tinuous in a polygonal figure 2 of area less than iz (see Fig. 1.12) 
so that it should he strictly contained within the figure. Denote as 
G the part of the domain G nol. entering into the interior of G. The 


boundary points of the polygonal figure @ which belong to G lie in G, 


* And, of course, squarable. In what follows we shall suppose, without 
any further stipniation. that the condition of squarability is always fulfilled. 
** Fig can (R] Chanter 14° Thanreme 14 8 and 148 


CH. 1. DOUBLE INTEGRALS 49 


and therefore G is closed. The function f (z, y) is continuous on the 


closed set Gand hence is uniformly continuous on it. Choose 6 > 0 
so that the oscillation of the function f (z, y) on any part of the 


ficure G with diameter less than 6 should be less than xe (where 


S is the area of G). Now, consider a partition {G;} of the domain 
G whose first element G, coincides with QV and all the other elements 


Fig. 1.12 e Sasctinnees 


are of diameters less than 6. Let us estimate the difference 2 — w 
for this partition. We have 


nr 
2 — w= M,AS,— m, AS, +3 > (W;—m;) AS, < 
i=2 
<(My— my) ae + DS) 5g AS: 


re) 
Rut M4,—m, 2 2A and > AS; <0 S, and thus 
t=2 


, & 
Q—w< 2K 4-57 S =e 


The number ¢ > 0 being chosen arbitrarily, the function f (z, y) 
is integrable by virtue of ‘Theorem 1.3. 


4. Properties of Double Integral. The basic properties of the 
double integral are completely analogous to the corresponding pro- 
perties of the definite integral of a function of one independent 
variable and therefore we shall only enumerate them without giving 
the proofs. 

1. If functions f, (z, y) and fz (2, y) are integrable over a domain 
G their sum (difference) is also integrable on G and 


\ | lfi(z.y) & fo(z, y)] ds= 07 (x, y)ds + \{ f(z, y) ds 
G 


G el 
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2. If A is a constant number and a function f(z, y) is integrable 
on G the function Af (z, y) is also integrable on G and 


\\ Ai (zy) ds = J) f(z, yy ds 
G G 
These two properties express linearity of the integral. 
3. lfa domain Gis a union of two domains G, and Go and a function 
f (x. y) is integrable on G, and Go then the function is as well inte- 
grable on G. If, besides, G, and G, have no interior points in common 
we have 
\\ f(z, yds=\\ Fle yrds+)\\ see, y)as 
GC "Gy Go 
This property is referred to as additivity of the integral. 
4. Wf, (z, y) and fe (zx, y) are integrable on G and f, (z.y) < 
<= fe (zx, y) then 


\\ ie yds Nf hele, yas 
G G 
This property is called mongoionicity of the integral; it implies pro- 
perties o and G6. 
Oo (estimation of the modulus of the integral). lf f (x, y) is integrable 
on G the function | f (2, y)| is also integrable on G and 


|\\ sez, y) ds <\\ iste, y)|ds 
G 


G 
6 (ean value theorem). If a function f (z, y) is integrable on Gand 
satishes the inequalities 


m <i (ty) <M 
we have 


mS < \ \ f(z, yds MS (1.14) 
é 


where S is the area of the figure G. 

The assertion immediately follows from property 4 and an obvious 
relation 
\ cds=cS, c= const 


a 


lf f (x, y) is a continuous function the mean value theorein can 
be stated as follows: 
6G’. In the domain G, there is a point (£. 4) such that 


\\/@ wds=s, nS (1.15) 


G 
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Indeed, take respectively, as AJ and om, the least upper bound and 
the greatest lower bound of the values of the function 7 (z, y) on G. 
Then, according to (1.14), we have 


m<— \\ {(z, y)ds<xi AM 
G 


But, as is well known, a continuous function defined in a closed 
domain assumes, at sume points of the domain, the values cqual 
to its least upper bound A/ and greatest lower bound m (e.g. see [8], 
Chapter 14, § 3). Suppose, for simplicity, that the function f (2, y) 
takes on the values A/ and m at the points (zy, y,) and (22, yz) lying 
in the interior of the domain G (the argument becomes a little more 
sophisticated if one of the points or both fall in the boundary of 
the domain G). Every two points of a domain can be joined by 
a broken line contained in the domain. Let us connect, by a broken 
line contained in the domain G, the points (z,, y,) and (22, yo) at 
which the function is, respectively, equal to AJ and m. The function 
f (z, y) is continuous along this polygonal line and, consequently, 
together with the values .J/ and mm, it assumes all the intermediate 
values. In particular, we can find a point (denote it by (E, 1))) at which 


" | i 
hE Was) ie was 
G 
and thus formula (1.15) has been proved, 


§ 3. ADDITIVE SET FUNCTIONS. 
DERIVATIVE OF A SET FUNCTION WITH RESPECT TO AREA 

1. Point Functions and Set Functions. The notion of a function 
is one of the most Impertant in analysis. We have already dealt with 
functions dependent on one, two or several arguments. Applying 
geometrical terminology we can say that such functions are variable 
quantities dependent on a point of the line (for one argutnenmt), 
on a point in the plane (for two arguments), on a point of a threc- 
dimensional space (for three arguments) or on a point belonging to 
a space of higher dimension. But in mathematical analysis and 
its physical applications we often encounter functions of different type 
for which the values of their arguments are not separate points but 
certain sets, for instance, some plane or space geometric figures. 
Functions of this type are known as set functions. 

As an example of a set funetion, we can take the area & (G) of 
a domain*® G defined, in a manner described in § 1. for all squarable 


* Vhe tenn “domain” is understood here in a wider sense, not as an open 
connected set but as a synonym for the term “set”. A class of sets on which set 
functions are considered can be chosen in an acbitrary fashion. In this book, 
rs a rule, we deal with set functions whose argument is a squarable plane figure 

oma). 
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comains in the plane. Take another example. Let a mass be distri- 
buted in the z, y-plane. Then. to each domain G lying in the plane. 
there corresponds a certain number, i.e. a mass uw (G) concentrated 
on G. Here again we have a variable quantity dependent on a domain, 
that is a set function. 

Now we introduce an important definition. 


Definition. A set function F (G) is said to be additire if the 
following conditions hold: 
(1) if F (G) is defined for domains G, and G. it is as well defined 


for their union G, + Go; 
(2) if G, and Gz have no interior points in common we have 


fF (G, + Go) = f (G,) + Ff (G.)* 


The above functions, area and mass, possess these properties. 
We can give many other examples of additive set functions: surface 
charge, amount of light energy impinging on an illuminated surface, 
fluid pressure acting upon the bottom of a vessel etc. 

We can also indicate examples of nonadditive set functions. For 
instance, if, with every squarable domain, we associate the square 
of its area we obtain a set function which is not additive. 

Additive functions whose argument is not a plane but a space 
figure will be treated in the next chapter devoted to the triple integral. 


2. Double Integral as an Additive Function of Its Domain of 
Integration. Let us consider the double integral 


\\ £(% y)as 


G 


in which the integrand f (x, y) is regarded as being fixed whereas the 
domain of integration G is variable. Then the integral becomes 
a function «b (G) of the domain G. By virtue of property 2 of the 
double integral (see the foregoing section), this function is additive. 
As a class of sets for which the function is defined, we can take the 
totality of all squarable figures contained in the domain Gy on which 
f(z, y) is defined. 


3. Derivative of a Set Function with Respect to Area. ‘Take again 
a function of type p (G), i.e. a mass distribution in the plane. If Gis 
«a squarable domain and S (G) its area the ratio 


p{G) ae 
He (1.46) 


* In particular, it follows that if G is of area zero, then F (G) = 0. In the 
case of a mass this means that we only consider mass distributions having a two- 
Aimensional (surface) density (hut not concentrated at separate points or curves). 
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is the mean density of mass distribution in the domain G. We now 
infinitely diminish the sizes of the domain G by contracting it to 
a fixed point py. If. in this process, ratio (1.16) tends to a limit 
p (po) the limit is called the density of mass distribution at the point po. 
Thus, a mass distribution in the plane can be directly defined by 
indicating an additive set function uw (G) or characterized by the 
corresponding density which is a point function. 

We now pass from our concrete example (mass distribution) to 
an arbitrary set function. Unlike mass distribution, an arbitrary set 
function can assume both positive and negative values. 

Let F (G) be an additive set function defined for all the squarable 
domains*. We say that a number A is the limit of the ratio 


FAG) 
S (G) 
(where S (G) is the area of the domain G), as the domain G is contract- 
ed to a point po, if for every e¢ >O there is 6 >O such that 


F(G) 
5(6) —Al<e 


for each domain G entirely lying in the circle of radius 6 with centre 
at the point po. 
This limit will be denoted by the symbol 


F (G) aF 
S (G) “ds 


and referred to as the derivative of the additive set function F (G) 
with respect to arca. The derivative is net a set function but an 
ordinary point function, i.e. a variable quantity dependent on 
a point. 

Turning back to the above example, we can say that the density 
0 (Po) of a mass distribution in the plane is the derivative of mass 
with respect to area. 


4, Derivative of a Double Integral with Respect to the Area of 
Its Domain of Integration. The mean value theorem for the double 
integral (see § 2, See. 4, property 6) implies the following result. 

Take the integral 


F(G)= \ \ f(x, y) ds (1.17) 
G 


where f (z, y) is a fixed function which is supposed to be continuous 
throughout a chosen part of the plane. Let us show that the additive 


° Or for all squarahle domains enntained in a fixed domain. 
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set function defined by relation (1.17) possesses the derivative with 
respect to area which coincides with the integrand f (z, y). 
Actually, let po be a fixed point and G be a domain lying within 
a circle with centre at po. Denote by m and MM the greatest lower 
bound and the least upper bound of the values of the function f (z, y) 
in the domain G. By virtue of the mean value theorem, we have 


1 = = 
G 
When the domain G is contracted to the point pg, i.e. when the 
radius of the circle tends to zero. the numbers m and .W/ tend, because 
of the continuity of f (xz. y) at the point po», to the same value, namely, 
to the value taken by the function f (x, y) at the point. Consequently, 
the ratio whose values he between 7 and AZ tends to the same limit. 
lfence. we really have 
‘aF 
We = f(z, y) 


>. Reconstruction of an Additive Set Function from [ts Derivative. 
We have discussed the problem of finding the derivative of a set 
function. Here we shall consider the reverse problem: let a point 
function f (z, y) be given and let it be necessary to determine a set 
function / (G) whose derivative coincides with f (z, y). If the func- 
tion f (x, y) is continuous we can immediately indicate such a set 
function, namely, the double integral 


\ Vie, y) ds (1.18) 
G 


regarded as a function of G. [It appears natural iv puse the question 
on whether there exist some other set funetions with the same deriva- 
tive. Let us show that if f (z. y) is continuous there is only one addi- 
tive set function whose derivative is f (z, y) (and which thus is 
expressible in the form of double integral (1.18)). 

if Fy (G) and F (G) are two additive set functions with the same 
derivative with respect lo area we have 


 (F,— F2) =0 


ds 


It is therefore sufficient to prove the following assertion: 
If oF 0, then F=Q. The proof is itplied by [the lemma 


stated below. 


: F me 
Lene. If the derivative al of an additive set function F (D) 


exists in a bounded closed domain D and is nonnegative, then 
F(D)>0. 
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Proof. Assume the contrary, i.e. let F(D)<0. Then there is 
i< 0 such that 


F (D) 
5(Dy * <1<0 


that is 
F(D) < tS (D) (4.19 
Further, take a sequence of positive numbers €,, €5,.. . convergent 
to zero and break up the domain /) into a finite number of parts D; 
so that their diameters are Jess than ¢,. Then at least for one of these 
parts (denote it as D“) we must have 
F(DO) < lS (DD) 
because if the opposite inequality 
F(D;) > lS (D;) 
were fulfilled for all D; we should sum uj, these inequalities over 
al] D; and thus arrive at a contradiction to inequality (1.19). 
Now, divide D(@) into parts with diameters less than ¢2. Among 
them there is at least one (denote it by D)) for which the inequality 


F(D *r< LS (D™) 
holds. Continuing in this manner we obtain the sequence {D'™} 
which is a nested collection of closed and bonnded domains (the 
symbol D™ designates the closure of D™, and we apparently have 
I (D™) = F (D™)). The diameters of D™ tending to zerv, there 
exists a single point belonging to all DO™* (let us denote this 


point by po). By the hypothesis, the derivative = exists every- 
n 


where in /), and, in partienlar, at the point ps5, and therefore 


its value at the point can be expressed as 
(n) 
lim alae) 
nc S (DM) 

But, according to the construction of the sequence {N'™), the 


p™) 
a does not exceed the fixed negative number ? for all n, 


and thus limit (1.20) cannot be nonnegative. The lemma has 
been proved. 


(1.20) 


ratio 


Replacing F(G) by --F(G) and appiying the lemma we see 
that if ae exists and is nonpositive, we have F (2)< 0. Finally, if 
dR 
— = 


* This is the two-dimensional analogue of the nested interval theorem (e.2. 
see [8]. Chapter 3, § 3). 
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that is if we simultaneously have 


dF dF 
= re < 


then F (D) = Q for every bounded closed domain. 


6. Definite Integral of a Function of One Argument as a_ Function 
of Its Interval of Integration. Let us now compare what has _ been 
said with the analogous facts of the theory of the definite integral 
of a function of one independent variable. The definite integral 


i 1m a 


can be regarded (for a fixed function f) as a function of the interval 
la. b|, i-e. as a set function on the line. Furthermore, the we]] known 
properties of the definite integral imply the additivity of this set 
function. But a line segment is completely specified by two points, 
namely, by its end points. If one of the end points is fixed a function 
of the line seement becomes an ordinary point function. We encounter 
this particular situation when we consider the integral 


j f (§) dg (1.21) 


(for a fixed a) as a function of its upper limit of integration. If we 
substitute another point @’ for the lower limit @ function (1.21) 
gains a constant (independent of z) increment, namely, Ue one 


equal to 


id 


f (&) dé 


Comey QC 


Thus, an integral of a function of one argument is a uniquely spe- 
cified set function on the line. When we regard such a function as 
a function of intervals it can be reduced to a function of one inde- 
pendent variable determined to within an arbitrary (additive) 
constant. The theorem on the derivative of a double integral with 
respect to area and the theorem on the reconstruction of a set func- 
tion from its derivative are, respectively, the two-dimensional 
analogues of the theorem on the derivative of a definite integral of 
a continuous function with respect to its upper limit and of the one 
asserting that an antiderivative is determined to within an arbitrary 
constant summand. 


7. Extension of Additive Set Functions. Ifa function is not given 
for all possible values of its argument for which it may be delined 
we can usually extend the function if some of its properties are 


i 
=! 
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known. For example, if a function f (z) is known to be linear, i.c. is 
of the form 


f (x) = ar b 


then, to find its values everywhere, it is sufficient to have at one’s 
disposal the values of the function at any two distinct points. 
lf f (z) is a periodic function of a period T > 0, i.e. if it possesses 
the property 

f(z + 7) = f (z) 
for all z, then, to find its values everywhere, it is sufficient to know 
the values of the function on the interval [0, 7]. For instance, if the 
values of sin x are known for all z from 0 to 2n we can find the sine 
of any angle. The set functions can be treated analogously. If a set 
function / (G) is known to be additive and if its values assumed 
on a certain class of sels are given we can sometimes uniquely extend 
the function, preserving its additivity. to a wider class of sets. For 
example, let F (G) be an additive set function defined on all triangles. 
Then it can be extended. as an additive function, to all polygons 
(and then to a wider class of sets). 

We have dealt with a problem of this type in § 1 where we have 
studied the noliou of area. The area is au additive set function of 
a domain which has been originally regarded as being defined on 
polygons (or polygonal figures) and then extended, with preservation 
of its additivity, to a wider class of figures which we have called 
squarable. 

The general problem of constructing an additive extension of a set 
function and delerminine the widest class of sets for which the 
function can be defined plays an important role in many divisions 
of mathematics. But here we shall not. diseuss these questions in 
detail because it would involve the introduction and systematic 
application of ideas and concepts of the general theory of measure. 


§ 4. SOME PHYSICAL AND GEOMETRICAL APPLICATIONS 
OF THE DOUBLE INTEGRAL 


1. Evaluating Volumes. At the beginning of this chapter we have 
already discussed a geometrical problem leading to the notion of 
a double integral. that is the problem of finding the volume of a cur- 
Vilinear cylinder. We have seen that. for a cylindreid bounded below 
hy a closed domain Gin x, y-plane and above by a surface z = f (z, y) 
where / (z, y) is a nonnegative continuous function, the integral sum 


eS f(s. ni) AS; (1.22) 


gives an approximate value of the volume. (The sum is taken over 
all elements G; of a parlilion of the figure G into canarahle narts, 
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AS; is the area of the element G;, and (&;. 1;) € G;.) As has been said 
10 the introduction to this chapter, the exact value of the volume 
equals the limit to which integral sums (1.22) tend as the fineness of 
the partition tends to zero. But the limit of sums (1.22) is nothing 
but the double integral of the function f (z, y) over G. Jts existence 
(under certain assumptions concerning f/ (zr. y) and G) has already 
been proved (Theorem 1.3). Hence, the volume V of a curvilinear 
cylinder bounded below by a closed domain G and above by a surface 
z = f (z, y) (where f >> 0 is continuous) is represented by the double 
integral 


\\ f(a yas 


G 


Strictly speaking, the volume of a curvilinear cylinder must be 
defined as the value of the double integral. The concept of the vol- 
ume, clear though it may be from the geometrical point of view, 
is not given beforehand and therefore our considerations only indicate 
that such a definition looks natural and is coherent with geometric 
iInthnition. 

We shall consider here some other problems to which the notion 
of double integral is applied. 

2. Computing Areas. Assuming that the integrand f (z, y) of 
a double integral is identically equal to unity we arrive at the 
eX pression 


| { ds (1.23) 
ie 

which is obviously equal to the area of the figure G because each 
integral sum corresponding to integral (4.25) equals thal area. The 
forinula 


ie \ ds (1.24) 
G 


for computing the area is sometimes more convenient than the well 
known formula 


5+ {f(z az 


expressing the area of a curvilinear trapezoid because fornmiula (1.24) 
is applicable not only te a curvilinear trapezoid but also to any 
squarable gure occupying an arbitrary position with respect to the 
coordinate axes. 


3. Mass of a Plate. Consider a plate lying in the x, y-plane, i.e. 
a domain G in which a mass with surface density p (r, y) is distribut- 
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ed. Let us ind the mass of the plate from the given density p (z, y) 
under the hypothesis that p (z. y) is a continuous function in zand y. 
Break up G into parts G; in an arbitrary way and take a point (€;, 4;) 
in each of the parts. The mass of each element G; can be approxi- 
mately regarded as equal to op (&;, y;) AS; (where AS, is the area 
of G;) and the total mass of the plate as equal to the sum 


Tl 
Qe, was (1.25) 
t= 


taken over all the elements of the partition. To obtain the exact 
value of the mass of the plate it is necessary to pass to the limit 
in the sum as the maximal diameter of the partition {G;} of the 
domain G is infinitely diminished. Then expression (1.25) turns 
into the double integral 


\ | e (2, y) ds (1.26) 


G 


which gives the mass of the plate. 

It appears clear that determining the mass of a plate from its 
density is a particular case of the general problem of reconstructing 
a set function from its derivative which has been discussed above 
(see § 3). 


4. Coordinates of the Centre of Gravity of a Plate. Let us determine 
the courdinates of the centre of gravity of a plate occupying a domain 
Gin the x, y-plane. Suppose that p (zx, y) is the density of the plate 
at the point (z, y). Divide the domain G into parts G;, choose a point 
(€;, Ni) in each of the parts and consider the mass of each part to 
be approximately equal to p (&;, 4;) AS; where AS; is the area of 
the subdomain G;. Each mass can be thought of as being concentrated 
at. one point, namely, at the point (&;, 7,). Then we can write the 
well known expressions for the coordinates rz, and y, of the centre 
of gravity of the system of material points: 


mt nN 
>) SP (Ez 1) AS; >) TO (Ei, Ma) AS; 
i= | 7 ix | = 
| a en | Ves 5 
SY) 2 (En ni) OS; >) P (Ee, ne) AS; 
i=! i=1 


Iexeressions (1.27) are approximately equai to the coordinates of 
the centre of gravity of the plate. To receive the exact values of 
the coordinates we must pass to the limit in formulas (1.27) as the 
partition is infinitely refined, i.c. D + Q. Then the sums entering 
into formulas (1.27) turn into the corresponding integrals and thus 
we obtain the formulas for the coordinates of the centre of gravity 


4 —0824 
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of the plate: 
\ | xp (x, y) ds \ \ yp (x, y) ds 
G G 


’ Ye = (1.28) 


ar 


LU p(s, as \\ plz, y)as 
G G 


If the plate is homogeneous, i.e. p=const, the formulas for the 
coordinates of the centre of gravity are simplified: 


(\ rds \\ vas 
eee Barto (1.29) 


iF ds 13 ds 


3. Moments of Inertia of a Plate. As is well known, the moment 
of inertia of a material point about an axis is equal to the product 
of the mass of the point by the square of its distance from the axis 
and the moment of inertia of a system of material points (about 
the same axis) equals the sum of the moments of inertia of the mass 
points it is formed of. Let a domain G in the z, y-plane be occupied 
by a plate of density 0 (2, y). Break up the domain G into parts G; 
with areas AS;, choose a point (€;, y,;) in every part and replace the 
plate by the system of masses p (¢;. 1);) AS; concentrated at the 
points (€;, 7,;). Then the moment of inertia of this system of mate- 
rial points about the y-axis is equal to 


T 

4 EFo (ti, ne) AS: 

{= 
This expression is taken aS an approximate value of the moment 
of inertia of the plate, and the smaller the diameter of the partition, 
the greater the accuracy of the approximation. Passing then to the 
limit’ as the maximal diameter of the partition of the domain G 
tends to zero we receive the following formula for the moment 
of inertia of the plate about the y-axis: 


l= \ \ xo (x, y)ds (1.30) 
G 


Similarly, the moment of inertia of the plate about the z-axis is 
equal fo 
ly, = \ f yp (x, y)ds (1.34) 


G 
Now let us find the moment of inertia Ja of the plate about. the 


origin of the coordinate system. Taking into account that the moment 
of inertia of a material point of mass m (placed at the point (z, ¥)) 
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about the origin is equal to 
m (x? +- y?) 


and applying the same arguinents we find that 


Io= | \ (2? + y*)0(z, yas 
G 


LRe=l, tl, 


6. Luminous Flux Incident on a Plate. Let a plate occupying 
a domain G of the zx. y-plane be illuminated by a point source of 
light placed ata point with the coordinates (0, 0. 2). Suppose that 
the light intensity of the source is the same in all directions and 
denote it by 7. Let us compute the luminous flux incident on the 
plate. 

The luminous flux df impinging on an elementary area ds is 
equal to Jdwm where do is the solid angle at the point (U. 0. zp») 
subtended by the surface ds. Furthermore. dw is equa! to the product 
of the ratio of the area ds to the square of its distance fram the source 
by the cosine of the angle between the normal to the area and the 
direction from the area to the source. The value of the derivative 
a ata point (z, y) of the plate is known as the intensity of illumi- 
nation al the point (denote it by A (z, y)). Jt follows that 


fF [dw lz 
A(z, y)=F-=ae = (tye gy? 


The total luminous flux falling on the plate is equal to the double 
integral of A (z, y) over the domain G, i.e. equal to 


a {| eee.) cess 
gh (ett yt 299" 

7. Flux of a Fluid Through the Cross Section of a Channel. Con- 
sider a fluid flow in a channel, and take a cross section of the channel] 
perpendicular to the direction of the flaw. Introducing a Cartesian 
coordinate systein z, y in the plane of the section we can regard 
the speed V of the fluid, at each point of the section, as a function of 
xand y, i.e. V = V (x. y). Let us compute the amount of the fluid 
passing across tlhe section in unit time. Take an infinitesimal ele- 
ment ds of the section. The quantity of fluid passing through the 
element in unit time is obviously equat to the mass of the elemen- 
tary fluid cylinder with base ds and altitude V (z. y). thal is equal to 


ov (x, y) ds (1.32) 


where 9 is the density of the Nuid. To find the amount of fluid passing 
through the whole section we must sum up infinitesimal elements 


4 
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(1.32), i.e. take the double integral 
| | eV (x, y) as 
“3 


over the Section. 

Note. In above considerations and, particularly, in the last pro- 
blem we have used such terms as “an infinitesimal element of area”, 
“an element of mass” and the like. This terminology is widely applied, 
especially in physical literature. For instance, we say that. for 
a plate with density op (z, y), the quantity 


p (x, y) ds 


is its “element of mass” (concentrated on “an element of area ds”) 
and the total mass of the plate, that is the integral 


\ J eg, y) ds 
G 


is regarded as “the sum of the mass elements”. 

The meaning of such statements is that we always imply the 
corresponding processes of passing to the limit (from finite sums 
to integrals) which have been encountered in the above problems. 
In what follows we shall sometimes use this “physical” language 
{keeping in mind its real sense based on the corresponding passage 
to the limit). 


§ 9. REDUCING DOUBLE INTEGRAL TO A TWOFOLD 
ITERATED INTEGRAL 


We have already discussed the definition and basic properties of 
the double integral, the conditions for its existence and some physi- 
cal and geometrical problems involving this notion but we have 
not yet studied the practical ways of evaluating double integrals. 
The most important role in the solution of this problem is played 
by the theorem asserting that the evaluation of a double integral 
can he reduced, under some general suppositions, to successive 
separate integrations wilh respect to each variable. It is the proof 
of the theorem that we are going to study in § 5. 

1. Heuristic Considerations. The basic idea of the theorems proved 
below lies in the followtug considerations. Let us regard the double 
integral 

| f(x, y)dedy 
ae 
as the volume of a curvilinear cylinder 7 bounded below by a domain 
G, above by a surface z = f (z, y) and on the sides by a cylindrical 
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surface passing through the boundary of the domain G (see Fig. 1.13). 
The solid 7 can be thought of as being composed of infinitely thin 
layers parallel to the y, z-plane. The volume of each layer is equal 


to the product 
J (xz) dz 


where J (zx) is the area of the corresponding section of the solid 7 
and dz is the width of the layer. Then the total volume of the solid T 
is equal to 


b 
\ J (x) dz (1.33) 


I3ut the area J (zx) (as the area of a curvilinear trapezoid) is given 
by the integral 


a(x) 
\ f(z y)dy (1.34) 
yi(x) 


where x is regarded as a fixed quantity and the quantities y, (z) 
and ye (x) are the coordinates of the end points of the line segment 


22112, 9) 
Li Z 


Fig. 1.143 


which is the projection of the section on the z, y-plane. Combining 
(1.33) and (1.34) we see that the volume of the solid 7 can be expres- 


sed in the form 
b yo(x) 


| dz | f(z, y)dy 
a yi(x) 
Ilence, we obtain the relation 
; 6 #2(%) 
\\ f(z. yds= [ax | f(x, yay (1.35) 
G a 140) 
This formula tells us that when a double integral is thought of as 
a sun: Of the elements f (z, y) dz dy we can first perform the summa- 


tion within the layers parallel to one of the coordinate planes and 
then sum up the results corresponding tu each layer. As am ulygebraic 
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analogue of relation (1.35), we can write the well known formula 
pa Gik= ba (> ain) 
i,k t A 


It is clear that if we took the sections of a curvilinear cylinder 


parallel to the z, z-plane instead of the y, z-plane this would result 
in the equality 


\ \ f(z, y)ds= ay | fee, y) dz 
G ¢ xaCy) 


(see Fig. 1.14). Now let us pass from our heuristic considerations 
to strict arguments. 


Fig. 1.14 


2. The Case of a Rectangular Domain of Integration. We begin with 
a double integral taken over a rectangle with sides parallel to the 
coordinate axes. 


Theorem 1.5. If f (x. y) isa function defined in the rectangle 


P={ac<zr<cbh, c<y<d} (1.36) 
fur which the double integral 
\ ) f (z, y) dx dy (1.37) 
P 
exists and if the onefold (single) integral 
d 
J(z)=] f(e, yay (1.38) 


¢ 


exists for each fixed value of x in the interval a<xr<b then the 
iterated (repeated) integral 


b d 5 
{ az | f(z. y) dy = \ F(x) dz (1.39) 


also exists, and we have 
b 


\ | f(x, ydedy— \ dx \ f(x, yay (1.40) 


1 Cerny 


po Be 
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Proof. Divide the rectangle P into rectangular subdomains P,; 
by = up its sides with the help of points a=a<aay4< 
<Yo<0... << x, = 6 and, respectively, ¢ = ¥Yp HY, yo <..- 
...<y,=d. Thus. P;; is the rectangle of the form P;; = 
= {(%,.,5 52 SX, yyrr Sy Sy;j} (see Fig. 1.19). Let m,; be 


J 
d 


Z 


Fig. 1.15 aegt Fy z 


the greatest lower bound and A/,; the least upper bound, on the 
rectangle P,;, of the values of the function / (x, y). Choose a point 


£, in each subinterval [z,_,, z,]. Since mj; <f (&, y) < A/;,; for 
¥j-1 = YS yj, we have 
Wy 
misdys< \ 1 y)dy<MijAys (Ays=ys—yi) (1-44) 
Vj-1 


and the integral in (1.41) exists because, according to the hypothesis, 
integral (1.38) taken over the whole interval [c, d] exists for every z. 
— up nr (1.41) with respect to 7 from 1 to / we derive 
{ 
> mijAy;<J (E&) = i (Ei, ydy< SB MijAyy, i=1,2,..., 4 
7=1 j=1 
Multiplying each of the last inequalities by Az; = x; — 2;-, and 
er them with respect to ¢ from 1 to & we _— 


Baz, y miiAy)< > J Gi) Azi< < An » MijAy; 


The expression y J(&;) Az; entering into this relation is an 


_— sum "peciniea with the function J(x) whereas 


3} Aas 3} musAy, and dda Mudy are the lower and 


i=j j=1 
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the upper Darboux sums corresponding to double integral (1.37). 
Consequently, 


hk 
wx DJ (Ei) Ary <Q 
S| 


If we now make al] Az; and Ay; tend to zero then, since we have 

supposed that double integral (1.37) exists,* both the lower and 

the upper sums will tend to the double integral. Hence, the integral 
k 


sums > J (E,) Az; tend to the same limit. Thus, we have 
i=1 
b 


b d 
\ J ¢(@ wydady= | J(zydz= az | f(z, yay 
F a Cc 


u 


Interchanging the variables x and y (and supposing that the 


integral J,(y)= | f(z, y) dx exists ] we derive a similar relation 


DQ Cem, Cm 


of the form 


[ay (1, y)dz= | | f(z, y) dx dy 
c a P 


d 
Finally, if both integrals J (x)= \ f(z, y)dy and J,(y)= 


v 
— \ f(x, y) dr exist, together with integral (1.37), we obtain 
a 


b d d b 
\\ se, y)dzdy = { dz | f(z, y) dy = ; dy \ f(z, y) dx 


3. The Case of a Curvilinear Domain. We now pass to the question 
on reducing a double integral tu an iterated one for the case of a 
curvilinear domain. Let a domain G be bounded by two continuous 
curves 4 = y,(z) and y = y2(z) (where yo(z) > y,(z7)) and by 


vertical line segments x = aand zx — 6 (Fig. 1.16). Then the follow- 


* By the hypothesis, double integral (1.37) cxists and therefore, for any 
way of partitioning the rectangle ? into subdomains such that their maxima! 
diameter tends tn zera, the upper and the lower Darbonx sums tend to the com- 
mon limit, te. to the corresponding double integral. This enables us to realize 
the partition in any appropriate manner, and we have chosen the one performed 
by means of vertical and horizontal straight lines. 


ra | 
oS | 
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ing theorem takes place: 
Theorem 1.6. If the double integral 


\\ fe, y) dz dy 


G 

exists for a function j{(xz,y) defined in the domain G, and the 
integral 

a(x) 

J (x)= f(z, y) dy 

yi(x) 
exists for each fixed value of x from the interval |a, b] the iterated 
integral 


se) yalx) 
\ ax ) f(z, y) dy 
a yi(x) 


also ezisis and we have the equality 


b 2x) 
| | fe, y) ex cy = \ ax { f(z, y) dy (1.42) 
G 7 uitx) 


Proof. Put ¢ = min y,(z), d = max y2(zx) and embed the domain 
G in the rectangle P determined by the inequalities a<az< ), 


Fig. 1.16 


ey <d (sce Fig. 1.16). Consider the auxiliary function f*(z, y) 
defined on the rectangle by the relations 


(f(z,y) in G 
x — ? 
f (z, y)= t ¢) in eee & 


where #? — G is the difference between the sets P and G, i.e. the 
collection of all points of P not belonging to G. 

The function /* (z, y) satisfies the conditions of the foregoing 
theorem. In fact, since it coincides with f (z, y) on the domain G 
it is integrable in G and it is identically equal to zero in P — G 
and thus is integrable there too. Consequently, by the property of 
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additivity (see § 5, Sec. 4, property 3), the function is integrable 
over the entire rectangle ?. Furthermore, we have 


{\ re, y)dzdy = \ | f(z, y) dx dy 
and . G 


| \ f* (z, y) dzdy =0 
P-G 
whence 


|) #@ vazdy= If f@, ydeay (1.43) 
G 


Besides, for each value of z lying between a and 6, the integral 
q yilx) y2(x) 
liz yldy= Vo pte uydyt J) fr (x, yay + 
¢ ¢ ¥i(x) 
d 
55 os | /* (zx, y) dy (1.44) 
y2(x) 


is sure to exist because each of the three integrals entering into the 
right-hand side exists. Actually, the line segments connecting, 
respectively, the points (z, c), (x, y;(x)) and (z, y(z)), (2, d) 
in the z, y-plane lie outside the domain G and /{* (z, y) equals zero 


yo(x) 
ou them, and the integral {* (z, y) dy cuincides with the 
: y1(x) 
integral 
4o(x) 
\ f(z wdy 
u(x) 


which exists by the hypothesis. The first and the third integrals 
entering into the right-hand side of (1.44) being equal to zero, we 
finally obtain 

d YX) 

\ f(z wWdy= | fe yay (1.45) 

c yilx) 
We see that the function /* (x, y) defined in the rectangle P satisfies 
the conditions of Theorem 1.5 and, consequently, the double integral 
of it over P can be reduced to the iterated integral: 

d 


\ J {* (xz, y)dzdy= dx \ f* (a, y) dy 
P a c 
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From the Jast relation and equalities (1.43) and (1.45) we deduce 


\) H(z, y)drdy= az | f(x y) dy 
G a vi(=) 


which is what we set out to prove. 

In Theorem 1.6 we have considered a domain G such that every 
vertical straight line z = const cuts its boundary at no more than 
two points (xz, y;(z)) and (z, y.(z)) and supposed that the integral 

Yo(x) 
F(z)= | f(zy)dy (a<z<d) 
yulx) 
exists. If we suppose that every straight line y = const has at 
most two common points (z,(y), y) and (ze{y), y) with the boun- 


dary of a domain G (see Fig. 1.17) and require that the integral 
x24) 


f (a, y) dz should exist for each fixed y we can prove the 


x1 (y) 
existence of the iterated integral 


d xo() 
fay | f(z, waz 
c xy) 


and its coincidence with the double integral \ \ Fe, y) dx dy. 
G 


As was seen at the beginning of § 5, the geometric meaning 
of the formulas reducing a double integral to an iterated one is 


G z 
Fig. 1.17 Fig. 1.18 


that the volume of a solid is equal to the integral of the area of its 
cross section (whicn is a function of the variable determining the 
position of the cutting plane). 

Note 1. ithe domain G is such that there are straight lines (vertical 
or horizontal), passing through interior points of the domain, which 
have more than two common points with its boundary, then, to 
represent the double integral taken over the domain in the form of 
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an iterated integral, one should divide the domain G into parts 
satisfying the conditions of Theorem 1.6 and separately reduce each 
of the corresponding double integrals to an iterated one (see Fig. 1.18). 

For example, let the domain of integration G be the unit circle 
z*-- y? <1 from which the ellipse 2* — 2y7< 1 is cut out 


Fig. 1.19 


(Fig. 1.19). Then the double integrui over G can be, for instance 
represented as 


1 4—a2 


\\ f(z. y)dedy— ( az \ f(z, y)dyt 
=4 


G ’ 1—x2 


* 


at 


a = 
1 é 


+ | az \ f(z, w)dy 


that is in the form of a sum of two iterated integrals. 
Note 2. If a double integral can be reduced both to an iterated 


6 y2(x) 
integral of the form { 4x \ { (z, y) dy and to an iterated integral 
a w(x) 
qd <x2(y) 
of the form \ dy \ f(x, y) dz then, when computing the double 
c x4(u) 


integral, we can use any of these representations. But it may well 
happen that one of them is more convenient than the other, and 
therefore, in concrete problems, an appropriate choice of the order 
of integration (i.e. the order in which integrations with respect to z 
and y are performed) may be of essential signilcance. 


Fizercise. Write the double integral 


\ J f (x, y) dx dy 
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where G is the domain bounded by the curves y = VY 2az ~— x? and 
y = V 2ez and by the straight line x = 2a (Fig. 1.20) in the form 


Fig. 1.20 


of an iterated integral (for both possible orders of integration). 


2a ¥ 2ax 
Ansiver. (1) \ ax \ f(z, y) dy 
0 MQax —x2 
2a A a a- Va2— 2 
(2) Jay J f(z, ydz+[dy | f(z y)dxt 
a : 0 y2 
2a Za 


a 2a 

+ \ dy | f(z, y) dz 
0 a-+- k a2— v2 

In the second case we have to break the integral into three summands 

whereas the first case involves only one term. 


§ 6. CHANGF OF VARTABLES IN DOUBLE INTEGRAL 


We often apply a change of variables when we integrate a function 
of one independent variable. and this method is also very important 
for evaluating double integrals. Before studying the problem of 
changing variables in a double integral we shall discuss some ques- 
tions related to mappings of domains. 

{. Mapping of Plane Figures. Consider two planes with respective 
Cartesian coordinates x, y and & y in them. Suppose that in the 
z, y-plane we have a bounded closed domain G with houndary £4 
and in the &, yn-plane a bounded closed domain I* (see Fig. 1.21a 
and &). Let 


r=2r(—,n), gy =y& yy) (1.46) 


be two functions defined in the domain I’. Suppose that when the 
point (&, n) runs over the domain [ the corresponding point (z, y) 


* As before. we suppose that the domains G and [ are squarable 
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runs over the domain G. Thus, functions (1.46) define a mapping 
of the domain [ onto the domain G. 

Let the mapping satisfy the following conditions: 

(1) The mapping is one-to-one, which means that, to distinct 
points of the domain I, there correspond distinct points of the 
domain G. In other words, the solutions 


E=E(, y), n= (sz, y) (1.47) 


ro 


of equations (1.46) (obtained by resolving the equations in — and n) 
are uniquely defined throughout the whole domain G. 


7h 


Fig. 1.21 (a) 


(2) Functions (1.46) and (1.47) are continuous and possess conti- 
nuous partial derivatives of the first order. 
(3) The functional determinant (Jacobian) 


Ox ox 
D(z, y) _ os an (1.48) 
UG. nN | oy oy 

v—E ay 


is different from zero everywhere in the domain [, and, consequently. 
since the derivatives entering into the Jacobian are supposed to 
be continuous, it retains its sign in F. 
in :; D(E, 1) ci 7a ynnected 
Phe Jacobian 7 Peay of inverse mapping (1.4/7) is connecter 


? 


with Jacobian (1.48) by the relation 


D (z, y) : D (§, 1) =— | 
(§&,n) D(z, y) 


which is directly implied by the definition of the product of deter- 
minants and the rules for differentiating a composite function. 
Therefore the Jacobian 2 = does not vanish in the domain G. 
lf we are given a smooth or piecewise smooth curve 
E=E§E(), yen), ents 
in the domain I, mapping (1.46) transforms it into the curve 


ra rl(E (nO =2x(, yoy (EM), 1) =y 
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which is again smooth or piecewise smooth. Indeed, the deriva- 
{3 


tives => and a existing and being continuous, the derivatives 


dz Ox d= , Oe dy | dy ay ae dy dy 


a. ofa oa “"" Ge Oo at " on dt 


also exist and are yo peamtais Furthermore, if at least one of the 


dé 


A 5 : dz 
derivatives — di a is different from zero the derivatives zr and 


dt 
- do not vanish Ghabinaumaibe since me a 0. 

We can also assert that the boundary .\ “r the domain I is mapped 
on the boundary Z of the domain G. This follows from the theorem 
on implicit functions (e.g. see [8], Chapter 15, § 2). Indeed, if, 
to a point (29, Yo) belonging to L, an interior point (E>, No) of the 
domain I’ corresponded, the relatious 


=2z(&, yn), yvy=y(é, n) 


would define the quantities — and 1 as functions of x and y in a 
neighbourhood of the point (zg, Yq). But every neighbourhood of 
a boundary point contains points not belonging to G, and hence the 
point (E>, m9), an interior point of 1, wonld possess a neighbourhood 
lying in FP and not mapped into G which contradicts the hypothesis. 


2. Curvilinear Coordinates. Consider a straight line — = &» in 
the domain [ (Fig. 1.21). It is mapped on a smooth curve lying 
in the domain G and determined by the parametric equations 


x=z(t&, yy), y= y (&, n) (1.49) 


(where y is the parameter). Similarly, to each straight line q -= no 
in | there corresponds a curve in the domain G with parametric 
equations 


= 2<(E, yo), vyomy (lS, no) (1.50) 


where € 1s the parameter. Curves (1.49) and (1.50), lying in the 

domain G, into which mapping (1.46) transforms straight lines 

parallel to the coordinate axes §, 1) and belonging to I, are referred 

to as the coordinate curves (€-curves and y-curves) in the domain G. 
The mapping 


x=x(—&, yn), y=y(l& n) 


being one-to-one, it follows that there is a single curve of form 
(1.49) passing through each point (7, y) of the domain G@ which 
corresponds to a given constant value of & and a single curve of form 
(1.90) corresponding to a constant value of 4. Consequently, the 
quantities & and y can be regarded as the coordinates (different, 
of course, from the Cartesian aa of points belonging to the domain 
G. The coordinate lines (1.49) and (1.50) corresponding to these 
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coordinates being curvilinear (but in the general case, not straight 
lines as in the case of Cartesian coordinates), the quantities — and 4 
are called the curvilinear coordinates of the points of the domain G. 

Thus, from the geometric point of view, the variables — and ny 
are interpreted in a twofold sense: on the one hand, they are the 
Cartesian coordinates of the points of the domain I and, on the 
other hand, they are the curvilinear coordinates of the points belong- 
ing to the domain G. Accordingly, every relation of the form 
@ (E, mn) = O can be regarded as an equation (in Cartesian coordi- 
nates) determining a curve A lying in the domain IT and also as an 
equation (in curvilinear coordinates) of a curve l, the image of the 
Curve 4 under mapping (1.46), placed in G. 


3. Polar Coordinates. The connection between polar coordina- 
tes r, g and Cartesian coordinates z, y is given by the relations 


x=rcosg, yersing(? 20,05 g < 2n) (1.54) 


if the pole coincides with the origin. 

The coordinate curves of the polar system shown in Fig. 1.22 are 
the concentric circles with centre at the origin (r = const) and the 
rays Starting from the centre (¢ = const). Mapping (1.51) transforms 
the half-strip r20, 0 <q@< 2a onto the entire xz, y-plane. The 
mapping is one-to-one everywhere except the point z = 0, y = 0 
which is the image of the half-segment r— 0, 0 < gy < 2n of the 
r, p-plane. If we delete the point z = 0, y =O we can consider 
the inverse of mapping (1.51) which transforms the punctured 
x, y-plane into the half-strip r=>0, OS q< 2a. The inverse 
Inapping is continuous everywhere except the positive half of z-axis 
because. although the value @ = 0 corresponds to all the points 
of the semiaxis, the variable @m tends to 2m but not to zero as the 
point Af (z, y) approaches the semiaxis from below. Thus, formulas 
(1.51) define the mapping of the half-strip r20, 0 <q < 21 onto 
the x, y-plane which is the one-to-one and continuous, together with 
its inverse mapping, everywhere except the points at which r -= 0 
or pm — Q. 

We can visualize the transformation from the half-strip on the r, 
¢-plane to the z, y-plane as “spreading a fan”. Jmagine that we are 
watching a film showing the process of spreading out the half-strip 
QO<r<o,0cg @m< 2n asa fan which. when opened, covers the 
xr, y-plane. Fig. 1.23a@ represents the first still of the tilm, Fig. 1.238 
the second, Fig. 1.25¢c shows one of the final stills and Fig. 1.29d 
the last one. 

Consider an example. Let a rectangular dumain in the 7. g-plane 
be given by the relations Oc axzrsbO<axy<f < 2n. 
The “fan spreading” procedure transforms it into an annular sector 
in the z. y-plane (Fig. 1.24). 


«const 
(2) 
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Let us find the Jacobian corresponding to the transformation 
from Cartesian coordinates to polar ones, i.e. the Jacobian of func- 
tions (1.51). We obtain 


‘D(z, y) COS @ —rsin@g 
YE) jsing  rcos@ 7 


The Jacobian is different from zero everywhere except the point 
Le Q, Y= Q. 

4, Statement of the Problem of Changing Variables in the Double 
Integral. We now formulate the general problem of changing vari- 
ables in the double integral. Let G be a closed domain bounded by 
a piecewise smooth curve LZ and f(z, y) a bounded function, 
defined in G, which is continuous or has discontinuities forming 
a set of area zero. Further, let the functions 


z=x(§,n), y=y(é n) 
determine a mapping of a domain [T° on the domain G and let the 


mapping satisfy the conditions (1)-(3) enumerated in Sec. 1. Our 
aim is to represent the integral 


\\ (ew) ae ay 
AG 


taken over the domain G as an integral over the domain I’ by trans- 
forming its element of integration to the new variables — and y. 

5. Computing Area in Curvilinear Coordinates. In deriving the 
formula for changing variables in a double integral the chief step 
is to express the area of a domain in curvilinear coordinates. The 
following theorem solves the problem: 


Theorem 1.7. Letxz=2x(&, n), y = y({E, yn) be a continuous 
and continuously differentiable one-to-one mapping of a domain YT 
of the &, n-plane on a domain G in the x, y-plane. Suppose that the 


Jacobian > 8 is everywhere different from zero. Then 


area of G=\{ drdy=\\ et | ak an (1.52) 
G r 


We shall preface the proof of the theorem with an intuitive argu- 
ment (to which, by the way, the reader may restrict hitnself). 
Consider two pairs of coordinate curves lying infinitely close to 
each other in the domain G. Let the first pair correspond to the 
values 
Eo and &, + dé 
of the coordinate — and the second pair to the values 


No and o + dy 
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of the coordinate yn. These coordinate curves cut out of the domain G 
an infinitesimal element of area A)A,A3A2 (see Fig. 1.25). This 
element can be apparently regarded as a parallelogram to within 


Fig. 1.25 


infinitesimals of, order higher than the first. We see that the sides 
of the parallelogram are the vectors 


ApA, = (3z dt, 3 db) 
and 


AyA, = (5 san, Se = dn) 


The area ds of the parallelogram ae 342 is equal to the modulus 
of the determinant whose elements are the projections of the vectors 


AoA, and AjAzs on the coordinate axes, that is 


Ox Cy 
—d — d 
oF > aS : D(z, y) | 
ds = modulus of Se dé dy (1.53) 
Ox ey D (Ss; 0) 
oy an 7a dn 


Hence, the total area S of the domain G is obtained by summing 
up all the elements, i.e. is in fact representable in the form of a 
double integral taken over the range I’ of the variables § and »: 


s=\\laea lea 


We can. now corroborate our intuitive argument with a proof. 
We shall leave out some details which we believe will not be difficult 
for the reader to understand. Besides, to simplify the consideraticn 
we shall suppose that the mapping is defined and satisfhles the require- 
ments of the theorem not only in the domain |' but also in a wider 
domain in which I is strictly contained together with its boundary. 


Proof of Theorem 1.7. We first take a simple but fundamental 
case when the domain in the &, n-plane is a rectangle IT with sides 
parallel to the coordinate axes, and the mapping of the rectangle 


5* 
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on the z, y-plane is a linear one expressed by the formulas 
L= Xp -—- ast by y = Yo + a& + Oy (1.04) 


a 


where Zo, Yo, @, 0, a, and b, are constants and == 0. 


by 
As is well known from analvlic geometry, the image of such a rec- 
tangle II] under a mapping of this type is a parallelogram P whose 
aurea is connected with the area of the rectangle IJ by the relation 


area of /) = ( modulus of } «(ares of TT) (1.55) 


a, by 
(prove it). It follows that every squarable figure (P lying in the 
E, y-plane is mapped bv linear mapping (1.54) onto a squarable 
ficure F in the z, y-plane whose area is expressed as 
/ 
area of F == { modulus of 


| «(area of W) = (1.56) 


“; b, 


vy the way, it is only relation (1.55) that we need for our further 
aims. 

Now Jet us consider an arbitrary (possibly nonlinear) mapping 
xr=r(E, ny =y (CE. yy). of a domain IT, satisfying the conditions 


Fie. 1.26 


of the theorem. Take a point (Eg. 49) belonging to the domain FP 
where the mapping is delined and consider the rectangle 

Eo SENECo ry, NoRMYS No “i he 
Which we again denote by II (Fig. 1.26). 

Applying Lagrange’s theorem on finite increments we rewrite the 
equations defining the mapping of the rectangle into the z, y-plane 
in the —_ 

Cr = 
x = ty Se — dé eh a2" ii. Y= Yotae esl oe dy+% (1.97) 
where iver Pi Yy (So. No), the atid of the derivatives are 
taken al the point (&. yo) and 

ay = (rE (S*, 1) — 22 (Su, No)) CE - (an (§*, 1°) - 20 (or Mo) dN 

ce = (yz (6**, n**) — yi (Eos Mn) GE -- (Yn (E**, ie (Eo, No)) 
(Here we have &.<5"- 8 SSE" <5 nyt ely Ness 0.) 
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By the hypothesis, the first derivatives of z and y with respect 
to E and y are continuous and thus they are uniformly continuous 
in the bounded closed domain [. Consequently, for every € > 0 
there exists a sufficiently small 2k >Q such that if hy + hg <th 
the inequalities 


[zi (Sn) — ze (Eo. No I< e, [an f& n) — 2 Eo Wo) |e 
hold for all the points (¢, 1) belonging to the rectangle II, and 


Similar inequalities are true for y; and yy. e€ being independent of 
the particular choice of the point (E>, 9). These estimates show that 


la, |< ek, [a,|<t eh (1.58) 


Now compare nonlinear iia’ (1.57) with the linear mapping 


Oz 


Z = ot oe St+dn. y= yor Se OB a2 (1.59) 


which is obtained " Dien a, aimed “ein fetal (1.57). As we 
already know, a linear transformation of this kind maps the rec- 
tangle I] on a parallelogram which we again denote by 7? and, accor- 
ding to (1.55), we have 


ox dz 
d= On) 

nee a : S ses) 

area of P =[ modulus of ay ay .(area of 11) (1.60) 
ds ot |, 


Nonlinear mapping (1.37) transforms IH into a curvilinear figure &. 
Let us investigate what is the difference between its area and the 
area of the parallelogram P. 

By virtue of (1.58), for each point (=, yn) € ll we have 


lx—zl[=la,|/< eh, ly —y|-= |ao.l<eh 


V (x x)? -+ (y—y)?< V 2eh 


In other words, the distances between the images of the point 
(£, yn) ET] under linear mapping (1.5%) and nonlinear mapping 
(1.57) are less than V2 eh. Therefore, if we embed the boundary 
of the parallelogram /’ in a strip of width Y2 e& the boundary 
of the curvilinear figure & will be stricUdy contained in the strip 
(Fig. 1.27). lt is clear that the difference between the area of SP and 
the area of P does not exceed the area of the strip. Performing simple 
computations we find that the area of the strip is not greater than 
its width omitiplied by the perimeter of the parallelogram /?. The 
perimeter can be easily estimated. Let a positive number Jf be so 
uL OF Oy a. 


chosen that each of the derivatives — nd - oy does not. 
de > an? ao 
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exceed A/ in its absolute value throughout the domain [F (the deri- 
vatives are continuous and therefore bounded in the bounded closed 
domain 1). Then (4.59) immediately implies that the sides of the 
parallelogram P cannot exceed Afh. Thus, the perimeter of P is 


He 
lich Hi 


Fig. 1.27 yee 


not greater than 4Ak, and the area of the strip in which the boundary 


of P has been embedded does not exceed 4 V2 eMh?, i.e. is not 
ereater than 


V 2 eM -(area of I) 
Consequently, 
area of P= area of P+y 


or, by virtue of (1.60), we have 
Oz Ox 


area of # =| modulus of - a |r of N)+y (1.61) 
o— on 
where 
ly |< V2 eM -(area of ITI) (1.62) 


Let now ©@ be a polygonal figure lying within [T and composed 
of rectangles with sides parallel to the coordinate axes, and # be 
its image under the mapping z = z (€, yn), y = y (&, ny). Break up 
® into rectangles II; so that the half-perimeter of each of them 
should be less than h. The union of the images #; of the rectangles 
is the figure #, and the area of each J; can be represented in the 
form 


area of = wee ez “(area of Th) +-y% (1.63) 


n=N) 
where (&;, ni) is a point belonging to the rectangle II; and 
ly lac V2eM -(area of Ty) 
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@ 
Sum up equalities (1.63) over all the rectangies I];. This yields 


nr 


>, (area of #;) = area of ¥ = 


i=1 


va tn 

= D(z, y) : 

=D [DEM aa, Ore of M+ Dv sini 
i=1 n=n; i=1) 


The first summand on the right-hand side of equality (1.64) is 
obviously an integral sum associated with the integral 


D(z, y) : 
y) | ae | en — 
and the second one does not exceed the expression 
V2Me >) (area of Ti) = V 2 Me-(area of ®) 
i=1* 


where e can be. made arbitrarily small (because the diameter of the 
partition of the figure @ can be chosen as small as desired). The 
integrand being continuous, integral (1.65) is sure to exist. Conse- 
quently, we can pass to the limit in relation (1.64) as the partition 
of the figure @ is infinitely refined. We thus obtain 


D (x, y) 

won of = ff] BEN ae 

To complete the proof we should pass from the polygonal figure © 
embedded in the domain F to the domain I itself. This can be easily 
performed. The domain I being squarable, we can find two figures 
®, and @, composed of rectangles,* the first of which is embedded 
in I’ whereas the second envelops I’, such that the difference between 
their areas is less than a given positive number 6. The mapping 
x=—2(—&n), y=ylé ny) transforms them into two squarable 
figures ¥, and $2, the former being embedded in G and the latter 
enveloping G. We can easily show that 


|area of #,— area of Fa\< (2472+ V2 Me)& 
( prove it by applying relation (1.64) and the _ inequality 


max | a “ |< 2M?) . But then 


jarea of G—area of €,!<(2M?4+ V2 Me)b (1.66) 


* The enveloping figure @, must lie in the domain in which [ is strictly 
contained and in which, by the hypothesis, the mapping is defined and satisfies 
the conditions of the theorem. 
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The figure $, is the image of the polygonal figure W, and therefore, 
by what has been proved, we have 


area of F; =I! F a ET at | | dk dy (1.67) 
Furthermore, by the mean value theorem, we can write 
= | Soe 7 " | de dy < 2M" (1.658) 


TY —¢h04 
‘rom (1.66) and (1.68), taking into account (1.67), we deduce 


area of G—\{ ae ” | dgan| < (442+ V2 Me) 6 


The number 8 being arbitrarily sinatl here, the proof of the theorem 
thus follows. 


Note 2. The fundamental idea upon which both the above proof 
and the foregoing intuitive argument are based lies in the fact that 
a nonlinear mapping 2 = xz (é, n), y = y (E, 4), when considered 
In the small, can be approximated with a linear one, and the smaller 
the domain, the greater the accuracy. By the way, properly speaking, 
the substitution of a linear relation for a nonlinear one, considered 
in the small, is, in general, the basic idea of mathematical analysis. 


Exam ple. Consider again polar coordinates. The curves + — Po, 
r=rg-- dr, p= Qo and q =: py -;- dp cut out of the z, y-plane 
an iniinitesimal reetangle with sides dr and re dy (see Fig. 1.28). 
‘Pherefore the clement of area in polar cuordinates is equal to rg dg dr. 
(The same result is, of course, implied by general formula (1.52) 


: D : : : 
since ot) =r.) Consequently, the area in polar coordinates 
3 

Is expressed by the formula 

S= \ { r dr dq. (1.69) 

r 

where P is the range of the variables r and q. In particular, if the 
domain Gis bounded hy two rays @ =: ¢, and @~ = @zs and by a 
curve r =r(q), i.e. has the form shown in Fig. 1.29 (represent the 


corresponding domain Toin the r. q-plane). then, reducing double 
integral (1.69) to an iterated integral, we obtain 
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Performing titegration with respect to r we find: 


V2 
S =z | r? (q) dp 
| 
This is the well known formula for area in polar coordinates (e.g. 
sce [8]. Chapter 11, § 2). 
Note 2. Formula (1.53) indicates the geometric meaning of the 


D 
(y. 2) Actnally., denote the 


absolute value of the Jacobian ———. 
/? (5,7) 


Fig. 1.28 Fig. 1.29 
Jacobian, for brevity, as J (&, 1) and consider the mapping of the 
domain TI on the domain G determined by the formulas 

r= 2(—, yn), y= G, 0) 
The mapping transforms the infinitesimal rectangle belonging to I° 
(see Fig. 1.30), which is bounded by the straight lines 

E=- Fy E=%& + dg and N=. Y= No 7 AN 
and has the area dg dy. into a parallelugeam of area 
| J (&, 1) | d& dn 
Thus, the quantity | / (&, 4) | is the coefficient of area expansion 
(at the point (E, y)) for the mapping of the domain I onthe domain G. 
Note 3. In Theorem 1.7 we have supposed that the manping 

z= ax(&,y) y=y(E, 
of the domain F onto domain G is one-to-one. But expression (1.52) 
for area in curvilinear coordinates remains true even when the 
condition is violated at soine separate points or on separate curves. 
As a typical example of this kind, let us take the mapping of the 
rectangle O<r<ia, OS p S27 on che circle z* + y*? < a?, 
determined by the formulas 

r>- recog, YyYarsing (1.70) 


which corresponds to the introduction of polar coordinates. The 
mapping satisfies the conditions of Theorem 1.7 everywhere except 
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the points belonging to the line segment y = 0.0 < za. Con- 
sider the rectangle 9 <raa, OS < 2a — € in the r, g-plane 


¥4 aS dil 


Fig. 1.30 


(where O<i p<a@ and O<e<(2n) and its image under mapping 
(1.70) im the z, y-plane (see Fig. 1.31). Formula (41.52) holds here 
becatise conditions (1)-(3) are fulfilled for these domains. Now, 


Fig. 1.34 


passing to the Jimil, as p--» 0 and s-»Q, we see that formula 
(1.52) remains true for the entire circle r <a. 
Similar arguments are applicable in the general case of an arbi- 


trary mapping which is one-to-one everywhere except separate 
points or curves. 


6. Change of Variables in Double Integral. Expression (1.52) 
obtained for area in curvilinear coordinates enables us to dcrive 


the general formula for changing variables in a double integral. 
Consider the integral 


\\ £0, y) ax dy (1.71) 
G 


where the domain G is bounded by a piecewise smooth contour ZL 
and the function f (z, y) is continuous throughout the domain 
(including its boundary) or is bounded and continuous in it every- 
where possibly except a set of area zero. 

Let functions z = z(& 7) and y = y (& y) define a one-to-one 
correspondence between the points of the domain G and a domain [, 
and let the mapping satisfy all the requirements under which the 
validity of formula (1.52) expressing the area of the domain G in 
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curvilinear coordinates has been established. Divide the domain [ 
into parts ; by means of a system of piecewise smooth curves. The 
corresponding piecewise smooth curves in the z, y-plane (the images) 
break the domain G into parts G; of area AS;. Choose an arbitrary 
point (z;, y;) in each part G; and form the integral sum 


s f (xi, yi) AS; (1.72) 
i=! 
associated with integral (1.71). 
Applying formula (1.52) to each subdomain G; we obtain 


ASi=\\ | 5te4 | dtan 


D (§, 0) 
Ys 
. D (z, y) ta a 
Denoting the Jacobian DE.» as J(§&, 4) and taking advantage 


of the mean value theorem we can write 
AS; =|J (Ef, ni) | Ao: 
where Ao; is the area of the subdomain I;. Now we substitute the 


above expression for the quantity AS; in integral sum (1.72) 
and arrive at the sum 


b4s 


> f (xe, ye) | J CEE, nit) [ Ao: 


i= 


The point (7. nf) appears when we apply the mean value theorem, 
aud hence its position, within the subdomain I’;, is preassigned by 
the properties of the function and the subdomain, and we cannot 
take it at pleasure. But the point (z;, y;), unlike (€7. 7), is chosen 
in the corresponding subdomain G; quite arbitrarily. Therefore we 
can put 


2, =] 2(F;, Ni), yix=y (EF, ni) 


i.e. take, as (z;, y;), the point of the subdomain G,; corresponding 
to the point (&%, nj) of the subdomain P;. Then the above integral 
Sumin turns into the expression 


Ds (eG md), yt, at) [7 GF, nh) | Ao 
which is nothing but an integral sum for the integral 


(2&w. v& WIE wldgan (1.73) 
Tt 


The integrand being continuous tin the domain F or bounded and 
continuous everywhere in T except the points belonging to a set 
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of area zero, the integral is sure to exist. If we now make the maximal 
diameter of the partition of the domain Ff into the parts [; tend to 
zero. the diameters of the subdomains G; will also tend to zero. 
li this limiting process, the integral sum under consideration must. 
tend both to double integral (1.71) and to integral (1.73). IIence, 
the integrals are equal: 


\) Ge. a neey— \\ f(z (Em), yl& WIFE n)|d&dn = (1.74) 
e r 


It is this formula that describes the general case of changing variables 
in the double integral. 

Thus. if G is a bounded closed domain with a piecewise smooth 
boundary :ned a function f (z, y) defined in the domain is continuous 
throughout the domain or bounded and continuous in it everywhere 
except a set of area zero, and if the formulas 


c= x(&, n), y= y (E, n) 


determine a correspondence between the points of the domain G 
and a domain PF lying in the &, n-plane which satishes conditions 
(1)-(3) of Sec. 1, we have formula (1.74) for changing variables in 
the double integral. 

Relation (1.74) also remains true when the condition that the 
mapping of the domain G on the domain I is one-to-one, continuous 
and continuously differentiable is violated at separate points or 
ona finite number of curves with zero area. 

As in the case of an ordinary detinite integral of a function af one 
argument, the method of changing variables is one of the most 
powerful tools for reducing a double integral tu a form appropriate 
for computing it. But it should be noted that in the case of two 
independent variables there appears a new feature. The matter is 
that a ehange of variable is introduced in a definite integral in 
order to simplify the element of integration whereas when changing 
variables in a double integral we try to simplify not only the inte- 
grand but also the shape of the domain of integration. What has 
been said is soimportant that il is sometimes advisable to complicate 
the integrand when this yields a simplification of the domain of 
integration. 

Example. tivaluate \ | dx dy where G is the domain bounded 

“GC 
ag y* c & : ; 
by the ellipse 3 + je = f. Here the integrand 1s identically equal 
to unity but nevertheless it is expedient to perform the change 
of variables 


rs apcosy, yy bpsin gy: (1.70) 
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The Jacobian of this transformation is equal to abp. The domair 
of integration is changed under the mapping into the rectanglh 


ODqge 3a, Otol 


Passing to the new variables and writing the double integral as at 
iterated one we obtain 


Zt 1 
\\ dz dy ab de | odo =aab 
re 0 0 


Exercises 

{. Compute the area of the domain bounded by the curves zy = 
=|. ty] 2. eee cand y= 2x. 

ffints Take. as new variables, the expressions 


E=zy, nay (1.76 
2. Draw the families of the coordinate curves corresponding tr 
transformations (1.75) and (1.76). 
7. Comparison with One-Dimensional Case. Integral Over an Ori 
ented Domain. Formula (1.74) is analogous to the formula for chang 
ing variable in the definite integral: 


b p 
\ fajdz=f f(z) z' (oar (1.77 


0 4 


The only difference hetween them is that in the ease of one inde 
pendent variable we do not take the absolute value of the derivative 
x’ (t) (which plays the role of the Jacobian here) but the derivativi 
ttself. This is accounted for by the fact that the delinite integra 
b 


\f (r) dz is taken over an ariented interval fa, bh] and changes it 
a 

sign when the limits of integration are reversed whereas the domaii 
of integration of a double integral is not oriented. If. for the definit 
integral, we introduce the condition that the limits of integration 
must be so set that the lower limit should be not greater than th: 
upper, formula (1.77) (in the case of a monotone function z = zx (f) 
takes the form 


b f 
\ f(a) dx = VF (2 ()) |x" (1) de (1.78 


(Check it un.) 

On the other hand. for a double integral. we can also introduc 
the notion of an oriented domain and attach the sign plus or minu 
to its area according to the orivntation, 
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We introduce the orientation of a domain by choosing a certain 
direction of describing the contour of its boundary as_ positive. 
Namely, the orientation of a domain is said to be positive if. when 
ulescribing its boundary, the domain is always kept on the left of 
a person walking round the contour (see Fig. 1.32) and negative 
if otherwise. If the area of a (nonoriented) domain G is equal to § 


Fig. 1.32 a Ag 


we assume that the area of the oriented domain is equal to S if the 
orientation is positive and to —S if negative. It can be shown that 
a mapping z = z (E, n), y = y (E, n) of a domain LF on a domain G 
preserves the orientation if its Jacobian is positive and changes the 
‘ , q .- D(z, 

orientation to the opposite if aT) <Q. Therefore the formula 
ex pressing the area of the oriented domain G in curvilinear coordinates 
is of the form 


(i.e. the sign of modulus hus been omitled), and formula (1.74) 
changes similarly. 


y, Triple Integrals 
and Multiple Integrals 
of Higher Order 


In the foregoing chapter we introduced the notion of a double 
integral. Here we are going to define the integral of a function of 
three independent variables, the so-called ¢ériple integral. Like 
double integrals, triple integrals are widely applied to various 
physical and geometrical problems. Some of the problems will be 
considered in § 3. 

Triple integrals are in many respects almost completely analogous 
to double integrals and therefore we shall omit those proofs which 
do not essentially differ from the corresponding proofs of the theory 
of the double integral. 

In § 5 of the present chapter we shall discuss the concept of mul- 
tiple integrals of higher order, that is integrals of functions depen- 
dent on an arbitrary number of arguments. 


§ 1. DEFINITION AND BASIC PROPERTIES 
OF TRIPLE INTEGRAL 


1. Preliminary Observations. Volume of a Space Figure. The 
definitions of an interior point of a domain, a boundary, a closed 
domain, a diameter etc. given in § 1 of Chapter 1 for the plane are 
transferred without any changes to the case of the three-dimensional 
space. 

When introducing the double integral we use the notion of area. 
Similarly, the definition of the triple integral is based on the notion 
of the volume of a space figure, a solid. 

The reader is supposed to be familiar with the definition of the 
volume of a polyhedron known from clementary geometry. The 
extension of this notion to a wider class of figures can be performed 
in the same manner as it was done in § 4 of Chapter 1 where the 
notion of area was extended from polygonal figures to curvilinear 
squarable figures. Ilere we shall briefly present the corresponding 
arguments. 

The volume V (2?) of a polyhedral solid (polyhedral space figure), 
ic. a space figure composed of a finite number of polyhedrons, is 
a nonnegative quantity possessing the following properties: 
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1 (monotonicity). \f P and QY are two polyhedral solids and P is 
contained in QO then 
V (P)< VY) 


2 (additivity). 1f P and G are two polyhedral solids without inte- 
rior points in common we have 


V(P -- Q) = VP) -- FV (Q) 


3 (invariance). \¥ polyhedral solids /7 and @ are congruent their 
voluines are equal. 

These three properties should be preserved when the concept of 
volume is extended from polyhedral solids to a wider class of space 
figures, 

Take an arbitrary space figure* (D and consider all the possible 
polyhedral figures embedded in it. The least upper bound of their 
volumes is referred to as the interior (Jordan) content of the figure @ 
(if there is nu nondegenerate polyhedral figure that can be embedded 
in the solid (D> we attribute, by definition, a zero interior content 
to (Dp). Similarly, the greatest lower hound of the volumes of all 
polyhedral solids enveloping the figure is called its exterior (Jor- 
dan) content. If the exterior and the interior coutents of a figure @ 
coincide their common value is said to be the volume of ®. The 
following theorein is proved after a manner of Theorem 1.2: 


Theorent 20f. Fora space figure D to have volume it is necessary 
and sufficient that for every e >> VU there exist two polyhedral figures 
Pos) and G2 (DP such that 


V(Q) -—V(P)y<e 


Wesay that a sect is of volume zero if it can De cusbedded ina puly- 
hedral solid of arbitrarily small volume. Lsing this notion we can 
rephrase theorem 2.1 as Tollows: 

For a space tigure D to have volume it is necessary and sufficient 
that its boundary have zero volume. 

This criterion enables us to establish the existence of volume 
for some sufficiently wide classes of figures. For tnstance. the solids 
composed of a finite number of curvilinear cylinders having squarable 
lower bases and bounded above by surfaces defined by equations 
of the form 2 — f (x, y), where f(z, ¥) is a continuous function, 
form such a class. The volute of each cylinder is given by the double 
intecral 


( /(x, y) dx dy 


a. 6@ 


CG 


taken over the base of the cylinder. 


* That is an orbitrare bounded ent of ri ae ae 


= ,2 se 
. 1 aah ary 
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Another important class of such figures consists of space figures 
bounded by a finite number of smooth surfaces.* The proof of the 
fact that a solid bounded by smooth surfaces has volume is almost 
completely analogous to that of the fact that a smooth curve is 
of area zero, but since this proof involves some more complicated 
details we shall not present it here. 

Repeating the argument given in § 1, Sec. 4 we can easily establish 
the validity of the following assertions: 

(1) Let W, and Ws be two space figures having volume. Then their 
urion also has volume. and if the iguresD, and (D4 have no interior 
points in common the volume of W is equal to the sum of the volumes 
of @D, and D.. 


(2) The intersection (the meet) of two figures having velume also 
has volume. 


Note. We should pay attention to the fact that we deal with two 
different approaches to the concept ef volume. 

On the one hand, we have defined the volume of a curvilinear 
cylinder with a squarable base G bounded above by a surface z = 
= f(z, y) as the double integral 


i) f(x, y) dx dy 
G 


On the other hand, the concept of volume of a space figure bas been 
introduced by approximating the figure with embedding and 
enveloping polyhedral figures. But it can be shown that these 
approaches are equivalent for a snffictently wide class of figures, 
in particular, for the figures bounded by piecewise smooth surfaces. 


2. Definition of Triple Integral, Let a bounded funetion f (x, gy, z) 
be defined on a space figure V which has volume.** Break up V into 


parts V;, choose an arbitrary point (&;. 4;, €;) in each V; and form 
the integral sum 


v = 24 i Ni, Sa) Avy (2.1) 


where Av, is the volume of the element (Subdomain) V; and the 
sum is extended over all the elements of the partition. Let us intro- 
duce the following definitions. 


Definition 1, Let D be the maximal of the diameters d (V;) of the 
elements V; into which the figure is divided (the fineness of the par- 


* A surface is said to be smooth if the taugent plane exists at each of its 


points and if the position of the tangent plane varies contiouously as the point 
Inoves on the surface. 


=* In what follows we shall alwavs suppose, withont any further stipila- 
tion, Uthat the space figures in question have valume. 


H—0824 
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tition). A number J is said to be the limit of integral sums (2.1), 
as D— 0, if for every ¢ >O0 there is 6 =>>0 such that 


| 7 —J|<e 
if D<S. 
In other words, the inequality | 7—J|<c e« must hold for 
every integral sum 7 associated with any partition {V;} for which 
D < 6 irrespective of the choice of the points (E;, n;, ¢;) in each V;.- 


Definition 2. If the limit of integral sums (2.1) for D —~ O exists 
it is called the triple integral of the function f(z. y, 2) 
over V and denoted as 


\\j f(z, y, 2)dv- or \\Jie y, 2) dz dy dz 
Vv ‘ 


In this case the function f (2, y, z) is said to be integrable on V. 


3. Conditions for Existence of Triple Integral. Integrability of 
Continuous Functions. As in the case of a function of one or two 
independent variables, an arbitrary bounded function f (z, y. 2) 
is by far not always integrable. To establish sufficient conditions 
for the existence of the triple integral we shall use upper and lower 
Darboux sums which are applied to single and double integrals. 

Let f (xz, y, z) be a bounded function defined on a figure V and 
{V,} bea partition of the figure. Denote by 7; and m; the respective 
upper and lower bounds of the values of the function f (z. y, 2) 
on V;. The expressions 


Te Tt 
> MiAvi and > m,Av; 
i=! 4=1 
(where Av; is the volume of V;) are called, respectively, the upper 
and the lower Darboux sums for the function f (z, y, 2) associated 
with the partition {V;} of the figure V. All the properties of the 
upper and the lower Darboux sums given in § 2 of Chapter 1 for two 
arguments are completely transferred to the case of three arguments. 

The following necessary and sufficient condition for the existence 
of the triple integral is proved by applying arguments similar to 
those of the proof of Theorem 1.3: 


Theorem 2.2. A bounded function f (x, y, 2) defined on «a space 
figure V is integrable on V if and only if for every & >) there is a 
partition of the figure V such that the difference between the upper and 
the lower Darboux sums for the function f (x, y, 2) which correspond 
to the partition is less than &. 

This criterion implies the following theorems similar to Theorems 
4.4 and 1.4’ proved for double integrals. 
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Theorem 2.3. Each continuous function f(z, y, 2) defined in 
a bounded closed domain* V is integrable over the domain. 


Theorem 2.4. If a function f (z, y, 2) is bounded throughout a 
bounded closed domain, possibly except the points belonging to a set 
of volume zero, the function f (x, y, z) is integrable on the domain. 


4. Properties uf Triple Integral. The basic properties of the triple 
integral are completely analogous to those of the double integral. 
We now enumerate them. 

1-2 (linearity). If f, (zx, y, z) and f, (z, y, 2) are integrable over 
a domain V and k, and ko are constants the function 4,f, ~+ Kofs 
is also integrable on V and we have 


J [ Aah (Z, Y, 2) + Kofe (Zs ys 2) |dv = 
Vv 


=H \\) fi(z, y, 2) dv— ke VV fo(z, y, 2) dv 


: 


3 (additivity). If V is the union of two space figures VY, and V, 
with no interior points in common and a function f (z, y. 2) is 
integrable over V, and Vo, then f (z, y, 2) is integrable over V and 


\\ hfe, ys eT, f(z, y, z)dv--\{{ f(z, y, 2) dv 
e Vo 


4 (monotonicity). Tf fy (xz, y, 2)>f2(z, y, 2) and both functions 
are integrable on V the icquulity: 


(Vac, Y, z)dv>{\\ fle, y, 2) dv 

a v 

takes place. i 
Oo (estimation of the modulus of the integral). If f (x, y, 2) is inte 

grable on V the function | f(z, y, z) | is also integrable and 


Sif re 4 2)dv|< J {| [*(z, y, 2) [dv 
ms v 


(} (the mean value theorem). If a function f (z, y, z) is integrable 
on V and satishes the inequality m <f (xz, y, z) <M then 


NDS <\\\ re, y, s)du< Mv 
Vv 


where v is the volume of V. 


* Here and henceforward the term “domain” is used as a synonym for a 
space figure which has volume. 


G* 
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For the case of a continuous function the mean value theorem 
can be rephrased as follows: 

6°. If a function f (z, y, z) is continuous and V is a bounded 
closed connected domain, there is a point (&, yn. 6) in the domain V 
such that 


Wipace y, 3)dvu=f (SN, g)u 


a a 


2. Triple Integral as an Additive Set Function. By analogy with 
a set function defined for plane figures, we can introduce the notion 
of a set function whose argument is a space figure (domain). An 
example of such a function (defined for each space figure that has 
volume) is the volume of a domain. If the whole space or its part 
is occupied by a substance we can associate with each domain the 
Inass contained init and thus obtain a set function defined for domains 
in space. Volume and mass possess the property of additivity which 
ts formulated in the same manner as in the case of plane hgures: 
a set function / (V) is said to be additive if, for any two domains 
V, and V, having no interior points in common, on which F (V) 
is defined, the value F (V,; + V,) is also defined and 


F(Vy + V2) = F (Vi) + F (V2) 


If f(z, y, 2) iS an integrable function the triple integral 


\\\ f(x,y. 2) dv 


“Vv 


regarded as a function of its domain of integration is an additive 
set function (See property 3 in Sec. 4). 

The notion of the derivative of an additive set function defined 
in space with respect to volume is introduced by analogy with the 
two-dimensional case. Namely, a number A is said to be the limit 
of the quotient 

F(V) 


v 
(where v is the volume of V), as V is contracted to a point AZ, 
if for any e>>O there exists 6>>0 such that 
F(V) 
Vv 


—A|<e 


for every domain V entirely contained within the sphere of radius 6 
with centre al A7,. The limit is called the derivative of the function 
F(V) with respect fo volume al the point My and denoted by the 
symbol 
. FV) dF 

OF 
VooMy v du 


CH. 2. TRIPLE INTEGRALS 85 


If F (V) is the mass contained in the domain V its derivative with 
respect to volume (if it exists) is the volume density p (z. y, 2) 
of mass distribution in space. 

From the mean value theorem for the triple integral it follows 
that if the integrand is continuous the derivative of the integral 
with respect to volume exists and coincides with the integrand: 


= \{ f, y, s)dv=f (x, y, 5) 
Y 


In this case the integral is the only additive set function in space 
Whose derivative with respect to volume is equal to the continuous 
function f (zr, y, 2). 


§ 2. SOME APPLICATIONS OF TRIPLE INTEGRAL 
IN PHYSICS AND GEOMETRY 


We now consider some typical problems involving computation 
of triple integrals. 


1. Computing Volumes. If a space figure V has volume the triple 
integral 


\\j dx dy dz (2.2) 


is equal to the volume. Indeed, each integral sum corresponding 
to the integral equals the volume. Triple integrals are sometimes 
more convenient than double integrals, for computing volumes, 
because they enable us to put down the expression of the volume 
not only for a curvilinear cylinder but for an arbitrary solid as 
well. 


2. Finding the Mass of a Solid from Its Density. If we are given 
a solid with a volume density o (z, y. z) of mass distribution which 
is a continuous function the triple integral 


\\\e@ y, 2) dx dy dz 


V 


taken over the entire volume occupied by the solid gives the inass 
of the solid. The derivation of this forinula is completely analogous 
to that of the formula for determining the mass of a plate from its 
surface density. 


3. Moment of Inertia. Performing the usual passage to the limit 
from a system of mass points to a continuously distributed mass 
we can casily derive the following expressions for the moments of 
inertia of a solid with volume density o (rx. 4. z) about the coordi- 
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nate axes: 


1\{ (y° -=*)p(a, y, 2) dady dz 
Jae 

aap (x? -+ 2*) p(x, y, 2) dx dy dz 

1.=\\f (: y-)ot(z, y, 2)dcdy dz 


The moment of inertia about the origin of coordinates is given 
by the formula 


L =\\j (x? -|-y°4 2°) p (a, y, s)dxdy dz 
ri 


4. Determining the Coordinates of the Centre of Gravity. The coor- 
dinates of the centre of gravity of a solid with mass density p (2, y, 2) 
are expressed by the formulas 


VV EO (Z, y, 2) dz dy dz {40 ge cz, y, 2) dx dy dz 
Y Vv 

: { { \ pO (7, uv, 2) dz dy dz Ye \ \ ( o(z, y, 2) dx dy dz 
V Vv 


{\\ sp, y uy, s)dz dy dz 
V 
\(§ pte, y 2) dz dy dz 
v 


which are received by means of the same arguments as in the case 
of two dimensions. [n particular, if the solid is homogencous, f.c. 
p (x. y. 3) = const, the formulas for the coordinates of the centre 
of gravity are simplified: 


bene (Uh yee Pas 


. Gravitational Attraction of a Material Point by a Solid. Suppose 
we are given a solid occupying a domain V and having a density 
o (zx, y. 2) and a material point (Iving autside V} of mass mm with 
the coordinates (x9. Yo. Zp). Let us determine the gravitational force 
with which the material point is attracted by the solid. Cansider an 
element of volume du of the solid. The mass of the element 1s equal 
to p (c,. y, z) du, and it attracts the material point with a force 
whose numerical value is equal to 


mo(z, y, 2)dv 
a 


Lo = 
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where yp is the gravitational constant (whose value depends on the 
choice of the system of units) and 


r=V (x —<x9)? + (y— yo)? + (2 — 20)? 
the direction of the force coinciding with the direction of the vector r 
joining the points (x9. Yo. 39) and (z, y, z). Consider the projection 
of the force on the z-axis. I]t is equal to 


1 (2 — 7) mp: Js z) du (2.3) 


( because the cosine of the angle between the axis and the vector r 


: r—Tr . A ° 
is equal to ——") . To evaluate the projection F, on the z-axis 


of the foree with which the entire solid attracts the matertal point 
we must sum up elements (2.3), i.e. compute the corresponding 
triple integral. 

Thus, we have 
: 


ymp (xr, Y, 2) (x — 2) 
jj ee ee ay 


The other two projections are found similarly: 


’ vino (zr, y, =) (Y¥— Yo) 
P+ \{{ Wee ee 0 ay 


\’ 


F.— ymo(s. ve A= 40) yy 


s 


Note. \t should be taken into account that, from the mathematical 
point of view, the formulas obtained here and in § 4 of the preceding 
chapter for similar problems are in fact the definitiuns of the corres- 
ponding notions (centre of gravity, moment of inertia etc.) for the 
case of a continuously distributed mass. The justification of these 
definitions does not lie in logical arguments but is based on the fact 
that the results of the corresponding experiments are coincident 
with those obtained by calculations performed according to the 
formulas. 


§ 3. EVALUATING TRIPLE INTEGRAL 


As in the case of the double integral, the main technique used for 
evaluating a triple integral is based on reducing the integral to 
an iterated (repeated) one, i.e. on replacing the integration over 
a Space heure by successive separate integrations with respect to 
each variable.* 


* [flere we mean the exact analytic computation of an inlegral. In practical 
approximate calculations the reduction of a multiple integral to an iterated 
one is rarely anntied. 
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We shall first consider a special case of the problem of reducing 
a triple integral to an iterated one when the domain of integration 


*] i 


Fie. 2.1 


> 
is a rectangular parallelepiped with faces parallel to the coordina le 
planes of a Cartesian coordinate system. 


4. Redueing Triple Integral Over a Rectangular Parallelepiped 
to an Iterated Integral. Consider a triple integral 


\\§ {(xz, y, 3) da dydz 
c 


Whose domain of integration Q is a rectangular parallelepiped deter- 
mined by inequalities 


@asxzrxib, cxyxd kez cl 
(see Fig. 2.1), the projection of the parallelepiped on the x. y-plane 
being the rectangle FP specilied by the relations 
€aareib, ecxnaycd 
The following theorem takes place: 


Theorem 2.5. If, for a funetion f (x, y, 2), the triple integral 


WSJ f(x, y, z)dv 


Gq 
exists and if the integral 


I(x, y)=\ f(z, y, 2)dz 


R 


exisis for every fixed point (x, y) of [, the iterated integral 
i 
\ | da dy | /(z, y, 3) dz 


}? he 
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also exists and there is a relation of the form 
4 


\\) H(t, y, z) dv = || dz dy \ /(z, y, 2) az (2.4) 
Q P 


be 


The proof of the theorem is similar to that of the theorem on the 
reduction of a double integral to an ilerated one (see Theorem 1.5). 
It is based on establishing the fact that every integral sum corres. 


ponding to the integral { I (a, y) dz dy for an arbitrary parti- 


P 
tion lies between the upper and the lower Darboux sums associated 
with the triple integral | { }] (z, y, 2) de. 


If we assume that the integral 
d 
J (z)= \ T(x, y)dy 


also exists for each fixed z from the interval @ <2 <b we can 

substitute, in formula (2.4), the successive integrations performed 

first with respect to y and then to z for the integration over the 

rectangle /?. This enables us to rewrite equality (2.4) in the form 
t 


\\j [(z, y, sdv= {dz (dy \ f(z, y, 2)dz (2.5; 
: it 


2 a Cc 


It is this formula that reduces the evaluation of a triple integral over 

a parallelepiped QO to successive separate integrations with respect 

to each variable. In the expression on the right-hand side of formu. 

la (2.5) the first integration is performed with respect to z, the seconc 

with respect to y and, linally, the third with respect to z. If we sup. 

pose that the integrals 
b 


Ty(y, 2)= | f(z, ys 2)dx and Jy(2)--V iy, 2)dy 


a 


2. 


exisL we can derive the analogous formula 


i d 5 
hfe Js 2)dv= | ds {dy \ fe, y, 2) dx 
Y hk c a 


Similarly, on condition that the corresponding single and double 
intearats exist. we can establish analogous formulas reducing the 
triple integral to an iterated one taken with respect to z, y and : 
in various orders. In particular. if the function f (7. uv. 2) is conti 
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nuous the triple integral and all the possible double and single 
integrals are sure to exist and therefore when evaluating a triple 
integral of a continuous funetion we can separately integrate with 
respect to the variables z, y and zg in any orders and combinations. 
In the general case of an arbitrary integrable function the orders are 
not always interchangeable. 

2. Reducing Triple Integral Over a Curvilinear Domain to an 
Iterate:l Integral. We now consider a curvilinear domain ' bounded 
above and below by the surfaces 


z= 2, (x,y) and s = Ze (z, y) 
(zo (x, y) = 2, (2, y)) and onthe sides byacylindrical surface. Denote 
by G the projection of the domain Von the z, y-plane (Fig. 2.2). 
A feature of such a domain is that each straight line parallel to the 


au eae 
Pi. 222 


Py 


z-axis and passing through a point of the domain has at most two 
common points with its boundary. For brevity, we shall eall such 
a domain regular in the z-direction. Let a function f (z, y, 2) defined 
in the domain V be integrable. Suppose that for every fixed point 
(r. y) of G the single integral 

22(%, ¥) 


I(x, y, 2)ds 
74(X, ¥) 
exists. Let us embed the domain F in a rectangular parallelepiped @ 
determined by inequalities 
a<zerab, ecexyxd, k#qr<g! 

and define in GQ an auxiliary function /* (2, y, 2) by puting 

f(z, y, 2) in V 
as) Pe | es -{ : 
IS (%) Ys 3) () outside F 


CH. 2. TRIPLE INTEGRALS 91 


The function /{*(z, y, s) is obviously integrable on Q and 


\{ ) {* (2, y, 2)dv= { \ \ f(t, y, 2) dv (2.6) 
Q V 
Applving formula (2.4) to {*(z, y, 3s) we obtain 
i 
\\\r (z, Y, age dx dy s+ ( (z, y, 2)d3 (2.7) 
Ja , 


Where ? is the projection of Q on the z, y-plane. 
The function f*(z, y, 2) vanishing outside V, we thus have 


d 22(x, y) 
vi (z, y, 2) dz = \ 7 i(x, y, 2) ds (2.8) 
R z3 (x, §) 


expression (2.8) is a function of z and y which is identically equal 
to zero outside the domain G. Therefore the double integral of the 
expression taken over FP (the projection of the parallelepiped @ 
on the x, y-plane) coincides with the integral of the expression taken 
over G. Therefore, taking into account formulas (2.6) and (2.8) 
we can rewrite equality (2.7) In the form 


za(x. ) 
{ \ \i(z, y, 2)dxdydz-— \ \ dx dy \ f(z, y, 2)ds (2.9) 
- u mye, u) 


Ilence, we have arrived at the following result: 


theorem 2.0. If the triple integral 


ine) f(z. y, 3) de 
v 


exists for a function f(x, y, Zz) defined in a domain V regular in 
the z-direction and tf the integral 


22(X, y) 
I(x, y)-- | f(a y, ade 
24(X, Y) 
exisis for each fixed point (x, y) belonging to the projection G of 
the domain V on the x, y-plane, the iterated integral 


z2(x, 4%) 


\ I dc dy \ f(x, ys 3) dz 


fy, 21{X, %) 


also exisis and eaualitu (2.9) halds 
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The expression 
z2(x, ¥) 


T(z, y= \ fla, y, 2)ds 


24(x, y) 


is a function of two variables. lf, for the function f (x, y. 2) and 
for the domain G over which it is integrated, the conditions of Theo- 
rem 1.6 are fulfilled, the double intevral 


|) 1 (x, y)dzdy 
‘G 


can be represented as an iterated integral taken. for instance. first 
with respect to y and then with respect to x. This results in the 
relation 

f re (x) 72(x, y) 


W\V fez, Ys 2) dv = | ar. \ dy { f(z, +y, 2)ds (2.10) 


“yy ¥1¢(x) Z4(xX, Dv) 


It is this final formula that reduces the triple integral to an iterated 
one. The variables z, y and z can be interchanged if the corresponding 
conditions hold. For example, we can reduce the triple integral 
to an iterated one in which the integration is performed in a different 
order, for instance, first with respect to z, then with respect to y 
and, finally, with respect to 2. In all the possible cases the limits 
of integration with respect to a variable are dependent on those 
variables with respect to which the integration has not yet been 
performed. 

When deriving formulas (2.9) we have taken advantage of the 
fact that each straight line parallel} to the z-axis and passing throngh 
a point of the domain G cuts its boundary at no more than two 
points. Tf the domain is of a more complicated form then. to reduce 
a driple integral taken over it to an iterated integral, we must break 
up the domain into parts such that to each of them formula (2.9) 
is applicable. We have already encountered such a situation in the 
case of a donble integral. 

Now. summing up, we can briefly formulate the rule of reducing 
«a triple integral to an iterated one (for definiteness, we suppose that 
the iterated integral is first taken with respect to z and then with 
respect to the other variables). 

14. Break the domain ever which the triple integral is taken into 
subdomains such that every vertical (parailel to the z-axis) straight 
line passing through a point of a subdomain has at most two common 
pojiuts with its boundary. ln what [fellows we inention only one 
such subdomain. 

2. Fix avhitrary z and y and consider the corresponding straight 
line parallel to the z-axis. Let z, (z, y) and z» (z. y) be the z-coordina- 
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tes of the points of intersection of the straight line with the boundary 
of the domain (subdomain) of integration. The expressions z, {z, y} 
and 22 (z. y) should be taken as the limits of integration with respect 
{Oo Z. 

3. Take the function of two variables z and y obtained after the 
integration with respect to z has been performed. The domain ol 
definition of the function is the projection of the space figure b 
(or of the corresponding subdomain of V) on the z, y-plane. Finally. 
replace the double integral of this function of two variables by the 
correspouding iterated integral following the rules described in 
§ 5 of Chapter 1. 

The formula for reducing a triple integral to an iterated one is 
essentially based on the process of grouping the summands which 
has already been dealt with. Instead of summing up the elements 


of integration f(z, y, 2) dz dy dz in an arbitrary fashion (i.e. evalua. 
fing the integral \ \ f(z, y, s) dx dy dz] we first collect all the 
{° 


summands corresponding to one elementary cylinder with base in the 
ca(X .y) 
vicinity of a point (z, y) (that is, we take the integral \ f(z, y.z)dz). 
zyx.V) 
then we add together the results corresponding to a section of the 
domain V bya plane x = const (which means that we comput 


YXX) Z2(X,y) 
the integral [ dy { J (a, y, 2) dz) and, finally, add up all the 
01(x) z4(x,4) 


quantities thus obtained that correspond to all the sections whick 
results in the formula 
a7 22(x, vv) 


({\ rez. y, yao fae | dy \ f(z, y, 2) dz 
¥ vi(x) z1{x, ¥) 
Exercise. Write the triple integral of a function f(z, y, z) taker 
over the sphere (ball) 
x}. y® + 2* <= a? 
in the form of an iterated integral. 


Answer. 


S a Va2—x2 V a2- x34? 
\) fawadwaSae fF wy fo fay ads 
x?2-t-y2%+-2<a2 —a = |" a2—x2 - Yatoxt—yi 


$4. CHANGE OF VARIABLES IN TRIPLE INTEGRAL 


We have already dealt with the method of changing variable: 
for the double integral (see § 6 of Chapter 1). For the change ol 
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variable in a single integral the reader can be referred to [3]. Chap- 
ter G6, §& 2. Here we shall consider the problem of changing variables 
in the triple integral. The subject matter we are going to discuss is 
in many respects similar to that of § 6, Chapter 1. 


1. Mapping of Space Figures. Consider two specimens of a three- 
dimensional space. Introduce a Cartesian coordinate system zx. y, z 
in one of them and £, yn, € in the other. Furthermore, let V and 2 
be domains belonging to the Spaces, their boundaries being, respecti- 
vely, some piecewise smooth surfaces S and * (Fig. 2.3). Suppose 


Fig. 2.3 


that there is a correspondence between the points of the domains 
which is one-to-one and continuous in both directions. The corres- 
pondence can be expressed by means of three functions 


z=2r(&,n, 0, v=yl—En, o), 2 =2(E,n, 6) (2.11) 
or by the inverse functions 
S=E@ys), You@y,2z), 5=Se,y,2) (2.12) 
We shall consider functions (2.11) and (2.12) not only to he conti- 
nuvus bul also possessing the continuous first-urder partial ceriva- 
tives. Then the Jacobians 
D(x, y, 2) D(§, n. &) 
PD ang = AS 
D&1o) * Dt y, 2) 


exist and are continuous. Let each Jacobian be different from zero. 
These conditions imply the relation 


D(z, y 2) | DEE no) _ 7 
Dem Deets a (2.13) 


As in the two-dimensional! case, we can show that under the mapping 
specified by the correspondence which is determined by formu- 
las (2.141) and (2.12) the interior points of one domain go into the 
interior points of the other and the boundary points into the boun- 
dary ones. 


2. Curvilinear Coordinates in Space. Mapping (2.11) transforms 
the domain 9 into V. Consequently, the specification of a point 
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(E, 2, ¢) belonging to @ uniquely determines the corresponding 
point (z, y, z) of V. In other words, the quantities §, n and ¢ can 
be regarded as coordinates (different from Cartesian ones, in the 
general case) of the points of the domain V. They are called curvili- 
near coordinates. 

Consider, in the domain 2, a plane determined by the relation 
t= Eo. i.c. a plane parallel to the coordinate plane 7. C€. Under 
mapping (2.11), the plane goes into a surface lying in the domain FV. 
The Cartesian coordinates of the points lying on the surface are 
expressed by the formulas 


x=z(&7n,0, yoy (En, o), 2 =2(&, n, O)* (2.14) 


Making & 9 assume all the possible values we obtain a one-parameter 
family of surfaces, the parameter being ¢. The planes n = const and 
¢ = const are similarly mapped onto two families of surfaces lying 
in the domain V. These three families form the set of the so-called 


Fie. 2.4 


coordinate surfaces. On condition that mapping (2.11) is one-to-one 
only a single surface belonging to one of the faniilies passes through 
every given point of the domain V. 


3. Cylindrical and Spherical Coordinates. We shall consider two 
curvilinear coordinate systemns in space which are used most fre- 
quently, namely, cylindrical and spherical coordinates. 

(a) Cylindrical coordinates. Let us specify the position of an arbit- 
rary point AY in space by means of its Cartesian coordinate z and 
polar coordinates r, @ of its projection Af, on the z, y-plane (see 
Fig. 2.4). The quantities r, @, z are referred to as the cylindrical 
coordinates of the point AY. The figure directly implies that they are 
connected with the Cartesian coordinates of the point AT by thie 
relationship 


r=rcog, y=rsng, 2 +2 (2.1.9) 


* Eapiessivuus (2.14) are tie so-caiied parametric equations ot the surtace. 
lor a more detailed discussion of parametric equations of a surface see Chap- 
ter 3 
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We have the following three families of coordinate surfaces correspon- 
ding to the eylindrical coordinates: 

(x) the cylinders r = const (O Gr < oo). 

(3) the vertical half-planes g = const (0 <p < 2n), 

(y) the horizontal planes z = const (—co < z< oo). 

The Jacobian of the transformation from the Cartesian coordinates 
fo the cylindrical ones is equal to 


cos & sing O 
(cy. t) tat eres —_ 
Tea | ee Cee ee i 


Formulas (2.10) expressing the relationship between Cartesian 
and cylindrical coordinates determine a mapping of the domain 


Omcrciw, 0X ge2n, —wcz< w (2.17) 


lying in the r, @, z-space onto the entire z, y, z-space. Under the 
mapping, to each point (0, 0, z)) there corresponds an entire half- 
segment of the form 


r=U0, VOxg< 2n, 2 = 2, 


belonging to domain (2.17). Therefore the mapping is not one-to-one 
at the points lying on the z-axis. But it is ohviously one-to-one 
at all the other points of the z, y, z-space. 

(b) Spherical coordinates. Let the position of the moving point AF 
in space be determined by the following three quantities: 

(x) the distance o from the origin O to AZ. 

(fj) the angle 8 between the line segment O/ and the direction 
of the positive half-axis z, 

(y) the angle gq formed by the projection O17, of the line seg- 
ment OO. on the z. y-plane and the positive direction of the z-axis 


—_ = em Gh ae oe @ ab 


4 ge. 2 


(see Fig. 2.5). The quantities p, 0 and ¢ are called the spherical 
coordinates of the point 47. The figure shows that the relationship 
between the Cartesian coordinates of the point AZ and its spherical 
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coordinates is expressed by the formulas 


xr=posinOcosq, y=psinOUsing, z2z=—pcosU = (2.15) 


The three families of the coordinate surfaces corresponding to spheri- 
cal coordinates are: 

(a) the spheres p = const (O <p < op), 

(3) the conical nappes (semi-cones) 0 = const (0 <= 0 <= 2). 

(y) the vertical half-planes @ = const (O < q < 2x). 

The Jacobian of the transformation of Cartesian coordinates into 
spherical coordinates is equal to 


sin 0 cos @ sin QO sin @ cos 0 
De Ce a ; Maes 
ae ocosQ0cos¢ pcosOsing —psinO|=9* sind 
— —psin@sing psinQcos @ () 


(2.19) 
Formulas (2.18) determine a mapping of the domain 
Ox<spaeowo, OL 0a. NOD y <2 


(Ma seni-intinite rod”) of the p, 8, @-space onto the entire z, y. z-space. 
Like the mapping corresponding to cylindrical coordinates, this 
mapping FS one-to-one everywhere except the points lying on the 
z-anis. Indeed, each point (0, 0, Z9) is the image, under the mapping. 
of the half-segment p = zy, @ = 0,0 S@ < 2x for zy > OV. and of 
the half-segment p=z, O=-a, 0 < qy <i 2a for 2, <0, and the 
entire rectangle 9 =: 0, OSDOaa. OS Gg < 2a is mapped into 
the port (QO, 0, U). 


4. Element of Volume in Curvilinear Coordinates. Let us find the 
expression of am element of volume in curvilinear coordinates. 
Consider again a space figure V in which some curvilinear coordina- 
tes €. y. & are introduced, and let the formulas 


x—-~2(—,y. o, yoy l& yo, 2=2(§, y. §) 2.20) 
express the relationship between &, y, ¢ and the Cartesian coordina- 
tes x. y. 2. The funetions x (—, n, &). y (8 y, €) and <z (—E, 4, £) are 
supposed to be continuous and possess continuous derivatives, 
We also impose the condition Uhat the Jacobian should be different 
from zero, 

Consider three pairs of coordinate surfaces drawn intinitely ciose 
to each other. Let the first pair be given by fixed vaiues of the tirst 
coordinate which are equal, respectively, to € and & + d& Simni- 
lacly. let the second pair be specified by values y and y -> dy of 
the second coordinate. and the third one by values € and € — d&€ 
of the third coordinate. These Uiree pairs of surtaces cut out of space 
an inhnitesimal curvilinear parallelepiped. We shall evaluate its 
volume dr neglecting the terme ef the second wil tigher order of 
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smallness relative to the volume. This parallelepiped coincides, 
to within infinitesimals of order higher than the first, with the 


rectilinear parallelepiped whose edges are the vectors P/’;. P?'s, 


and PP; (Fig. 2.6). 1t can easily be shown that the vectors have 
the following coordinates: 


or Oy OZ je 
PP, =(F a, oe ab a a). 
pHhn —[ o Oy Oz 

ri 0 rr ~ 
PP,= (Frat, Feat, sas) 


where we have again restricted ourselves to the principal terms 
(i.c. of the first order of smallness). As is well known, the veltume 


Pe ay, 


J 


Fig. 2.6 p 2, 


of a parallelepiped constructed on three vectors is equal to the 
absolute value of the determinant wilh the cvordinates of the vectors 
as its” elements. Consequently, we have 


| a2 Oy Oz Ox ay a2 
Oz ae 3 2S OE at 0 a5 dF 
Or Oy az Ox Ou Oz | an a 
OX 4 dy Oz Ox Oy Oz 
Ta C ar aS ra at a6 KOE, 


where the signa + or — is so chosen that the whole expression 
is positive. Thus, we see that 


dv = | J (&, 7, 0) | d& dyn dé (2.21) 


D (xz, y, 2) 


where J (E, 4, = TE, a) 


Lion (2.20). 
5. Change of Variables in Triple Integral. Geometric Meaning of 
the Jacobian. We have showin that the volume of an infinitesimal 


element is expressed in curvilinear coordinates by formula (2.21). 
[t fallonwe directly that the volume of a finite damain V ean he 


is the Jacobian of transforma- 
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written as the triple integral 


\JS17& m Olas an ae (2.22) 


taken over the range Q, of the variables &, 7 and ¢, which is mapped 
onto the domain V under mapping (2.20).* 

On the basis of the expression for the volume we can derive the 
formula of changing variables by means of the arguments given 
below which are similar to the ones presented in § 6, Sec. 6 of 
Chapter 1. 

Let f (x, y, z) be a continuous function defined in a bounded closed 
domain V. Under these conditions, the integral 


\\\se@ y, 2) dz dy dz (2.23) 
V 
exists and is equal to the limil of integral sums of the form 


2 F(t yey 24) Avi (2.24) 


Suppose formula (2.20) establishes a correspondence between 
the points of the domain V and a domain 2 which is the range of the 
variables —, yn and ©. Besides, let the correspondence satisfy the 
conditions enumerated in Sec. 1. This correspondence attributes 
to each partilion {V;} of the domain V into parts V; a certain 
partition {92;} of the domain @ and vice versa. According to 
(2.22), the volume Av; of the subdomain V; is representable in 
the form 


dui~V{{ lr m dlaban a 


a 
Applying the mean value theorem to the integral we receive 
Av; =| J (&%, nf, Cf) | Aw: 


where Aw; is the volume of the subdomain 2; and (Ef, nj, GF) is 
a point belonging to Q,. 

Each point (z;. y;, 2;) entering into sum (2.24) can be chosen 
quite arbitrarily within the corresponding subdomain V;. In parti- 


* Tere we have left out the calculations which are similar to those written 
in full in § 6 of Chapter 1 for the case of two independent variables. 

If the reader carefully studies Theorem 1.7 it will not be difficult for him 
to prove formula (2.22). Here, as in the case of dimension 2, the basic idea 
lies in approximating a nonlinear mapping of a small domain by an appropriate 
linear manning. 


7 
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cular. we can take. as (z;. y;, 2;). the point whose curvilinear coordi- 
nates are &7, yy and CF. Therefore integral sum (2.24) ean be rewrit- 
len du the form 


N F(c(er, ni. GF). oy (CF, nt, GF), 2 (6. nt, CP) | J (EN, ni, St) | Aw, 


r= | 
(2.25) 
that is as an integral sium corresponding to the integral 


WW ree nm, o), y(& 1, 5), 2 (8 mo) [47 (& 1, O) | d&dndg (2.26) 
9 


The last integral is sure to exist because its integrand is continuous. 
Consider a sequence of partitions {V,;} of the domain V which are 
imfinitely refined. Correspondence (2.2U) determines a mapping 
under which this sequence goes into a certain sequence of partitions 
{Q2;} of the domain ©, and since the maximal of the ciaimeters of 
the subdomains V; tends to zero, the same is with the maximal of the 
diameters of the subdomains Q;. The sequence of partitions of the 
domain © generates the corresponding Sequence of integral sums 
each of which can be put down both in fori (2.24) and (2.25). The 
limit of the sequence of integral sums of form (2.24) is equal to 
integral (2.23) while the limit of sums (2.25) is equal to integral (2.26). 
Thus, integrals (2.23) and (2.26) are the limits of the same integral 
sums and henee they coincide. that 1s 


(V4 fez, y, 2)dv= 


=(Wriek nd. vend. 2 WOT En ldo (2.27) 


Consequently. if there is a one-to-one continuous and continuously 
differentiable mapping of a bounded elosed domain F onto a domain 
Q, witha nonzero Jacobian. and if f (a. y, z) is a continuous function 
delined in the domain V, formula (2.27) for changing variables in 
the triple integral is true. 

We can casily show that the formula not only holds for a conti- 
nous function f but also for any bounded function continuous every- 
where iu V possibly excepl a set of points of volume zero. 

Let us come back to formulas (2.20) determining a correspondence 
between the range V of the variables z, y, 2 and the range 2 of the 
Variables &. y. 2. The correspondence transforms an inlinitesimal 
rectilinear parallelepiped 


EsSExS en i dE, eS HSY+ten, ORC RG— de 


of volume dw = dt dy d& lying in Q into a curvilinear parallelepi- 
ped specified by the same inequalities and belonging to V. The 
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volume of the latter parallelepiped is equal to 
dv = | J (&, , &) | d& dy dg (2.28) 


Thus, the absolute value [J (&, yn. 0) | of the Jacobian is the 
ratio of infinitesimal volumes corresponding to each other under 
mapping (2.20) (see Fig. 2.7). 

In some simpler cases the Jacobian associated with a change of 
variables can be found on the basis of expression (2.28) for an ele- 
ment of volume, i.e. by means of purely geometric considerations 


¢ 


WE 2 (Ndédpde, 


aedyde 


Fig. 2.7 4 
without computing the corresponding derivatives and the determi- 
nant. Weshatt illustrate this technique by the examples of cylindrical 
and spherical coordinates. 

Cylindrical coordinates. Consider an element of volume contained 
between three pairs of coordinate surfaces drawn inhnitely close 
to each other, namely the cylinders of radii cand r -- dr. two hori- 
zontal planes corresponding to certain values z and z -|- dz of the 


Fig. 2.8 


coordinate z aud two half-planes passing through the z-axis and 
forming angles q and ¢ + dp with the z-axis. Vhe volume clement 
bounded by the surfaces is, to within ipfinitesimals of higher order 
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of smallness, a rectangular parallelepiped with edges dr, dz and r dp 
(see Fig. 2.8). Itsi volume is equal to 


r dr dg dz 


which implies that the Jacobian of transformation of Cartesian 
coordinates into cylindrical ones is equal to r. 

Spherical coordinates. Take a domain bounded by two spheres of 
radii r and r + dr. two semicones determined by certain angles 9 
and 86 + d@ (reckoned from the z-axis) and two half-planes forming 


Fig. 2.9 


angles ¢ and @ -- dp with the z, z-plane. The domain can be thought 
vf us a rectangular parallelepiped (to within iufinilesimaids of higher 
order) with edges r d0, drand r sin 6 dq (see Fig. 2.9). Consequently, 
its volume is equal to 
r= sin 0 dr d8 dp 
which shows that the corresponding Jacobian is equal to 
7? sin 6 


§ 5. MULTIPLE INTEGRALS OF HIGHER ORDER 


1. General Remarks, The definitions and facts which have been 
discussed in Chapter 1 for two variables, and in the present chapter 
for three variables, can be transferred to the case of an arbitrary 
number of variables. For this purpose we lirst of all define the volume 
of an n-dimensional parallelepiped. 

As is weil known from analytic geometry, the area of a parallelo- 
gram or the volume of a parallelepiped constructed on given vectors 
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ix expressed by the formulas representing it as the absolute value 
of the determinant whose elements are the projections of the vectors 
on the coordinate axes. Starting from these results, we define the 
volume of an n-dimensional parallelepiped as the absolute value 
of the determinant with rows (or columns) formed of the coordinates 
of the vectors which are the edges of the parallelogram. Further, 
based om the volume of a parallelepiped, we can easily introduce 
the concept of volume for polyhedral n-dimensional figures and then 
define the volume for a wider class of domains lying in an 7-dimen- 
sional space. After that the notion of an integral of a function 
f (a. ra... ., 2,) dependent on arguments 2, 22, . . -, Z_ iS introduc- 
ed as the limnit of the corresponding integral sums. An n-fold multiple 
integcral taken over an n-dimensional domain G is designated by 
the symbol 


\J. \ f(z Ze, -++y Ln) aX, dr, ... dn 
G 


[{ the corresponding restrictions imposed on the domain G and 
au the integrand are fulfilled, the n-fold multiple integral can be 
reduced to an iterated integral in which successive integrations 
will respect to each argument are performed: 


\\.. \ f(x, Teor sey In) Ax, dx 2. ALXn= 
G 


(2) 42) 


b x2” (x4) Ky 4X4, - - -5 Xn—2) 
= { ax, aX. eee f(21, Xo; oe eS Xn) AX 
a x$? (03) afl? (xg, + +e %n-1) 


The formula for changing variables in the n-fold multiple integral 
is unalogous to the corresponding formulas for double and triple 
integrals. Namely, if 2; = 2: (Yi, Yo. ---> Yn) GF = 1, 2, ...-, 2) 
the integral is transformed according to the formula 


\--- J fla. vay En) Gly ine Cl, = 
C 


=] -_ \ f(a Sehe Male tong nike ae) © 
r 


D (ap .++s =n) | g e 
Divi, ---y yn) [oot 7 CHa 


where FP is the range of the variables y;, . . 


x 


"1 Yn 

2. Examples. Al) the basic facts of the theory of the double and 
triple integrals remain true for the n-dimensional case. Here we do 
not dweil in more detaii on ihe general theory of z-fold multiple 
integrals and proceed to discuss some characteristic examples. 
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(1) Gravitational attraction of two material bodies. Although the 
real physical space we live in has only three dimensions there are 
various concrete problems involving multiple integrals of order 
higher than the (hird. As a simple example, let us derive the formula 
for the force of mutual gravitational attraction of two finite material 
solids. Let them occupy. respectively, domains G and G’ and lave 
volume densities p (z, y, z) and p’ (x’, y’, 2’) (these material bodies 
lie in the same z, y, 2-space but it is convenient to denote the coor- 
(linates of their points by different symbols). According to Newton s* 
law of universal gravitation. the projection on the z-axis of the 
force of allraction between two infinilesimal elements 


dv  dxdydz and du’ = dr’ dy’ dz’ 
of volume of the bodies is a quantity dF, equal to 


yl eke LBS MS (x—z)dzrdydsd.2' dy’ ds’ (2.29) 


where y is the constant of gravitation and 


r=V (r—2x')? + (yy)? + (2-2 
To find the total value of the projection F, of the force of interaction 
between the bodies we must sum up expressions (2.29) over all the 
volume elements of both bodies. In other words, the projection F, 
of the force of gravitational attraction between the bodies cecupying 
the domains G aml G° is equal to 


» \ \j \\ Pi OO) (c—2’)dadydzdx dy’ dz (2.30) 


GxG’ 


The other two projections are expressed similarly. Here the point 
(x, y, 2) runs throughout the domain G and the point (2’, y’, 3°) 
independently runs over the entire domain G’. Hence, integral (2.30) 
is taken over a domain in the six-dimensional space of the vari- 
ables zr, y, z, 2’, y’, 2. Such a domain is usually denoted by the 
symbol G xX G' and called the (Cartesian) product of the domains 
G and G’. 
(2) Consider the integral 


1, =\\ _ | dx, dae 2. dt (2.31) 
~  G 
taken over the domain G determined by the inequalities 
oe, we 20: an m, Bee D 
ry I» i In — 1 


* Newtul, Inaah (1642-1727), the great English mathematician and phy- 
SIcISL. 
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Reducing integral (2.31) to an iterated integral we obtain 


I,= || { dx daz... dz, = 


1 
= | ae ( dz, Shae \ UdZn 


Performing integration with respect to vz, and substituting th 
corresponding limits of integration we derive 


L—X3—-...—-X),_, 


1 1-24 
fo — | ax; day... j (l—2ay— ... — 7n-1) dTn-y 


Next, integraling with respect to z,_, and substituting the limit 
of integration we arrive at the formula 


1 1—x, 727% nng ' 2 
=—~£4 "4k a a a 
a Q 


Continuing these suceessive integrations we finally obtain 


1 
n= . Bull ae dla; ae 
nd 


~ (n—1yl 
QO 


(3) The volume of an n-dimensional sphere. Aw n-dimensional 
sphere (ball) of radius a with centre at the origin of coordinates is, 
by delinition, the totality of all the points of the v-dimensional 
space whose coordinates satisfy the condition 


Bit+apt... CS MA<a’ 
The volume WV, of such a sphere is equal to the integral 
\\ 4 dx, azo eo. adXn 
i aoe P 
xo 4-xg+. - o tXp, fae 


The integeal a oo transformed in the following way. Puttine 
a a ay; G@ = 2, ee ey PY) We Can write 


2 —— we; 
y, = ark, 
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where U, is the volurne of unit 2-ulimensional sphere (of radius 1). 
Furtherinore, since 


U,s \\ | dz,die... din = 


xP-ixgs. 6. TX_St 
1 
— | dz, ere 1 ee AXn-1 = 
—1! x2 ExE+. 4x7%01471—x2, 
1 n—1 


_ — xt) 2 7 2. Xn = 
=jc tn) ~ dx \ \ dz, AIn-4 


X3eb . $x, 7 Sl 
m— 1 


1 
ot Oe | (1 — xi) 7 dzn* 
af 


we can put z, = cos 8 and thus receive 


OU, =2U,-1 \ sin" 0d6 (2.52) 


Oy | a 


Now taking into account that &, = 2 (because one-dimensional unit 
sphere with centre at the origin is nothing but the line segment 
[—1.14], and the corresponding one-dimensional volume is its 
length) we can fined. in snecession, (7.. 7, and so on.** 


* Here, when computing the integral 


wa 


b 


cee { dx,...dxn_y, we put zj:=(L—2z7)" yy ( = 1, 2, ... 
xi reefer pc i—xy 

., #—1) and thus obtain the expression 

n— | n— 
l—7r2) ¢ d d 2(1—22) ¢ ar 
( x?) Te Yy--- GY¥n_4, = ( x7) eee a ere 
vi-b..-+¥n 1! xf-+...bx%_ <1 
eee dtpn_y.—Tr. 


** \n explicit expression for U, can be obtained with the help of so-called 
Euler's integrals (see Chapter 10, § 3 and, in particular, Example 3). 


4 Elements 
of Differentia! 


Geometry 


In this chapter we shall apply the differential and integral calculus 
to studving geometric objects, namely curves and surfaces. ‘The divi- 
sion of mathematics in which various types of geometric configura- 
tion are investigated by means of mathematical analysis is called 
differential geometry. 

In the framework of our course we can only present the funda- 
mentals of differential geometry which is an extensive branch of 
mathematics closely related to mechanics, the theory of differentia] 
equations and other branches of knowledge. 


§4. VECTOR FUNCTION OF A SCALAR ARGUMENT 


1. Definition of a Vector Function. Limit. Continuity, It is con- 
venient to define curves and surfaces by means of functions taking 
vectorial values (briefly, referred to as vector functions). Therefore 
we begin this chapler with a brief review of basic applications 
of mathematical analysis to vector functions. We shall not go into 
particulars becanse there are only a few facts here distinct from 
those of the theory of scalar functions. 


Definition. Let. to each value of a variable ¢ bhelangine to 
an interval la, bo), there correspond a vector 


r@ij=zWity@j+z@k (3.1) 

Such vector is said to be a vector (vector-valued) function 
of the scalar argument t. 

A vector function r (¢) can be given the following visual inter- 
pretation. If the vectors r (¢) corresponding to all the possible valucs 
of the argument ¢ are laid off from the origin of coordinates their 
tips trace a curve (the graph of the vector function) which is called 
the hodograph of the function r (¢) (Fig. 3.1). If the argument ?¢ is 
considered to be time the hodograph of the function r (é) is inter- 
preted as the trajectory of motion of a point. 

A constant vector 

R=—ai+ d+ ck 
is said to be the limit of r(t) for t—> ¢, if 


lim |r (t) —R|=0 (3.2) 
t+ lo 
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where | r (2) — R [is the length (absolute value. or modulus) of the 
vector r(t) — R. Condition (3.2) is equivalent to the three scalar 
relations 
limz(t)--a, limy(t) 6b, lima (é) -- (3.2°) 
l—+ lg tig {—>{p 


A vector function r(é) is called continuous at a point ¢é, if 


limr(ft) - r (to) 
{to 
A vector function r (é) is continuous at a point éy if and only if its 
projections, i.e. the three scalar funetlions z (4), y (4) and z (0), are 
continuous at ég (prove it). The sum. the difference, the scalar and 
vector products of continuous vector functions are again conlinuous 
(show it). 
2. Differentiation of a Vector Function. A vector function r(é) is 
said to be differentiable at a point ¢ if the limit 


Ar (i) r (¢-4- At)—r (2) 
lim = Lim ————__—— 
ats»g A At->0 At 


exists. The limit is called the derivative of the vector function r(t) 
and is denoted by the symbols a ,r(t) or r(t). It can be easily 


proved that the existence of r’ (4) is equivalent to the existence of the 
three derivatives z’(4, y’(/) and z(t), these quantities being con- 
nected by the relation 


P@=2 ()i-y Oj +2’ Ok 


The vector x is directed along the secant 174/, of the hodograph 


. ar, : d ‘ 
of the function r(Q (see Fig. 3.2), and the vector o is im the direc- 
tion of the limiting is a line to whose position the secant tends 
y d 
as the point 3/7, approaches A/. Hence, goes along the tangent 


line lo the hodograph at the point A/. 
From the point of view of kinematics, r’ (f) is nothing but the 


velocity of a point whose law of motion is r— r (é). 
The following rules for differentiation of a vector function take 
place: 


(1) if r(¢@) — const we have r’(é) = QO; 

(2) (Ar(t))’ = Ar'(¢t) where & =: const; 

(3) (u(Or(@)y = ue ()r(d) -+ u(or'(t) where uw (é) Is a sealar 
huyiction:; 

(4) (r,(¢) + re (1) = r, (t) + Wy (4); 

(>) (1, (7). ar == (r, (4). ne (rf), 1301); 

(6) [r (2. re(4)lo = as r,(t)] + [r,(f). ry(O) (it is necessary to 
preserve the le of the factors here); 
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(7) if r= r(t) and ¢ = ¢ (1), then 
dr dr di 


oo week eee 


“dt dt at 


which expresses the rule for differentiation of a composite veeto 
function. 

The proof of the rules is left to the reader. 

‘The following special cases of dilferentiation of a veclov functior 
should) be noted: 

(a) The derivative of a vector function of a constant direction. Le 
a vector r(/) have an invariable direction in space Qe. only it 


Fig. 3.1 r(t) 
Gg 


length may depend on 4). Then the veetors r(f) and r’(Q are colli 
near. 
Actnally, in this case the vector r (t) can be put down in the forn 


r(t) ==u(fje 
where w(é) is a scalar function and e is a constant vector. Ther 
: esas ’ v ° ao ul (t) 
we have er’ (f)--ut(¢e, that is 1 Oy 


(b) The derivative of a vector function having a constant lenveth. 
if | r (7) const the vectors r(z) ati r’ (/) ure orlLhogonal (perpeu- 
dicular) to each other. 


Fig. 3.2 


Indeed, here we have (r(/), (QO) <= const. After this relation 
has been differentiated we obtain 
2(r(f), vr’ (¢t)} =O, that is (r(f), (4) =!) 
which is what we set out to prove. 
VThe geometric meaning of the last relation is quite clear. IT |r (é)] = 
— ff, the hodograph of the function r(é) entirely lies on the sphere of 
radine FHowith centre ot the wigin. The Campent to such a curve lies 
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in the tangent plane to the sphere and is therefore perpendicular 
to the radius vector r{{) joining the origin with the point of tan- 
gelcy. 

The differential of a vector function r(?¢) is the vector 


dr=dr-i+dy-j+dz-k 
In other words, we have 
dr=2z' (ti) dt-i+ y’ (t)dt-j-2 (t)dt-k=r' (t) dt 


which means that the differential of a vector function is equal to the 
product of its derivative by the differential (i.e. increment) of the 
independent variable. As in the case of a scalar function, the diffe- 
rential dr of a vector function differs from its increment Ar by 
a quantity of an order of smallness higher than the first relative 
lo Af. 


3. Hodograph. Singular Points. We have defined the hodograph 
of a vector function r (¢) as a curve which is traced by the terminal 
of the vector r (4), when Zz varies, if its tail is always kept at a fixed 
point. 

As has been shown, if r(/) is a differentiable vector function the 
vector r(#) is directed along the tangent to the hodograph at all 
points where r’(¢) 0. Phe points at which the derivative r’(t) 


J to ty 


(@) (é) 


Fig. 3.3 (Cc) (a) 


does not exist or vanishes are referred to as singular points. Here 
we give several examples of singular points (see Fig. 3.3). In the 
motion of a point according to a law r = r (’) the trajectory may 
be a “smooth” curve but the velocity v(t) = r’ (¢) may tend to zero 
as £—» fy. Then the material point is in an instantancous state of 
rest at the point r(f,) at the moment ¢ = fo. A singularity of this 
kind characterizes the motion itself but not the geometric curve 
along which the point moves (Fig. 3.32). In some other cases this 
can be followed by a change in the direction of motion (i.e. the 
trajectery may he brofop ot the pat rff.\- sep Fie. 32.32h) Tn this 
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cause we have a singularity both of the motion and of the correspond- 
ing geometric curve. It inay turn out that the trajectory is broken 
al a point r(/)) but the velocity r‘(¢) does not tend to zero in approa- 
ching the point (see again Fig. 3.36). In this case the moving point 
r(t) issubjected to an impact (when it passes through the point r(f9)) 
which instantaneously changes its velocity in a jump-like fashion. 
Further, the trajectory of motion can have a cusp (Fig. 3.3c) and 
them the velocity of the material point may either tend to zero 
in the vicinily of the cusp or change jump-like. Finally, the function 
r(t) may turn into zero for ¢ = fy without assuming nonzero values 
for the subsequent values of ¢ > ¢,. Then the point has a state of 
rest at the end of the motion (Fig. 3.3d). These and many other 
singularities of motion may be of interest for studying Some concrete 
cases but at Lhe same time they can rarely be treated by means of the 
cencral methods. Therefore in what follows we shall exclude such 
singularities from our discussion and consider the motions for which 
r(é4) exists everywhere and does not vanish. 


4. Taylor’s Formula. For a vector function we have Tavlor’s 
formula 


b(t -=M) =r (t)+ er’ (t) Ate (1) AH A (e (0) He) Ae 
(3.3 


where @ is a vector which tends to zero as At — 0. In fact, applying 
Taylor’s formula to each projection x(/), y(4) and 2(f)* of the 
vector r(¢é) we obtain the relation 


z(t-:-At)=a2(t)-+ a’ (4) At+ - a" (4) At?+... — (xt (£) +- ,) Ag” 


for 2(t) and two similar relations for y(t) and z(t). Multiplying 
these relations, respectively, by i, j and k and adding up the results 
we arrive at formula (3.3). 

Thus we see that most of the basic notions and rules of differential 
calculus are transferred without essential changes from scalar func- 
tions to the vector-valued ones. But it should be noted that such 
conclusions cannot be drawn automatically because there are excep- 
tions to the rule. For instance, the well known theorem on finite 
increments (Lagrange's theorem; c.g. see [8], Chapter 8, § 9) is not 
true for vector Junctions. (Let the reader construct an illustrative 
example.) 


3. Integral of a Vector Function with Respect to Sealar Arguiment. 
As in the case of a scalar function, we can form integral sums for 


* Here we suppose, of course, that each projection z(t). y(t) and s(f) of 
the vector function r (¢) satisfies the conditions for the applicability of Taylor's 
formula ta it. 
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a vector function r(¢) defined ow an interval a qt < 6 and con- 
sider their limit as the maximal length of the segments forming 
the partition of the interval fa, 6] tends to zero. The limit is re- 
ferred to as the integral of r(/) over the interval |a, 6] and is desig- 
nated as 

b 


J rd 


a 


By analogy with scalar functions. we can easily prove that the 
limit (i-c. the integral) is sure lo exist if r (4) is continuous ou (a, Ol. 
The existence of the limit of a vector integral sum 


rr 

2 i (t;) (fg —~li_s) 

) 
(where ao fg Mi... ty Kt; Ka;) is obviously 
equivalent to the existence of the limits of the three scalar integral 
Sums corresponding to the projections 2z(é), y(@) and z(t) of the 
vector function r(). aud we have 


frinaeai-femari| y (ody ke | z(t) de 


The ordinary properties of the integrals of scalar fiinetfions are 
easily extended to the case of the tntegrals of vector functions. For 
example, we hiuave 


r b 
{ we’ (t)e(t) dt --u (b) r(b) —u (a) r (a) — \ w(t) r (1) di 


Which is Che formula of dulegration by parts where u(/) is a sealar 
funetion. The formulas connecting integration with basic operations 
of vector algebra are also casily established. For instance, 


[e, r(t)| dt =| e, r (¢) dt] 


where eo or a constant vector. 


G. Veclor Functions of Several Sealar Arguments. We cau also 
consider vector functions dependent not) on one bul on many 
scalar arguments (in particular, we shall encounter veetor Funetions 
of two scalar arguments in the present chapter in the study of sur- 
faces). The concept of a partial derivative and other concepts of 
analysis are easily generalived to these funetions. 


Cil. 3. ELEMENTS OF DIFFERENTIAL GEOMETRY 1ty 


§ 2. SPACE CURVES 


1. Vector Equation of a Curve. Vector functions of a sealar argu- 
ment provide a convenient method of determining space curves.* 
Indeed, suppose we are given a continuous vector function r (¢) 
(e<t< b). Then, after constructing its hodograph. we obtain 
a space curve y. Conversely, if a space curve y is defined in a certain 
way we can try to determine il by means of a vector function. 

We say that a curve y is represented parametricadly if there ts 
a one-to-one correspondence which attributes a certain value of 
a parameter é belonging to an interval [a, 6] to each point of the 
curve. the correspondence being continuous at each point of the 
intecval.** The latter condition means that the distance between 
the points rfp) and r(f) of the curve tends to zero if ¢—» ty. If 
a curve y is represented parameltrically the radius vector of each 
of its points is uniquely determined by the corresponding value of 
the parameter f. that is 


r=r(é) (r=2i-+ yj + 2k) (3.4) 
Relation (3.4) is referred to as a parametric (vector) equation of the 
curve y. Vector equation (3.4) can apparently be replaced by the 
three scalar parametric equations 
z= x(t) y=y(t), z= 2(t) 

Applying the terminology of § 1 we can say thal a parametric 
equation of a curve provides its representation as the hodograph 
of a vector function r (é). 

In what follows we shall only consider the curves and their para- 
metric representations for which the corresponding vector functions 
r(f) are triply continuously differentiable. 

fxvample. Let us put 

rif) = iacosf+ jasiné+k bi (3.5) 
This parametric equation delermines a curve called a serew Hine 
(circular helix; see Fig. 3.4). 

When considering a curve we can introduce ils parametric repre- 
sentation in various ways. For instance, if a curve y is given by an 
equation r- r(@é/). asia b. we can put 


f=((t), «<t1<B 


where f(t) is a monotone function such that ( (1) > 0, f(z) =a 
and 7? (=P) = 6. and regard tT as a new parameter providing the equa- 
tion or r(/(t)) for the curve y. 


* We do not specify the notion of a curve here. A discussion concerning 
this question can be found. for instance. in [8], Chapter ft. § 1. 

** The comlition that the correspondence ts one to-one means that we are 
considering the curves withant points of self-intersection. 


§—O824 
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ln many cases it is convenient to take as a parameter the arc 
length of the curve reckoned from a fixed point. The transition from 
an arbitrary parameter entering into a parametric representation of 
a curve to the are length of the curve can be performed as follows. 


Let y be a curve and ¢ a parameter entering into its parametric 
equation. Choose a point A/y on y which corresponds to a certain 
value é = ¢@y of the parameter and consider it to be an initial point. 
Next take an arbitrary point .W/ ony. The length ? of the arc M,M 
is expressed by the well known formula 

t t 

_ \ Vxrt+y?+etd, ie l= { Ie’ (z) | de 

f fo 
where f is the value of the parameter corresponding to the point Af. 
The formula determines 7 as a single-valued and continuous function 
of t:2 = J/(t). If the function r(¢) is such that r’(é) dues not vanish 
anywhere we have /’(/) ~ 0 at all the points and consequently ¢ can 
be represented as a single-valued continvons function of 2: tf = t(d). 
(On the existence of an inverse function of type ¢t = ¢ (é) see, for 
instance, [8], Chapter 11, § 1.) Now putting r = r (¢ (l)) we thus 
represent ras a function of are length J, i.e. obtain a parametric 
equation of the curve in which the arc length serves as a parameter. 


Example. Consider again circular helix (3.5). We have 
di = V a* sin? t+ a? cos? t + b? dt = V a?-+b' di 


* The formula means in fact that the curve z = z (8), y (t), z = 2z (t) 
is regatded as being a “broken line“ with an infinite number. of infinitesimal 
segments (dz, dy, dz). The length of a single segment is given by the Pythago- 
rean theorem and is equal to 


V (dz)? + (dy)? -F (dz)? = Vez" ())? + (yO)? FO’)? at 
The “sum” of the lengths of the “segments”, that is the integral 
t 


| Vert yt et at 


to 
in jis wspual te Che length of the eurve. 
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for it and hence [= )Va?+6%¢. Passing to the parameter 7 we can 
rewrite the equation of the circular = in the form 


F(t) =4acos To +I ESE at kb 
Note. 1f a parameter ¢ entering into an equation 
r= r (2) 


is thought of as time the curve determined by the equation can be 
regarded as the trajectory of a point moving from an initial position 
with the velocity r’(¢). But a point can be in various motions along 
the same curve because when specifying a curve we only prescribe 
the direction of the velocity at each moment but not its numerical 
value. In particular, we can consider the case when the velocity r° 
of motion is all the time identically equal to unity in ils modulus. 
It is just the case when the arc length é is taken as the parameter /. 
Indeed, we have dr = idz + j dy + k dz and consequently 


de | Widz)® + (dyy?+ (dz)? dt 
a |e a 3.6) 


Thus, from the point of view of kinematics, various possible ways 
of parametric representation of a curve can be interpreted as the 
corresponding laws of motion of particles tracing the same trajectory 
with different velocities. Then an equation of the form 


= r (2) 


where / is are length describes the motion of a particle with unit 
(in its modulus) velocity. 


2.:Moving Trihedron. Consider a curve given by an equation 
= r (J) (3.7) 
At each point A¢ of the curve (corresponding to a value 2), the unit 
vector 
t=r(l)* 
determines the direction of the tangent to the curve. The vector 


r= 
is orthogonal to vt (because it is the derivative of the vector t having 
constant length; see Sec. 2in § 1). After the vector r has been divided 


* Here and henceforward we denote the derivatives of r with respect to 


arc length by the symbols r, r etc. and use the notation r’, r” etc. for the deri- 
vattves with respect to an arbitrarv parameter, 


8* 
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by |r| we arrive at the unit vector 


a2 @ 


r 


v= (3.8) 


orthogonal to +1.* Furthermore, Jet us take the vector 
B=[t, VJ (3.9) 


where the square brackets designate the vector product. The vectors 
rt, v and f form a triad of mutually orthogonal unit vectors which 
is referred to as the moving (natural) trihedron of curve (3.7) at 


B 


Fig. 3.9 


the point AY (Pig. 3.5). The trihedron is thought of as being rigidly 
connected with the curve at each of its points and therefore the 
shape of the curve can be complelely characterized by describing 
the motion of the trihedron in space as its vertex moves along the 
curve. 

It should be noted that besides relation (3.9) the vectors t, v, B 
salisfy the two similar relations 


[v, B) =T, (B, t]=Vv 


The vectors 1, v and Bf determine, respectively, the directions of 
the straight lines called the tangent, the norma! (principal normal) 
and the binormal to the curve alt the corresponding point. The 
vectors are referred to as uwnié vectors in the direction of the tangent, 
principal normal and binormal. 

3. Frenet-Serret Formulas. The motion of the moving trihedron 
of a curve is specihled by the velocities characterizing the rate of 
change of the vectors t, v and f, that is by the derivatives of the 
veclors with respect to @. Let us find the derivatives. 

We have already dealt with the derivative of the vector t which 


is the vector r. Introducing the notation 


k= |r| 


* The vector v is not defined for the points where r= 0, Sach points (ealled 
points of rectifientinns will be evelyded fran aur eansideration. 
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we rewrite the derivative in the form 
: t=kv 
where & is a nonnegative number. 


We now consider the vector $B. [ts derivative B is perpendiculac 
toitasa derivative of unit vector. Furthermore, it is also perpendicu- 


lar tod. In faet, we have B = [r. vl and hence B = It, v) 4- It, vl = 
— [Ave vl + It. vl -- It, vil, the last) vector being perpendicular 


to Tt. The veetor Bp is perpendicular to B and t and thus collinear 
lo v. Consequently, we can put 


Bp —xVv 
where x is a numerical coefhcient.* 
Finally, compute v. We have 
d e e . 
‘dl [B, T] a‘. [[, T| [B, T] = [ — KN, tT] +B, kv| = — kt + xp 
Thus, we have obtained the following formulas for the derivatives 


t, v and B- 


—- kw (3.10) 
vo. ht jp (3.11) 
B-  —xyv (3.12) 


They are knownas the Frenet-Serret** formulas. The formulas involve 
two scalar quantities, namely * and «. The quantity & is called 
Lhe curvature (the lirst curvature) of the curve and x is called its torsion 
(or the second curvature). The geometric meaning of the curvature 
and the torsion will be diseussed later. The reciprocals of & and x 
are referred to, respectively, as the radii of curvature and torsion. 


4, Evaluating Curvature and Torsion. We have, by definition, 
== |r| (3.13) 
Therefore, to compute the curvature of a curve r = r (/) it is suffi- 


cient to find the vector r (J) and determine its length. 
To find the torsion « we take the equalities 


r—=t and r-=kv 


* The coeihetent 2 can be positive, negative or zero. We use the notation 
~ instead of x» because this will be convenient for our further aims. 
** Frenet, fean Frederic (1816-1900) and Serret, Joseph Alfred (1819-1885), 
French mathematicians. 
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and differentiate the latter once again with respect to Zl. Applying 
formula (3.11) for v we thus obtain 


“p= kv — kt + kup 
The last three relations imply that 


(rr, r, r )=kx (3.14) 


whence x = ———;~—_-,, 1.e. 


(ror, or) 


rl? 
Formulas (3.13) and (3.15) enable us lo compute the curvature & 
and the torsion x if the arc length has been chosen as the parameter. 
In case a curve is given by an equation 


r= rr (t) 
where r(¢) is a triply continuously differentiable function of an 


arbitrary parameter é¢ we can regard ¢ as being a function of arc 
length 2 which yields 


dr _ dr dt d@r _ {r (= 2 de art 
‘di dt dl? dl?” dt? =r) dt diz’ 2416 
d3r _ dir di \3 9 d7r at d2¢ y at d3t ( ) 
di3. sé (<-) dt2 dit dil2 ' dt dé3 
The first relation can be rewritten as 
dt 
Le oe 
It follows that 
Z 3.17 
‘at o[r’ (8) | Oe 


because |t|= 1 (here we assume that ¢ and Z vary in the same 


direction, i.ce. x >?) . Further, taking the vector product of the 


(3 
i 


first two equalities (3.16) we derive 
dr = d*r =[ de d*r 
i: 7 dl? ‘ia dé * dts 


dr d¢r 
ae ae ee 


or, Since 


kfi = [r' (¢), rv" (4)] (+ (3.18) 
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Since {B{=—1, it follows from (3.17) and (3.18) that 


= Let (os ONL 
si Ire) 


Substituting expression (3.16) into relation (3.14) we receive 


(3.19) 


(r’ (t), e°(t), #7 ()) (SE) Ate (3.20) 


The last two equalities imply the final formula for the torsion: 


_ tr (®), rr), 
He’. OP 


Exercise. Find the curvature and the torsion of the screw line 


(3.21) 


r= iacost+ jasinét | k Ot 
Note. Let us come back to formulas (3.16). They indicate that the 
vectors r’ and r” are linearly expressible in terms of the vectors r 
and r. In other words, the vectors r’ and r” lie in the same plane as 


the vectors rand r. The plane is called the osculating plane. ITlence, 
the osculating plane of a curve (al a given point) can be defined 
as a plane containing the vectors r° (ft) and r” (¢) (irrespective of the 
specific choice of the parameter). [f{f ¢ is interpreted as Lime and the 
equation 

r= r (f) 


as the law of motion of a point we can say that the osculating plane 
is the one that contains the velocity vector and the aceeleration 
vector. 


9. Coordinate System Connected with Moving Tribedron. For a 
curve r (J), the three vectors t, v and B specify a coordinate system 
{for which they are the base vectors) at cach point AY of the curve, 
the system varying, in the general case, as the point moves alone the 
curve. The axes of such a coordinate system are: 

(1) the fangené (its direction is determined by the vector Tt), 

(2) the principal normal (its direction coincides with that of the 
vecLlor ¥v), 

(3) the binormal (which goes along the vector §)- 

The coordinate planes of the system = are: 

(1) the plane drawn through the point 17 perpendicularly to + 
(i.e. Lhe plane containing the principal normal and the binormal); 
it is called the normal plane to the curve r = r(l) al the point J. 

(2) the plane passing through the point Af perpendicularly to v 
which is referred to as the rectilying plane. 
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(3) the plane passing through the point M and perpendicular to B 


(that is the plane in which rand r lie). This is the osculating plane 
we have already dealt with. 

The disposition of these straight lines (axes) and planes is depicted 
in Fig. 3.6. 

Prablem. Write the equations of the tangent, principal norma! 
and binormal for a curve rv -- r (2), and also the equations of the 
normal, rectifying and oseulating planes, atTa point ro = r (fp). 


Fig. 3.0 


Solution. The vector equation of a straight line passing through 
a point with radius vector rg in the directton of a vector ais written as 


Oo — ry -}- Aa, —~O OA < oc 
Where @ is Lhe ratcius vector of the moving port and A is a para- 


meter; the equation of a plane drawn through a point with radius 
vector ro perpendicilarly to a vector nis of the fornt 


(p as Fo, 1h) = 0 


This immediately implies the following equations: 


p-— ry |- 1¥o (tangent line); 

M =%o-} Are (principal normal), 
O-— Py {2 | ro, Tol (Dinormal); 

‘oa — fo, ry) () (rormad plane); 

{9 — Mp, ro) .-Q (rectifying plane); 


(p— Fo, (ro. rol) © (oseulating plone) 


where rg-- r (lo), Pos ¥ (Ip) ana To =F (/o). 
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Fizercises 
1. Write the equations of the tangent. principal normal and 


binormal to the curve 
r = r (ft) 


Ifint. Note that the vector [r’, r“) is inthe direction of the hinormal 
and the vector [r’. [r’, r“]] goes along the principal normal. 

2. Write the equations of the normal, rectifying and osculating 
planes for a curve r= r (2). 

3. Put down the equations of the tangent. principal normal and 
binormal and also of the normal, osculating and rectifying planes 
for the circular helix 


xrSacos!t, yrasini, 2 = bl 


at the point ¢ = Q. 


6. The Shape of a Curve in the Vicinity of Its Point. To investi- 
gale the shape of a curve in the vicinity of ils point we shall take 
advantage of the coordinate system determined by the moving 
(rihedron of the curve. 

Suppose the derivatives 


ro =r (/9), T= =r (lo) and rg - (lo) 


are different from zero al a point ro -= © (fo) and expand the func- 
tion r(d) in a neighbourhood of the point 7, by means of Taylor's 
formula: 


r() ty ty AP EAD | O(MINT Mala ty (8.23) 


Now take the coordinate system specified by the moving trihedron, 
l.e. choose the point ro as the origin of coordinates and the tangent, 
principal normal and binormal lines as the z-axis, y-axis and Z-axis, 
respectively. By applying the Frenet-Serret formulas for computing 


the derivatives rand r we can substitute the following three scalar 
equalities 


x= Al——— AB 40 (AL) (3.23a) 
a ee | See 

y= kAL += ABO (AD) (3.23b) 

z= 7 ka AP |-O (AN) (3.23¢) 


* The svmbol @ (A) designates a quantitv of the order of Af. 
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for vector relation (3.22). Let us investigate the projections of the 
curve on the osculating and the rectifying planes. 

We take equalities (3.23a) and (3.23b) and limit ourselves to the 
principal terms. The equalities then take the form 


z=Al, y=> kAP 


Eliminating Al from these relations we obtain the equation of 
a parabola (Fig. 3.7): 


y= = ka® 
which is, to within the terms of the order of Ad’, the projection of the 


curve r = r (/) on the osculating plane. The curvature *& being, by 
definition, positive, the parabola opens upwards or downwards 


Fig. 3.7 


according to the unit vector v, and the greater */, the greater the 
rate at which the branches of the parabola are turning out of the 
tangent in the direction of the vector v. 

Consider now the projection of the curve on the rectifying plane. 
Taking formulas (3.23a) and (3.23c) and again limiting ourselves 
to the principal terms we obtain 


a ae — kx Al? 


Eliminating Ad from these relations we arrive at the equation 
of a cubic parabola: 


Z == ken (3.24) 


The sign of the coefficient in x* coincides here with that of the torsion 
(because the curvature is always positive). The corresponding para- 
bolas are shown in Fig. 3.8 for x» > 0 and x < U. The signs of the 
coordinates x and y being determined, for small values of Al, by the 


signs of the corresponding principal terms, it follows from formu- 
la (3.24) that: 


CH. 3. ELEMENTS OF DIFFERENTIAL GEOMETRY 123 


1. In the vicinity of a point at which the torsion is different 
from zero the curve lies on both sides of the osculating plane. 

2. The greater the absolute value of the torsion, the greater the 
rate at which the curve is turning out of the osculating plane. 
If x > Q the curve is turning out of the osculating plane, as / increa- 
ses, in the direction of the vector B, and in the opposite direction 
if otherwise. 


Problems 
1. Show that a curve whose curvature is identically equal to 
zero is a straight line. 


e>o <3 


fp p 


2. Prove that a curve whose torsion is identically equal to zero 
is a plane curve, that is lies entirely in a fixed plane. 
Solutions 


14. lf k=0 we have r= QO, i.e. r =e = const which implies 
r = ry + leo, the last relation being an equation of a straight line. 


2. If x =U, the third Frenet-Serret formula indicates that 6 = (Q, 
i.e. B = B, = const. The vectors r and PB, being orthogonal, we have 


(B, r) =0 
Hence, since fp = By = const, we can write 
- (Bo, r) =0 
Consequently we arrive al the relation (By, r) = const which is an 


equation of a plane. 


7. Curvature of a Plane Curve. Consider a curve lying in a fixed 
plane. Introducing Cartesian coordinates z, y in the plane we can 
write the equation of the curve in the form 


r=z(t), y=y), z2=0 (3.25) 
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Computing the curvature of the curve by means of formula (3.19) 
we find 
— | x’y"— zy’ | 


GT (3.26) 


But (e.g. see [8], Chapter 16, § 3) the curvature of a plane curve 
is usually defined with the absolute value sign removed, i.e. with 
the sign + or — attached to it. Then the expression for the curva- 
ture is written in the form 


a (3.27) 
(20° -F y) 

The inatter is that in the case of the plane, unlike the case of the three- 
dimensional space, we can speak not only about the absolute value 
of the rate of turning of the tangent but also about its direction 
(i.e. the clockwise or the counter-clockwise direction). It is the 


Fig. 3.9 (a) (O) 


direction of turning of the tangent that is indicated by the sign 
of quantity (3.27). A curve is said to he concave up if expression 
(3.27) is posilive (see Fig. 3.9a) and coneave down if otherwise 
(Fig. 3.95). 


8. Intrinsie Equations of a Curve. Formulas (5.13) and (5.10) make 
it possible to find the curvature and the torsion of a curve, given 
by an equation r= r(/). as funetions of 7@: 


k-ek(), «=x (3.28) 


These relations connecting the curvature and the torsion of a curve 
with its arc length are known as intrinsic (natural) equations of the 
curve. We can now pose the question as to what extent tatrinsic 
equations (3.28) determine the curve itself. Tt turns ont that every 
curve is uniquely determined. to within its position in Space, by 
its intrinsic cquations. 

Indeed, let us be given two curves y aud y,. Suppose it is possible 
{Oo represent the curves paramectrically by introducing the corres- 
ponding paraineters ¢ and 7, (heir are lengths) in such a way that 
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their curvatures A, 4, and torsions *, *, coincide at the point 
for which the parameters take equal values. In this case, for / = / 


the relations 
Al) = kl), #() = *,(d)) 


hold, and we say that the curves y and y, have the same intrinsi 
equations. Let us show that when this is so, one of the curves ca 
be made to coincide with the other if we move it in space, as a rigi 
body, in an appropriate way. Actually. apply a point A of th 
curve y corresponding to a value 7° of the parameter / to the poir 
A, of the curve y, associated with the same value of the paramete 
Z, = 19 Further. turn the curve y so that the unit vectors t, v, 

of its moving trihedron at the point A coincide with the correspone 
ing unit vectors t,, v,, B, of the moving trihedron at the point A 


of the curve y,. Obviously, this can always he achieved. Then w 
have 


Y gO - .. @,0 ) ¢ 
TS 7,5. VO oe vy. Be ; (3.2! 


where superscript “zero” indicates that the vectors are taken at th 
corresponding points determined by the common valne 7° = 
of the parameters. Establishing the correspondence between th 
points V/ and As, of the curves y and y, for which / = 7; we ca 
consider both curves to be represented parametrically with the hel 
of the same parameter / and thus regard t,, v,; and B, as functios 
of £. Now take the scalar function 


G (2) -= (4, T1) + (Vy ¥4) -F (BS By) 


and find its derivative with respect to J. Taking advantage of Ul 
Frenet-Serret formulas we obtatn 


do 

7 (Vv, T)) +A (v1, T) 4+ (—At-] xB, v1) = 

= (v, ~~ fet, ai %B,) —A% (¥, B,;)—x (vy, p) = () 

and thus o does not in fact depend on @. Equalities (3.29) imply th: 
the valne of o corresponding to / = dy is equal to three. Cons 
quently, 


co (fl) =3 


Each of the three summands entering into o (/) is a scalar produ 
of two unit vectors and hence cannot be greater than unity. Tl 
total sum being equal to three. each summand is exactly equal 
unity. But a scalar product of two unit vectors is equal to unit 
if and only if the vectors coincide. Therefore we have 


T— Ty, V = VV}, b= fp, 


for all 7, that is the moving trihedrous of the curves y and yp, coincic 
not onlv at the initial point /, bit also far all the vature of #] 
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parameter /. It follows that the curves themselves coincide because 
a curve can always be reconstructed from the vector r = r (/), namely 


é 
r (1) =r (lo) -+ {4 (a) da 
lo 


The converse is also true because if two curves differ only in their 
position in space, they obviously have the same intrinsic equations. 

Now it seems natural to ask whether there exists a curve for which 
two arbitrarily chosen continuous functions 


A(l) (kK (4) >0) and ~x (2) 


are, respectively, its curvature and torsion. It turns out that the 
answer to the question is affirmative but we shall not present the 
proof because this would involve some notions of the theory of diffe- 
rential equations that we are not going to study here. 


9. Some Applications to Mechanics. Consider a material point 
moving along a trajectory. If r (¢) is the radius vector of the point 
at moment of time ¢ the equation of the trajectory is written in the — 
form 


r=r(é) 
The derivative 
d 
apa 


is the velocity of motion of the point along the trajectory. Intro- 
ducing the arc length as the parameter we can write 


a dr dr dl ive dl 
- at dl dt ©° dt 
Since tT is a unit vector, we have 
| v|= a 
~ at 


and consequently the derivative + expresses the absolute value 
of the velocity. 
The second derivative 
_ der 
~ ate 
of the radius vector with respect to ¢ is the acceleration of the 
point. It can be represented in the form 


dr ¢ dl\2 al 
Y= GR (<=) +t ae 
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Applying the Frenet-Serret formulas we obtain 
dt, ¢ dt \2 
wT rey aa 6 vi: (<-) 


Thus, the acceleration is resolved into the sum of two components 


T = and vi (a) The former is in the direction of the tangent 
and is known as the tangential acceleration and the latter goes 


along the principal normal and is called the normal (or centripetal) 


: : : d2{ 
acceleration. The tangential acceleration w, = T 73 Can also be 
_d di. 
written as w, = t= Where v = — is the absolute value of the 


dt dt 
velocity which means that the tangential acceleration is a measure 
of the rate of change of the absolute value of the velocity v. The formula 
di\2 ; : 
Wy = vk (5) for the normal acceleration is well known from 
elementary courses of physics. Namely, when a point moves in a circle 


of radius # with a velocity v constant in its absolute value, v = |v |, 


Fig. 3.10 


the acceleration is always directed to the centre of the circle and 
its absolute value is equal to = v* where - is nothing but the curva 
ture k of the circle. Hence, the resolution 


0s ed dl \2 
w=w,t+ wy=T ar + Vk (5-) 


can be interpreted as follows: an arbitrary curvilinear motion is 
resolved, at a given moment of time, into an accelerated motion 
along the tangent (which results in the appearance of the term w, 


in the acceleration) and a uniform motion ina circle of radius Rk = = 


with the speed v = = (which yields the term wy in the accelera- 
tion). Hence, the point simultaneously takes part in the two motions 
(see Fig. 3.10). 


Problem. A mass point moves under the action of a central force, 
i.e. one whose line of action always passes through a fixed centre. 
Prove that the trajectory is a plane curve. 


128 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


Solution. Take the centre as the origin of coordinates. Let 
r =r (é) 


be the equation of the trajectory of motion. The force acting upon 
the moving point is directed toward the centre. Consequently, accord- 
ing lo Newton's second law. the acceleration, that is the vector 
r” (4), has the same direction. Therefore the vectors rand rr” are 
collinear and hence the relation 


(r,r,r) =O 


holds at each point of the trajectory. Differentiating the triple scalar 
product’ with respect to ¢ we obtain 


¢ 


a é 0 rf 0 4 re é ne 
aa MF r,rj)=(r »r ir )4-(e,r »P)+ (rire )=0 


? 


The terms (r’,r 
quently 


vr’) and (r,r’,r’) are equal to zero and = conse- 


The vectors c and r° being collinear, we thus h ve 
(re, re", cr") —O 


for all ¢. It follows that * = U. the last relation indicating that the 
lrajectory is a plane curve (see § 2. See. 6). 


§ 3. PARAMETRIC EQUATIONS OF A SURFACE 


{. The Concept of a Surface. The present and subsequent sections 
of this chapter are devoted to the application of mathematical analy- 
sis to studying surfaces. 

The concept of surface. allhough clear enough from an intuitive 
point of view, can be dehmed with various degrees of generality. 
In mathematical analysis we often consider surfaces represented 
by an equation of the form 


2 = f (a, y) 


where f (x, y) is a continuous function defined ina domain G. A wider 
class of surfaces is described by equations of the form 


F(t, y, 2) = 0 


For such an equation to determine a surface, as we intuitively 
understand it. it is necessary that the function # (zx. y. 2) satisfy 
some additional requirements. 

The definition of a surface as a set of points whose coordinates 
satisfy an equation of the form z f(x. y) or F (x. y. z) =U is 
sometimes inconvenient because it is closely related to the specitte 
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choice of the coordinate system. Therefore we shall give a definition 
of the concept of surface without involving a coordinate system. 
First of all we introduce an important notion of a simply connected 
domain. 

Let G be a domain in the plane. We say that the domain G is 
simply connected if the following condition is satisfied: every closed 
contour £ lying inside the domain bounds a (finite) part of the plane 
entirely contained in G. 

li other words. «a simply connected domain is one without “holes”. 
Every closed contour lying inside such a domain can be continuously 
contracted to a point without falling outside the domain. 

A domain which is not simply connected is referred to as a mul- 
tiply connected domain. 

Ke xamples of asimply connected domain are the circle. the triangle. 
the square and so on. An annulus, that isa part of the plane bounded 
hy two concentric circles, is an example of a multiply connected 


Fig. 3.41 


domain. Indeed, the part of the plane bounded by the contour £4 
shown in Fig. 3.11 is by no means a part of the annulus lying bet- 
ween the circles ©, and €.. 

Byia stnple surface we shall understand a set of points in a three- 
dimensional space which is representable as an image of a bounded 
closed simply connected domain under a one-to-one bicontinuous 
(i.c. continuous tn both directions) mapping. Further, the term 
surface will be applied to every union of a finite number of simple 
surfaces. This also includes the case of self-intersecting surfaces. 
For instance. we can consider such geometric conligurations as the 
one shown in Fig, 3.12. 

If f(x. y) is a continuous fanetion defined in a bounded closed 
domain G the equation 

z - f (zx. y) 


determines a simple surface. In fact, the mapping 


(x, y) « + (x, y, f (x. y)) 


specifies a one-to-one correspondence, continuous in both directions. 
between the points (x. y) of the domain G and the points (x. y, 2g) 
Whose coordinates satisly the eanation > = / fr, x} fchech it up). 


Y—U82% 
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Practically. in what fvllows we shall restrict our consideration 
lo surfaces representable as a union of a finite number of simple 
surfaces determined by equations of the form z = #7 (zx. y). Besides 
the condition of continuity. we shall usually impose some require- 
ments specifying the smoothness of the corresponding functions 7 


Fig. 3.42 


(the existence and the continuity of ils dirstor first and second partial 
derivatives). Such conditions will be explicitly stipulated when 
necessary. 


2. Paramcetrization of a Surface. Although in mathematical ana- 
Ivsis we very often deal with surfaces detined by equations of the 
lori o = f (x, y) or F (x. y. z) = O it is sometimes more canvenient 
io determine a surface by means of parametric equations. To write 
down a parametric representation of a surface we first introduee the 
notion of coordinates on a_surface. 

Suppose there is a one-parameter family of curves*® |ving on a sur- 
face XY. We shall say that the family is regular if. for every given 
point of the surface, there is one and only one curve belonging to 


Fig. 3.42 


the family which passes through the point. If there are two regular 
families on a surface such that each curve of one family has a single 
common point (point of intersection) with each curve of the other 
family and the curves are not tangent to each other at the points 
of intersection we sav that there is a svstem of parametric (couerdi- 


* This means that each curve of the family is characterized by a certain 
alien! Acsina! e paramctor, 
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nate) curves on the surface. Let the curves of one family be determin- 
ed by the values of a parameter u (we call then u-curves) and the 
curves of the other family by the values of a parameter v (v-curves; 
see Fig. 3.13). By the hypothesis. for every given point of the sur- 
face, there is a single curve of one family and a single curve of the 
other family passing through the point. and therefore the position 
of each point on the surface is uniquely determined by certain values 
Ug and vy of the parameters uw and tv corresponding to the curves. 
The parameters uv and ve whose values specify the curves are called 
(curvilinear) coordinates on the surlace. 


Note. ln § © of Chapter I we introduced curvilinear coordinates 
in a plane region (domain). Here we have repeated the construction 
but applied it to a curvilinear surface in space. The introduction 
of coordinates on a surface is obviously equivalent to the specitica- 
tion of a one-to-one continuous mapping of the surface onto a part 
of the plane where the Cartesian coordinates wv and v have been 
introduced. The parametric curves forming the system of coordinate 
curves on the surface are the images of the straight lines parallel 
to the coordinate axes in the uw, r-plane. 


feeram ples 

1. A torus (anchor ring) is a surface generated hy the rotation, 
in space. of a circle about an anis in its plane hut not cutting the 
circle. The position of a point on the circle can be determined by an 
angle q (0 << q <0 2a) reckoned from an initial point. The position 


Fip. 3.14 


of the circle itself can be specified by the angle of (urn reckoned 
from its iniltal posifien. Thus, the position of a current point on the 
torus is determined by the two angles ¢ and y independently varying 
within the limits from 0 te 22. The curves gq = O and yO of the 
corresponding faniutlies of parametric curves are depicted in Fig. 3.14. 
2. Let a surface he represented by an equation z= f (x. y). 
Jn other words. let there he a one-to-one correspondence between its 
points and the points of its projection on an xr. y-plane. The curves 
Whose projections are the straight lines x — const and y -= const 
form the corresponding families of coaerdinate curves on the 
surface 2:- fa. y) (see Fig. 3.15). 


Qs 
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i( is clear that there are various families of coordinate curves 
that can be constructed on the same surface. 


Fig, 3.15 


3. Parametric Equations of a Surface. If some coordinates « aud 
vy are introduced in a certain way ona surface ~ we can write a so- 
called parametric representation of the surface corresponding to the 
parameters wand eo Bach point of the surface can be determined by 
cerlain values of the parameters uv and v but at the same time tt 
can be specified by its Cartesian coordinates. Consequently. the 
Cartesian coordinates of the points of a surface, on which some 
curvilinear coordinates mand v have been tntroduced, are funetions 
of the coordinates in the wu, v-plane: 


x=xlt,v), yoylu.t), 3s z(u, V) (3.30) 


The three scalar equations can be replaced by a single vector 
equation: 


r= r (vu, v) (3.30%) 


where ro - zi + yj -i- sk. Equations of form (5.50) or (3.30) will 
be referred to as parametric equations of the surface. 


Note /. When we writea parametric equation ofa curve the coordi- 
hates x2, y, 2 are functions of a single parameter. An equation r - 
= r(v.v) of a surface naturally involves two parameters since 
a surface is a two-dimensional geometric configuration. 

Note 2. An equation z — f (x, y) can be considered a special case 
ofa parametric equation because, if we choose x and y as paraimeters, 
we can write 

r= ri} yytfiamk 


F’rercise. Write the parametric equatious of a torus (see example f 
in Sec. 2) in coordinates qo and af. 

As uw rule. in what follows we shall consider surfaces represented 
by parametric equations. The function or (se, ev) will be supposed 
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= 


to be continuous together with ils partial derivatives of the first 
order with respect to wv and c. In § oO and in the subsequent sections 
of the present chapter we shall additionally impose the condition 
of existence and continuity of the partial derivatives of the sceond 
order. 


4. Curves on a Surface. Consider a curve on a surface determined 
by equation (3.305). If a parameter ¢ is introdneed on the curve 
then. to each value of ¢. there corresponds a point of the surtace. 
i.e. cerlain values of wand v. Thus. the coordinates az and & become 
functions of the parameler ¢ when considered along the curve: 


u° (1) 


These equations are the equations of the curve on the surface. Substi- 
luting them into the equation of the surface we arrive at a para- 
metric equation of the curve on the surface: 


r-- r(u (t), v (2)) (3.31) 


Conversely, substituting arbitrary functions of a single variable ¢ 
for the independent variables uv and v into equation (3.30") of the 
surface we obtain the cquation of a curve lying on the surface. 

Let us consider the tangent to curve @.3f). Its direction is deter- 
mined by the vector 


we- ud), v= 


dr Ur dt er av 


“dt -_ fe dt “du ae 


. 3 z : Or or 
which isa linear combination of the veeters a arial a ‘atled base 


vectors (for the curvilinear coordinates in question). At each point, 
the vectors are tangent to the coordinate curves passing throngch 
or 
‘Ov’ 
oO. Tangent Plane. Consider all the possible curves lying on a sur: 
face and passing through a given point A/ and the tangent vectors 
to the curves at the point (see Fig. 3.16). Each veetor can be ex pres- 
sed linearly in terms of the vectors r, and r,, and hence it lies in 
the plane determined by the veetors. This plane is said to be the 
tangent plane to the surface at the point 1/. Let us form the equation 
of the tangent plane. The vectors vr, aml or. ving in the taugent 


s s a aor 
the point. We denote them. for brevity. as rn, = oT AN: Be = 
7 ¢ 


plane. the veetor N lr. rel is orthogonal to the plane. and hence 
the sought-for equation of the plane is 
to - vr, N)—O (3.32) 


where ris the radius vector of the point of langeney and pois the 
radius vector of the moving point in the tangent plane.* 


* Here and heneeforward we exclude front onr consideration the points 
at whch lr Yr j a 
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Now suppose that a surface is represented by an equation z = 
= f(z, y) which can be written in vector form as 


r= it — jy -: kf (x, y) 


Let us write the equation of the tangent plane to such a surface. 
We have 


r, =i+ kf;, =j+ kfy 
and. consequently, 
N= (re, ry)= —if;—ify +k (3.33) 
Substituting the vector i(z — z)) + j (y — yo) + k (s — zo) for 
p — rinlo equation (3.32) of the tangent plane, and expression (3.33) 


Fig. 3.16 


for the vector N, we obtain the equation of the tangent plane to the 
surface z = f (x, y) at the point (29. Yo, 29): 


Z2— 29 = fx (X— Zo) + fy (Y — Yo) (3.34) 


where the values of the pa ctial derivatives ee and tf, are taken at the 
point (Zp, Yo) (the projection of the point ‘of tangency (29, Yo: Zo) 
on the z, y-plane). 

If a surface is determined bv an equation F (z, y, s) = O, deli- 
ning z as an implicit function of z and y, we can write 


oF OF 
Oz OL Oz Oy 
OOF ay OF 
Oz On. 


Substituting these expressious for fy and ff inlo equation (3.33) 
we derive the equation of the tangent plane to the sur- 
face F(z, y, z) =O at an arbitrary point (29, Yo, Z) (where 
F (ry. Yo: Zo) = 9): 


(z— 29) Fx + (Y — Yo) Fy + (2 — 29) fF = 0 


The values £3, #7, and FZ eutering into the formula are taken al the 
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6. Normal to a Surface. Consider a surface r = r (u, v). Let us 
find the direction cosines of the vector 


N = [r,, rol 
perpendicular to the tangent plane of the surface r =r (u, v). It 
is called the vector of the normal (normal line) to the surface, which 


is a straight line passing through the point r = r (t, v) of the surface 
perpendicularly to its tangent plane. We have 


: =(=. Gy ~.) and rp= (< oy =) 
uu" \ du" du’? @u Lav * Qu’ ap 


and consequently the projections of the vector [r,, r,] are 


Oy az Oz Oz Ox Oy 

du du “@u du “Ou au - 
A= dy oz |’ ~ | @z @z | ~ | @x ay (3.39) 

Ov Ov | dv dv Gv du 


Therefore its direction cosines are respectively equal to the expres- 
sions 


A B 
COS (SN = apres 98 (N= ae 
cos (N, De 
VA2+ B24 C2 


In particular, if a surface is given by an equation 
z= (rz, y) 
or, in vector form, by the corresponding equation 


r= zi+ yj t+/(zy)k 


we have 
O f; fx 1 10 
— x9 B= 5 —_ - — — —{ 
wie mi a hy C=l0 4 
Thus, in this case the formulas for the direction cosines are 
cos (N, 2) = _, cos (N, y) = ————/#_—_,, 
Vigne Vivi 
1 
C9s N, peg Oo.) 
N= Tape = 


7. Coordinate Systems in Tangent Planes. Consider a surface 2 
having the tangent plane at each point A/. It is sometimes convenient 
lo think of a surface as being covered by the “scales” formed of 
tangent planes. ‘Thus, the surface is interpreted as a curvilinear 
manifald which is the carrier af its tangent nlanes. the latter being 
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the carried linear (plane) manifolds. Such an approach will be of 
use for studying the subject matter of this and the subsequent sections 
of the present chapter. 

Choose a pair of noncollimear vectors ¢, and e@o in each tangent 
plane and consider them the base vectors of a coordinate system 
in the plane. These base vectors can be taken at pleasure at each 
point. But if the surface is defined by parametric equations with 
parameters u and ue we can construct a specific pair of base vectors 
generated in a natural manner at each point by the parametrie 


. e ar 
representation of the surface. namely the vectors e, — aa and 
Or Se | 
eo =o. Tf we fix a value v = Up of the parameter v and make 
g=const 
ée=const 
Fie. 3.17 


the parameter uw vary the radius veetor r (uw. v9) describes the coordi- 
nate curve & — Uo = const on the surface (Fig. 3.17). The tangent 


: Or : : | 
vector to the curve, i.e. or (u, >). lies in the tangent plane to the 


N me) e Or Py s 
surface (see See, 4A). Similarly. the vector mn also lies in the lauwent 
e $ rf 2 ” 


plane to the surface. As before, we suppose that only a single curve 
of each of the families « = const and v == const passes through 
every point. Therefore we have a uniquely defined pair of base 
vectors r,. ry, in each tangent plane. If the vectors are different 
from zero they are noncollinear since, acearding to the hypothesis, 
the curves vu — const and v = const are at no point tangent to each 
other. Hlence. they may turn out to be collinear only when one of 
them or both vanish. In what follows we shall suppose that the 
paramelric representation is such that r, 4 O and r, 4 VU on the 
piece of the surface we are dealing with. 

Thus, every parametric representation of a surface with para- 
meters a and v generates a uniquely determined pair of base vectors 
©, ° Tye Co = v,. be. an affine coordinate svstem. in each tangent 
plane to the surface. _ _ 

If some other parameters uv and v are chose instead of wand & 
we obtain another set of coordinate systems determined by the base 


vectors e, — re and ¢g = ry in the tangent: planes. The transition 


from one parametric representation to another generates an affine 
fransforrmotion of coordinate systame 
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Actually. let 
woeu (tv, veweu(u.r) 
be the expressions of the parameters u.trin terms of uw. ve. According 


to the rule of differentiation of a composite vector function we 
obiain 


ar, au 
r~ - 3 aw ~~ Y Py a 
ia - : 
edt) ou a 37 
wJee ( 
ul Ov ( 
Ss Vea ss. Ee ee 
¥ ce Uv 


Consequently, the new hase vectors e,; andes. are expressed in 
ferms of e, and eg by the formulas 


= vil Ju 
C4 =a dione @2 
chit CU 
Cm =m / 
(5.37) 
ag Whe , ot 
i ra. 
ne ae 


The formulas expressing the base vectors e; and eg as linear combi- 
hations of e, and es are simifar to (3.37'). 


§ 4. DETERMINING LENGTHS, ANGLES ANID AREAS 
ON A CURVILINEAR SURFACE. 
FIRST FUNDAMENTAL QUADRATIC FORM OF A SURFACE 


There are inany physical, technical aud geometric problems involy- 
ing the computation of arc lengths for curves lying on a surface, 
angles Lebween such curves and areas of various parts of the surface. 
Here we shall discuss these questions. The key idea of all the con- 
siderations given in §& 4 is essentially based on replacing an intinttes- 
imal element of a smooth surface by the corresponding element of 
ils tangent plane. It is therefore expedient to begin with some formu- 
las and notions related to determining lengths, angles and areas 
in the plane. 


I. Affine Coordinate System in the Plane. Consider a plane and 
a pair of noncollinear base vectors e, and eg lying in it. Every vector 
In the plane is expressible in the ferm 
r— EC; j- SoCs 
Let aus find the square of the Jenuth of the vector r. We have 
re - (ry r) = EF (ey, C1) 7 CS nse (C1, C2) = & (€2, €2) 
Introducing the notation 


Gas TS (@. ec.) Faw = fe, ee.) Uae i@., qe ) 
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we rewrite the last relation in the form 


2 ——_ 2 ! bal { 
re = BiyE5 -t 280 Ee + Soa 


rir 


2 (3.38) 


The quantities g1;, g;. and go. (referred to as metric cocfficients) 
are specified by the choice of the base vectors ce, and es. It can be 
easily shown that the lengths of the vectors Iving in the plane. 
the angles between the vectors and the areas of the parallelograms 
constructed on the vectors are expressible in terms of these quantities 
(and. of course, in terms of the coordinates of the corresponding 
vectors}. Indeed, the expression for the length r of the vector r is 
obtained from formula (3.38). Further, if 


r= Ee; + Esxe2 and op = nye, + NHoe> 
we have 
(vr, @) = 914511 > Babine -F Sre8ens fb LoekeNe 

Now applying the formula 

(r, 2) 

Irilel 

we can express the angle between the vectors rand o in terms of 
their coordinates and the coefficients g;,. 


Finally, let us find the area S of the parallelogram constructed 
on the veetors cr and op. As is well known, 


cos(r, 9) = 


S = [[r, ol | 
and therefore 
S = | [Eye, + Eseo, rer -i- Noeel | = | SiM2— Sam | | Ley. eel | 
uit 
| (er, 2) | =|er[]es| sin (ey, e2) = ]e,]) ee | V1—cos? (ey, ¢2) = 
— V ce? — (€1, €2)° = V guge— By 
Consequently, 


S = V eng — ie | EiN2 — SoM | 


Thus. we can really find the lengths, the angles and the areas on thie 
plane when the quantities g4;, 2:2 and goa are known.* 


* We somctimes use the notation 
FEo= (e1, &), BK e== (@;, @y), G = (es, @2) 


Vulling gop = gse We can also wrile the quanlilies gy, (6, A = 1, 2) im the 


lorm ot a matrix 
( ®: ae 
Ore Can 
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2. Are Length of a Curve on a Surface. First Fundamental Quad- 
ratic Form. Let us be given a surface 


r = r(u, v) 


Compute the are length of a curve lying on the surface. Taking the 
arc length of the curve as the parameter we can write its equation 


in the form 
r= r (u(Z), v(d)) 
The vector “&* heing of unit length, we have 


di 
dl? == dr? 
But 
dr = r, du + vr, dv 
and consequently 


di? — ri, du? + 2 (r,, r,) du dv -+ r} dv’? 


Making use of the notation 


fi = lave E12 >= Tiss Fs); §22 > rS 
we obtain 
dl? = @,, du® +- 2¢,. du dv 4- goo dv? (3.39) 


This expression is a quadratic form (in the variables du and dv) 
which is apparently positive definite*. It is called the first funda- 
mental quadratic form of the surface r = r (u, v). The coefficients 
£1. Big and Zo. of the form are obviously the ones corresponding to 
the base vectors r, and r, in the tangent plane lo the surface at the 
point in question. The coefficients may vary as Lhe point imoves 
on the surface. Besides, they are of course dependent on the specific 
choice of the parametric representation of the surface. 

Lhe first fundamental quadratic form of a surface provides the 
expression for the length of an infinitesimal arc. The length of 
a finite curve lying on the surface is obtained from it by integration. 
More precisely, if a curve on a surface is given by equations 


u=u(l), veut), ft < te 
its length is equal to 


a f_[di\t 5, da du, 7 dvye 
di\y2 | dui du dv 
1— | ) gn (=) a 2810 ap + 822 (a; dt 
3) 


(the quantities 21), S12 nid gog become funetions of the parameter ¢ 
when the current point moves along the curve). 
rei 
* A quadratic form “' aj,£;&, is said to be positive definite if 
eae | 6* to 
1, 2S) 


nr 
NS ajSiEy > 0 for all Ey, Sa. - 0, By except = $2... = E, =O 


: & e 
-ao P 
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Examples 

I. Let. in the plane. there be given a coordinate system determin- 
ed by two mutually orthogonal unit vectors e, and eo. If re is the 
radius vector of the origin of the coordinates the radius vector of an 
arbitrary point is equal to 


r= fp + Cl > Cov 


We have thus obtained a parametric representation of the plane. 
the parameters being the Cartesian coordinates uoand_ eu. 
In this case we have 


ro Oy Pp = Op By SH 1, bse = Oboe = 1 
und consequently the first fundamental quadratic form of the plane 
represented) parametrically by means of ils Cartesian coordinates 


is written as 
dP = du? -- dy? 


In this example the tangent plane coincides with the surface 
(which is also a plane) at all the points, and the pair of base vectors 
gonerated in each tangent plane by the parametric representation 
coincides (lo wilhinia parallel translation) with the base vectors e, 
and e» chosen in the plane. 

2. Introduce polar coordinates po and «inthe plane. Then the radius 
vector of an arbitrary point can be written in the form 


r= rg -+ 9 (e; cos @ + es sin q) 
Where oe, and eg are again mutually orthogonal unit: veetors. This 


is the equation of the plane represented parametrically by means 
of polar coordinates. Here we have 
rp = ¢; COS | + eC2SING, Te = Pp (—e, sin ¢ -}- @2 Cos Yq) 
and consequently 
Yi = (Tp, Tp) - 1, Bia = (tp, Ye) = 9, 
Boo = (ty Te) = OF, AP = dp? + pF dy? 


3. Consider a sphere of radius «@ and take the longitude q and 
the latitude 0 as the paramelers on il* (See Fig. 3.18). The equation 
of the sphere in the coordinates q and 0 is of the form 

r= ro {- a{(icos y -- j sin q) cos 0 + k sin 0} 
(check it up). It lollows that 
rg -= —a (icosg -; j sin gq) sin 0 -F ak cos 0 
Mo a({(—ising |. j cos q) cos 0 


. : 1 oe of 
* Let the latitude 0 he reckoned from the equator, ic. ~ >< 4S 7: 
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and hence here we have 
di? = a? (dQ? -!- cos® 0 dy”) 
4. lf a surface is given by an expression of 2 as an explicit function 


z= f (x, y) 
that 1s 


r= ri-+ yj t f(z. y)k 
we can write the relations 
ry=i-+ kx, try=ia kl, 
and, consequently, 
dl? =(1+ fz) dx? 5- 2ixf,dxdy 3 (1 i fy) dy* 


Exercise. Write the first fundamental quadratic form for a torus 
in the coordinates g and y (see the exercise in § 3. Sec. 3). 


Fig. 3.t8 


3. Angle Between Two Curves. The angle between two intersecting 
curves is, by definition. the one formed by their tangent tines at the 
point of intersection. Suppose two curves lying on a surftace have 
a point in common. Let du and dv be the differentials of the coordi- 
nates corresponding to a displacement trom the point of intersection 
along one curve, and 6u and 6v be the differentials of the coordinates 
corresponding to a displacement along the other curve. The displace- 
ment vectors can he written as 


dr =r, du -- r,dv, Oor= rr, Ou = r, dv 
The angle m between them is determined by the formula 


(dr, dr) 


os GC = 
COSY = Tar] srl 


In particular, the angle @w hetween the coordinate curves, thal is 
between the vectors r, and r,. is determined by Che formula 


CoOS@- - ————— 
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If gy2 = O the coordinate curves on the surface intersect at a right 
angle. In this case we have so-called curvilinear orthogonal coordi- 
nates. The first fundamental quadratic form is expressed, in ortho- 
zonal coordinates, by the formula 


dl? = 811 du* +- Loo du 


4. Definition of Area of a Surface. The Schwarz Example. We 
low proceed to study the notion of area for a curvilinear surface. 
Before discussing the ways of computing the area we must give the 


Pa 


definition of the notion. it is introduced as follows. Let 2 be asmooth 
surface bounded by a piecewise smooth contour 4. Break up the 
surface into “elements” Z,, i= 1, ..., MN, by means of a finite 
number of piecewise smooth curves lyiug on the surface, and choose 
a point 17; in each part. Next draw the tangent plane to the surface 
= through each point M; and project the elements 2, on the corres- 
ponding tangent planes. We thus obtain squarable figures S; in the 
tangent planes (Fig. 3.19). 


Definition. The area of the surface % is the limit (provided 
it exists) of the sum of the areas of the projections extended over all 
the elements “; of the partition {2;} when the mazimal of the 
diameters of the elements tends to zero. A surfuce for which the limit 
exists is said to be squerable (rectifiable). 


One may think that it would be more natural to define the area 
of an arbitrary surface * as the limit to which the areas of the surfaces 
of the polyhedrons inscribed in 2 tend, on condition that the maxi- 
mal of the diameters of their faces tends to zero (by analogy with 
the arc length of a curve which is the limit of the lengths of the 
broken lines inscribed in the curve). But as early as the 19th cenlury 
it was found that such a definition was inconsistent. Consider the 
following example of Schwarz*. 

Let us inscribe a polyhedron in a cylinder of radius R and altiluce 
fi in the following way. Divide the cylinder into m equal parts by 


Fig. 3.19 


; ‘ : [f 
neans of horizontal planes, the altitude of each part being = 


(see Fig. 3.20). Break up each of the m !- 1 circles appearing in the 
seclions (including the upper and the lower bases of the original 
cvlinder) into ” equal parts so that the points of division of each 


* Schwarz, Hermann Amandus (1843-1921), a German mathematician. 
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circle are placed above the midpoints of the arcs of the adjacent 
circle. Now take two neighbouring points lying on a circle and the 
midpoint of the corresponding arc of the nearest circle lying above 
or below the circle and construct a triangle with vertices at the 
three points. The union of these triangles is a polyhedral surface 
shown in Fig. 3.21. 

If now vz and m are infinitely increased the Sizes of all the triangles 
(which are the faces of the polyhedral surface inscribed in the cylin- 
der) tend to zero. But the total area of all the triangles by far not 


always tends to the quantity 22 R/T which is the lateral surface area 
of the cylinder. Depending on the way x and m are varied the total 
area can increase unlimitedly, tend to a finite limit different from 
221A or have no limit at all. 
In fact, simple calculations show that the area of one triangle 
(for given m and 7) is equal to 
sas SI ff \2 1t\- 
f sin — y (=) + FR? (1 — cos =} 


The total number of these triangles is obviously equal to 2nm 
and therefore the sum of their areas is 


es 
On.mm ohn sin — [/ H*+ R¢m? (1—cos)° (3.40) 


If now m and m tend to infinily so that m increases faster than n? 
expression (3.40) increases unlimitedly. If 2 and m vary in such 


a way that the ratio ~ tends to a finite limit @ we have 


A 


of m2 


lim m(1—cor =) = lim m2 sin? =-—— 


fr, m—+0o Nl. Ta—-oco 2n 


and, consequently, 
4a 
lim Gaym=2aRY I? + 2 9 


4 
” Tr wr 
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Selecting g in an appropriate manner we can make the limit) be 
equal to any number greater than 2422/7 (or equal to it). i-e. lo any 
number greater than the “true” area of the lateral surtace of the 
cvilinder. The true value of the area is oblained only in the case 
gq = VU. 1.e. if m increases slower than n?. 

Thus. the attempt to determine the area of a curvilinear surface 
by means of inscribed polvhedrons has failed even in the case of 
an ordinary circular cylinder. Hence, this method of defining the are 
leugth of a curve is inapplicable to the area of a surface. This admits 
of a simple explanation. When the fineness of a partition of a curve 
(which is supposed to be smooth) is small enough the direction ot 
the chord joining two neighbouring points of division is close to 
the direction of the tangent drawn at any peint of the corresponding 
arc. But this is not the case for a surface. Indeed. a polyhedral 
plane area of arbitrarily small linear sizes can have all vertices 
lying on a smooth surface and at the same time the angle between 
the vermal to the polyhedron and that of the surface can be large. 
lt is apparent that such a plane element cannot serve as a good 
approximation to the corresponding curvilinear surface clement. 


- o e » ™ 9 e at ° 
This is just the case in Sehwarz’s example: if ¢ = — is large the 


triangles forming the inscribed polyhedral surface are almost per- 
pendicular to the lateral surface of the evlinder. The polyhedron 
composed of them forins a crinkled surface. This is why the area 
of such a polyhedron can be many times that of the lateral surtace 
of the cylinder. 


>. Compuling Area of a Smooth Surface. lu the foregoing section 
we have introduced the definition of the area of a curvilinear surface. 
We are tow going to prove the existence of area for a smooth surhiee 
and deduce a formula for practical computation of the area. 


Theorem 3.4. Let a parametric equation 
r= r (tu, v) 


determine a smoot surface X bounded by a piecewise smooth contour. 
Then the surface ts squarable and its area is equal to 


o=(( V suds — eh du dv (3.41) 
I) 


where £43, By2 and go. are the furndamerntal coefficients 
(quantities) of the first oder of the surface. i. the cuej- 
ficients of its first fundamental quadratic form, and D ts the renge 
of the variables uw and v. 


Proof. Break up the surface 2 into parts XY; ( lle, 2k. oe. ede 
Choose a point 17; in each part and draw the tangent plane al it. 
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Next. introduce, in each tangent plane, a local coordinate system 
with origin at the point 1/;, the normal to the surface at the point 
being taken as a z-axis and the tangent plane as an z. y-plane. The 
coordinates z, y and z of an arbitrary point of the surface >; can 
be written as functions of vw and uw: 


xz=x(u,v), youyluv), 2=s (u, v)* 


The projection of the surface 2; on the tangent plane at the point V; 
is determined by the equations 

r= xu, v), y= 4 (u,v). sc =U 
‘Taking advantage of the expression for the area of a plane figure 
in curvilinear coordinates (see Chapter 1, $ 6) we can write down 
the area of the projection in the fori 
dude: 


Ce ae 


Yu Yv 


where D,; is the range of the variables v, cas the point (2, y, 3) runs 
over the element 2,;, the sign -+- or —being so chosen that the 
whole expression is positive. 

The quantity 
Fi a 
Yu Yo 


can be expressed ina form irrelevant to the particular choice of the 
coordinate syslem, namely 


re EE 


Zu Fy] , :  ¥ 
Ya Yn =|[tu. ry) | 


If the surface elements *; (and, consequently, the domains /);) 
are sufliciently small we have 


\ | | ane ry | | due Ath ae {| [Bs r,.| | usu. v=u; -{- £;} dj; 


D, 


te 


* More correctly, we should have written z= 2; (a, r), 4 = yz (uy, vy), 
z= 5; (u, v) because these equations are associated wilh the ith coordinate 
system corresponding to the tangent plane and the normal at the point A/;. 

** Let vr; be the radius vector of the point AZ; in the original coordinate 
system in which the surface © has the parametric equation roo- or (ie. ve). Deno- 
ting the radius vector of a point AY (belonging to an element ©) in the local 


coardinate system as p we cag write r= or, -} oo. The vector r, being consilered 
fixed (and thus independent of « and c), we bave ro p,. t. = 0, and hence 
indeed 
Tn In 
oe =< | 1P,,- oul | = }}r,,. r.] | 
Yu By 


where x, y (and z) are the coandinates of p relative to the local coordinate sys- 
tem.- -7r. 


10- GR2+4 
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where d; is the area of the domain D;, u; and uv; are the coordinates 
of the point AJ; and max e; — O when the partilion of the surface 2 
isinfinitely refined. Therefore, the sum of the areas of the projections 
of all the subdivisions 2%; of the surface = on the corresponding 
tangent planes is equal to the expression 


> {| [Tur Py] | lu=u,. c=v,} di by eid; (3.42). 
i= | i 2 


3=1 


Jt is the limit of this expression, as the fineness of the partition 
of the surface tends to zero, that has been called the area of the 
surface. The limit exists and equals the integral 


\| \[ru, ry] | dudv 


D 


because the first term in (3.42) is an integral sum for the integra] 
and the limit of the second term is zero. To complete the proof we 
must show that 


[tu re) |= V £11822 — Be (3.42) 
Let w be the angle between the vectors r, snd r,. Then 
l [res ry}[=]rul|rolsino =|r, |] re] ¥ 1— cos? w == 
aa V rir — r,0p Cos? © = V gufe — £1 
and thus the theorem has been proved. 


Note /. We have already deall with the vector [r,, ryl (see § 3, 
Sec. 5). As has been shown, its projections are 


vy dz Vz Ox jr Oy | 
du du Gu Ou tou du 
—- = cad = 
A Oy dz {’ B Oz vz an C | Or dy 
Gv vv gv dt | | ve oe 


(where z, y and z are now the coordinates of r in the original 
coordinate system) and hence the length of the vector is equal to 


Consequently, formula (3.41) for the area of a surface can be 


rewritten as follows: 


oli VY At+ B24 C2 du dv (3.41’). 
D 


Nole 2. The geametric meaning of forniula (3.41) lies in the fact 
that the element of integration V E1180» — du dv coincides, to 
within jiofimitesimals of higher order, with the area of an “infinitesi- 
inal parallefogrnm” cat out of the surfare XY bw two pairs of coordi- 
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nate curves % = Uo, U = Up + du and uv = Ue, V = Uo + av drawn 
infinitely close to each other (see Fig. 3.22). In fact, the vertices 
Py, P; and P, of the parallelogram have the curvilinear coordinates 


' 9 
Fig. 3.22 


(to, Uo), (Uo + du, vo) and (uy, Vo -- de), respectively. Therefore, 
we have, to within infinitesimals of order higher than the first, 
the relations 


PoP; = r,du and Pols = r,dv 
The area do of the parallelogram constructed on the vectors PoP, 
and PoP, is equal to the absolute value of their vector product: 
do = |[r,, r,] | du dv 
Finally, by virtue of formula (3.43), the last expression can be put 
down as 
do = V 21822 — 8, du dv 
Let us consider Some important special cases of formula (3.41). 
If a surface 2% is given by an equation 
z= f(x. y) 
expressing z as an explicit function of z and y we can write, as has 
been shown (see Sec. 2, example 4), the formulas 
2 Bee er 
Busitf., gre=fefy and go=-1+fy 
whence 
———— A oe ae gk 
V fng2— @2.=V 14 Ix thy 


Thus, the area of a surface z=/(z, y) is expressed by the formula 


= \\ V 12/¢+ffdzrdy (3.44) 
"D 
where D is (for this particular case) the projection of the entire 
surface 2 on the x, y-plane. 
Note 1. Since we have 
an gee. al 
V 14h 4f0 a , 
{Ue 
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(see § 3, Sec. 5), formula (3.44) can also be written in the form 


ro { dx dy 
= cos(N, z) 
D 


This formula admits of a simple geometric interpretation: the area 
of a surface clement is equal to the area of its projection on the 
x, y-plane divided by the cosine of the angle between the normal 
to the element and that to the az, y-plane. 


Note 2. \f a surface { is composed of a finite number of pieces 
each of which is representable by an equation of the form z = 7 (zx, ¥) 
its area can be found by applying formula (3.44) separately to each 
of the pieces. 


Lzample. Find the area of the part of the paraboloid z = x? -j- y 
cul out by the cylinder 2? + y? = a’. 


Solution. Vhe sought-for area is equal to 
= V 1--42? + 4y? daedy 
x2-+-ye a2 


Passing to polar coordinates we obtain 


i 
| ” {I 
=: \ dp \ V4r'+-1rdr re { [(4r- -1- 1)°/*\ 4 dy. = 
0 0 


_ 4 


ry \ ((4a" 4 Ly" — 1] dy -= = | (4a? 4 1° ~ 1] 


9 | 
( 
on 
0 

Suppose now thal a surface is determined by an equation 
I (xz, y, 2) = 0 expressing an implicit functional relationship bet- 
ween g and the variables z and y. If the surface is such that it is 
possible to solve the equation tn 2, which ts equivalent Lo the require- 
ment that every vertical (i.e. parallel to the z-axis) straight line 
has at most one point in cominon with the surface, we can apply 
the rules for differentiation of an implicit function and thus write 


aF ai 
dz OX OL dy 
ox OF ’ Oy OF 
az IZ 
Substituting these expressions for f; and fj, into formula (9. 44) 
we derive 
ve Y + GEY EY 
: Or | | az fe pe 
oar I Cae) Gar) Va) dy (3.45) 


| 
sta 


CH. 3 ELEMENTS OF DIFFERENTIAL GEOMETRY 149 


tere again. as in formula (3.44), the integrand is nothing but the 
reciprocal of the cosine of the angle between the normal to the surface 
and the z-axis. 


Exercise. Determine the area of the part of the conical surface 
x? -|- y? — 22 = Q lying inside the cylinder z? + y? = a’. 


Answer. 6 = 2 V2 na?. 


§ 5. CURVATURE OF CURVES ON A SURFACE. 
SECOND FUNDAMENTAL QUADRATIC FORM OF A SURFACE 


In the foregoing Sections we deduced the formulas for computing 
lengths of curves on a surface, angles between the curves and areas 
of surfaces. But these quantities do not completely characterize 
the shape of the surface. For instance. a cylinder and a plane are 
obviously different surfaces although a cylinder can be rolled out 
on a plane so that all the angles, lengths and areas are preserved. 
To investigate the shape of a surface we shall apply the following 
method: we draw all the possible plancs passing through the normal 
lo the surface at a given point and consider the shape of the sections, 
i.e. the plane curves (called normal sections) thus obtained. 


1. Normal Sections of a Surface and Their Curvature. Let us take 
a sutface 2 determined by an equation 


r= r (u, v) 


Here and henceforward the vector function r (iv, v) will be suppos- 
ed to be doubly continuously differentiable. Choose a point Al, 


Fig. 3.23 


on the surface and deline a certain direction on the normal to the 
surface % at the point AZo, i.e. draw a unit vector n along the normal 
line. Let py be one of the normal sections passing through the point 
Aly. Then the curve y lies in a plane passing through unit normal 
vector nto X at the point 17, (Fig. 5.23). VFhus. yp is a plane curve, 
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its shape in the vicinity of the point AZ, being completely charac- 
terized by its curvature 4 at the point and by its direction of con- 
cavity (relative to the chosen direction of the normal, at the point 
My, specified by the vector n). To compute the curvature of the 
curve y write the equation of the curve in the form 


r=r(u(l), v(l)) (3.46) 
Where / is its arc length and apply the first Frenet-Serret formula 
dt d°r a? 
a an "* 
It follows that 
d*r pe 
k= (+r. v) (3.47) 


The unit vector v is apparently in the direction of the normal to 
the surface 2 at the point Af, and, consequently. it coincides with 


Fig. 3.24 


n in case the direction of concavity of the section y coincides with 
the direction chosen along the narmal toa X or differs from n in its 
sign if these directions are opposite. In order to take into account 
both the value of the curvature and the direction of concavity of 
the section y we introduce the quantily 
~ d?r 

which will be referred to as the normal curvature of the surface 2 
at the point Af, in the direction of the section y. Jt is clear that 
k == |k |. If the plane in which the seclion y lies is rotated about 
the vector n the normal curvature & = k (y) may vary. Its variation 
indicates not only the shape of the normal section but also the 
direction of its concavity. For instance, if a surface is of the form 
of a saddle in the vicinity of the point AZ), as shown in Fig. 3.24, 
we have a positive normal curvature A, [ur the seclion y, since the 
veclor v, of the principal normal to y, coincides with n and a negative 
normal curvature A, for the section ys since vz = —n. 
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In what follows we shall always consider normal curvature (3.48) 
but not the curvature defined by formula (3.47). This normal cur- 


vature will be denoted by the letter & instead of &. 
The quantity 
1 
R= = 
is known as the radius of normal curvature of the surface = (at the 
corresponding point and in the given direction). The nonnegative 
quantity | 22 | is obviously the radius of curvature of the corres- 
ponding normal section. Since & may vanish the quantity 7 may 
assume infinite values. 
Let us now derive a formula for computing the normal curvature /. 
For this purpose we take advantage of equation (3.46) of the curve y 


a? : : 
and calculate — For brevity, we introduce the notation 


: o-r es d-r — dr 
au Ou2’ uve du dv ' CU du? 


From equation (3.46) of the curve y we deduce 


d-r d dv 
dl2 ae 7 ae rer) = 


du dv a-v 


=tua (St) + luv GT aT tres (3) +r a qe ttege (3.49) 


The vectors r, and r, lie in the tangent plane and hence they are 
orthogonal to n, that is 


(ru, n) =(rp, n) =O 
Therefore, substituting expression (3.49) for #* into formula (3.48) 


dl= 
we obtain 


4 dr 
== oe , n) = 
d di d 2 
= (Tux, n) (<t)° -+ 2 (Tus, m) oa = + (Ppp, n) (= (3.90) 
2. Second Fundamental Quadratic Form of a Surface. Let us 


transform formula (3.50) for the norinal curvature to another form 
which is more convenient. Introduce the notation 


On = (unr 9), O42 =(ruvr 1), Bez = (Poy, 1) (3.51) 
and rewrite equality (3.50) as follows: 


4 by, du2.|- 2b) du dv +- dog dv =e 
Ga ee ae ee a ee 
fees di? (3.92) 
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Here we have the expression di’, i.e. the first fundamental quadra- 
sic fori of the surface, in the denominator. The numerator is also 
an quadratic form (in the variables du and dv). It is called the second 
fundamental quadratic form of the surface and plays a very impor- 
tant role (together with the first fundamental quadratic form) in 
the theory of surfaces. In what folluws. the second fundamental 
quadratic form of a surface will be denoted by the svinbol os. 

Thus, we have 


Ce = arr adi? + PAUTE du dv + bos du* 
Where &:;, 8:2 and boo are determined by relations (3.51). 
HMrample. ‘Vake a surface defined by an equation 


z= f (z, y) 
ar, in vector form, 
r=czi+yj f(z, y)k 
Ilere we have 


Fev = fixk, Pey=feyk and ryy= fpyk 
Consequeatly, 
by, — Jxx COS (In, 3), big =faycos(n, 5) and bye = fy, cos (n, 35) 
that ts 
Pa = (fry dr* + 2fxy dx dy +- Jyy dy”) cos (n, 3) (3.9.3) 


Thus, in this case the second fundamental quadratic form is, lo 
within the factor cos (n, 2). the sum of the second-order terms in 
the expansion of the function z = f{ (x, y) by Taylor's formula. 


Note. As has been shewn, the first fundamental quadratic form 
of a surface deterimines its “metric”, i.e. such quantities as lengthis, 
angles and areas which are found by means of the form. The compu- 
tation of these quantities is in fact based on the replacement. in the 
first approximation, of an tnfinitesimal surface element by the 
corresponding element of its tangent plane. The second fundamental 
quadratic form of a surface characterizes the measure of the rate 
at which the surface turns out of the tangent plane drawn through 
its point in the vicinity of the point. 

To prove this, let us find the distance from a point 47, of a surface 
>, lying close to a given point Af,, through which the tangent plane 
to 2 is drawn, to the plane (see Fig. 3.20). Consider a normait section 
passing through the points Af, and AZ. The sought-for distance is 
apparenliy equal to the distance AVP from Af to the tangent line 
to the curve y. This distance is equal, to within Infinitesimals of 
higher order (see § 2, Sec. 6), to 


= hr di? = - (fy, dit” ‘ L bye du dv + bys du*) 
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the sign of the last expression indicating the direction in) which 
the surface is turning out of the tangent plane. 

It is possible to give a definition of the second fundamental quad- 
ratic form of a surface (equivalent to the definition given above) 


Fig. 3.25 


proceeding from the problem of calculating the distance from a point 
of the surface lo the tangent plane drawn through another point 
taken close to the former. 

Exercises 

1. Prove that the second fundameutal quadratic form of a plane 
is identically equal to zeruv for all the possible parametric repre- 
sentations of the plane. 

2. Find the second fundamental quadratic form of a torus in 
coordinates and y (see Example 1 in § 3, Sec. 1). 


k 
responding to a normal section yp at a point Af, depends on the direc- 
tion in which the section y is drawn. To represent the dependence 


3. Dupin Indicatrix., ‘The radius of normal curvalure 2 = cor- 


Fig. 3.26 


in a visual manner we cau apply the following technique. Lav off, 
from the point J79, in all the directions on the tangent plane, a radius 
veclor o whose length is equal to V | ff | where 7? is the radius of 
normal curvature of the surface in the corresponding direction. 
The vector can obviously be written in the form 


o= VY| Rit 


where tis the unit tangent vector to the normal section in question. 

The locus of the tips of the vectors is a curve Iving in the tangent 
slane to the surface S at the point J/g (Fig. 3.26). Jt is called Du- 
| 5 
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pin’s* indicatrix of the surface © at the point. Let us deduce the 
equation of the Dupin indicatrix. 

Take the vectors r, and r, as base vectors of the coordinate system 
in the tangent plane. We have 
dr du, dv 
a” 6 fe ar Pe or 
and therefore 

e=V{Ri Sau+ViRIS 
Lhat is each point of the Dupin indicatrix has the coordinates 
E=ViRI> and 4 <ViR|S 


relative to the basis we have chosen. 
Next we take advantage of the relation 


Lt du\2 , dude, du \2 
Se bu (5p) + bie Sp Sp + bee (47) 


Multiplying it by |2?| we see that 
Ja, duy- ,, ———~ (fut fa ue 
bn (WTR SE) + 2b (VII) (VIR IS) + 
» f ido a 
+ bee (V[R |) E | 
Which implies that ¢ and y satisfy the equation 
Dive t.. 2b 950 -*- ES Ve = +- | (3.94) 
This is an equation of a central curve of the second order with 
centre at the origin of coordinates.* * 


Thus, Dupin’s indicatrix is a central second-degree curve with 
rehnlre at Uie corresponding point of tho surfhen. *** 


4. Principal Directions and Principal Curvatures of a Surface. 
Equation of Euler. The Dupin indicatrix being a central curve of the 
second order, we can pass lo its principal axes, i.e. replace the 
base vectors r, and r,, if necessary, by a pair of anil base vectors 
lying in the tangent plane which are inutually orthogonal and such 
that the equation of the Dupin indicatrix in the new coordinates 
does nol contain the terms with the product of the coordinates. 
The new base vectors must be in the directions of the principal 
axes of the Dupin indicatrix. We shall call the latter the principal 
directions of the surface (at the point in question). 


* Dupin, Francois Pierre Charles (1784-1873). a French mathematician. 
** This is impliod by the fact that there are no first-order Uerms ino the 
equation. 

*** Nore precisely, there are lwo such curves here. namely 437 .- 2h oSy —- 
je bast? = bo and yy E2 + 2hyeEy bag? = 1 whose eqnations only differ 
in the signs of their constant terms. For more detail concerning the shape ol 
the Dupin tndicatrix see Sec. 7. 
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lor such a choice of the coordinate system in the tangent plane, 
the equation of the Dupin indicatrix takes the form 


px? -- gy? = +1 (3.93) 


Let @ be the angle between the principal direction taken as the 
direction of the z-axis and an arbitrary normal section. Then we 
ohviously have 

r= V |[R lcosg, y=V[R|[sing 


where 7? is the radius of curvature of the corresponding normal 
section. Substituting these expressions of z and y into equation (3.55) 
and bearing in mind that the right-hand side of the equation is 
equal to the ratio of | # | to A we obtain 


pcos? p-}-gsin?g = =k (3.56) 
Denote by 4, = a and k, = = the normal curvatures correspond- 
2 


ing to the principal directions of the Dupin indicatrix at the point 
under consideration. These quantities are referred to as the principal 
curvatures of the surface at the point. The principal directions are 


determined by the values @g =: Qand g = = in the coordinate system 

we have chosen in the tangent plane. Consequently, we have 
k= p, ke =yY 

Therefore equality (3.60) takes the forsn 


k= k, cos? p-i- ke sin® ¢ (3.57) 
or 

L | a,.: | cia anaes 

7 Re Prat sin (p (3.57') 
Formula (3.57) or (3.57') is known as the equation of Euler*. It 
expresses the normal curvature in an arbitrary direction in terms 


of the principal curvatures. From the equation of Buler it iminedia- 
lely follows that the principal curvatures are the extremal values 
of the normal curvature. Indeed, if k, = 4&2, the quantity & is inde- 
pendent of m, and all the directions can be regarded as being extremal 
in this case.** But if k, = ke we can pul, for definiteness, A, 7 Ao, 
and then 4; — ky >> O and the equation of Euler can be rewritten as 


ke == (hk, — ky) cos? q + ke (cos? @ + sin? ~) = 
= (hk; — k.) cos? py 3 Ke 
which shows thal 4, 22 4 2 &o for every w. 


* Euler, Leonard (1707-1783), a great Russian mathematician (a Swiss 
by birth). 
** A point on a surface at which A, = 4, = 0 is said to be an umbilical 


(circular) poiat of the surface. It can be shown that the only surface whose all 
points are umbilical is the sphere. 
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fhe extremal properties of the principal curvatures provide 
& convenient practical method for computing them. 

5. Determining Principal Curvatures. Equation of Fuler (8.97) 
makes it possible to visualize the dependence of the normal curvature 
A (~) on the direction specified by the angle g. This functional 
relationship is represented graphically in Fig. 3.27. It shows that 


; r/4 fe Jit Lit # 
Fig. 3.27 2 ma 

for every given Ay. A, D> Ay A, there exist four values of the 
angle q for which & (¢) = Ay. Since the angles which differ by 1 
define the same direction. there are two normal sections corresponding 
to each #y for which the normal curvature is equal to xo. But when 
hig = hy or kyo = ko. the two normal sections merge into one. 

In other words, the principal curvatures are the values of the 
normal curvature such that to each of them there corresponds one 
and only one normal section of the surface. Formula (3.52) defining 
the sormal curvature as a funclion of the direction can be rewritten 
as follows: 


(by, a he 244) dit” + 2 (by. = hfiyo) du dv -- (bras — h ffo9) du" =. () 


Now. dividing bv dv? and putting & = ¢ (where the value f 
determines the direction of the section) we obtain 
(diy — Keay) 0 — 2 (pn — Agye) t + (ba — kgoe) = 0 (3.58) 


According to the above discussion, this quadratic equation (in ¢) 
has a single root and not two distinct roots if and only if the para- 
meter /& entering into (3.58) takes on the values of the principal 
curvatures. Then the corresponding values of the single root ¢ deter- 
mine the principal directions, Furthermore, for this being so it 1s 
necessary and sufficient that the discriminant of equation (3.58) 
turin mto zero. 

Thus, to find the principal curvatures we must solve, in &, the 
following equation: 


(yy — Wg yo)? —- (ay — Weis) (622 — hgo2) = 0 (3.291) 
or 


by, — egy, Ore = Kf1. — 0 (3 59) 


bia — hBio baz — KE oe 
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6. Total Curvature and Mean Curvature. In many cases il is more 
convenient to consider the product 
AK =k,ko (3.60) 
and the half-sum 


H = 5 (kes he) (3.61) 


instead of the principal curvatures k, and &,. The quantity A is 
called the total (or Gaussian) curvature of the surface, and // is 
referred to as its mean curvature. 

Quadratic equation (3.59’) imuinedialely implies the formulas 


__ byyba2z — bis i __ §1nb22— 2H12b12 + kab) (3.62) 
Bison — BFo : 2 (211822 — Bee) 


Haample. Compute the total and the mean curvatures for the 
hyperbolic paraboloid z = 2* — y?°. 


Solution. We have gy, = 1 -+ 427, gio = —4zy, goo = 1 + 4u*, 
by, = 2. bye = O and Jen = —2. Llenee, 
4 4 (x? — 42 
K — “""7.—O07~O2 9) SO? Hl — ews, 
1-}- 422 -]-4y- 1 '-4Ax° |- 4y- 
In particular, we have A = —4 and 4 =O at the origin. 


7. Classification of Poinls on a Surface. We lave attributed a 
certain plane curve, namely the Dupin tndicatrix, to each point 3/4 
of a surface } delined by equations involving doubly differentiable 
functions. As has been shown, the equation of Dupin'’s mdicatrin 
can be transformed to the form 


Aj? + Aey*? = +1 (3.000) 


where k, and &, are the principal curvatures of the surface at the 
point Ay. The type of curve (3.63) depends on the sign of the pro- 
duct k,k,. Let us consider ihe possible cases. 

(1) Ak, =O. We can put, withont loss of generality, 4, 2 0 
and ky o> 0, because, if otherwise, we can reverse the direction of 
the normal vector nan and thus change the signs of 4, and A» to the 
opposite. Equation (3.63) determines an ellipse for A, => 0 and 
ko <> O if we have -; 1 on its right-hand side and does not define 
any curve at all when we have - }. 

The points for which ky,k2 > 0 (i.e. when the Dunin indicatrix 
is an ellipse) are called elliptic points of the surface. 

(2) fiyhe << 0. In this case equation (3.63) delermines a lryperboia 
or, more precisely. two hyperbolas with common asymptoles. One 
of them corresponds to the term --1 on the right-hand side and the 
other lo —1. A point at which 4,4. < 0 (when the Dupin indicatrix 
is a pair of hvperbolas) is called a hvperbolic point. 
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(3) kyA2 = O. If one of the principal curvatures is different from 
zero equation (3.63) determines a pair of straight lines intersecting 
at the point. The points at which A,k.2 = 0 (but one of the prin- 
cipal curvatures is nonzero) are said to be parabolic. 

If ky = k2 = OQ the notion of Dupin’s indicatrix becomes sen- 
seless. A point for which k, = ky = Ois referred to as a planar point 
of the surface. 

Thus, the type of the point is specified by the total curvature A = 
= Wyk, al the point. Since 
= bi ybo2 — oT, 

Ky1825— Bia 
and the quantity g1,Z22 — gj, is always positive, the type of the point 
is determined by the sign of the discriminant of the second funda- 
mental quadratic form. 

We can easily visualize the shape of a surface in the vicinity of 
its point belonging to each type. Let Af, be an elliptic point. Then 


Fig. 3.28 {@) (8) (t) 


ky, and k, are of the same sign and hence, by virtue of the equation 
of Euler, all the normal curvatures have the same sign at the point. 
This means, geometrically, that all the normal sections at the point 
have the same direction of concavity. In the vicinity of an elliptic 
point the surface resembles a piece of an ellipsoid and looks as is 
shown in Fig. 3.28a. 

Consider now a hyperbolic point. The principal curvatures are 
of opposite signs at the point. Therefore in this case there are normal 
sections of dilferent directions of concavity. The surface is of the shape 
of a saddle in the vicinity of such a point (see Fig. 3.288). 

The structure of a surface in the vicinity of its parabolic point 
can be of a more complicated nature. In this case there is a direction 
in which the normal curvature is cqual to zero, and the normal cur- 
vatures are nonzero and of the same sign in all the other directions. 
A typical example of a parabolic point is any point of an ordinary 
circular cylinder (sce Fig. 3.28c) but there are many other possible 
configurations which we shall not discuss here. 

Consider an example. Let a surface be determined by an equation 


z= f (x, y) 


and let the well known necessary conditions for extremum be 


fulfilled at a point (29, Ya). i.e. be = Qand as = 1). Then the normal 


f 


- 
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to the surface at the point coincides, in its direction, with the z-axis, 
and, as it can be easily shown by means of simple calculations. the 
coefficients of the second fundamental quadratic form at the point are 


bn — Fs Bi0 = bo, — devi bao = huy 
Consequently, we have 
by bee — Ui, = Feel yy — fey (3.64) 


We see that the type of the point is determined by the sign of expres- 
sion (3.64). But, as is well known, the sign of the expression specilies 
the existence or nonexistence of an extremum at the point. Thus, 
we have established the following relationship between the type 
of the point and the existence or nonexistence of an extremum at It: 


elliptic point. The condition fixfjy — fey > O helds and there 
is an extremum; 


hyperbolic point. The condition fxxfy, — fry <. U is then fullitled 
and there is no extremum; 


parabolic point. The condition /i:f,, — fey = O which takes place 
here indicates the case when the question of an extremum at the 
point (zg, Yo) remains open and requires further investigation. 


“xercise. Determine the type of the points lying on the following 
surfaces: (1) an ellipsoid, (2) a hyperboloid of two sheets, (3) a hyper- 
boloid of one sheet, (4) an elliptic paraboloid and (3) a hyperbolic 
cylinder. 


8. The First and the Second Fundamental Quadratic Forms as 
Invariants of a Surface. We have introduced the first fundamental] 
quadratic form of a surface and shown that it determines lengths, 
angles and areas on the surface. Furthermore, we have proved that 
the second fundamental quadratic form specifies the shape of the 
surface in the vicinity of each point. Now it is natural to ask as to 
what extent a surface is determined by its two fundamental quadra- 
tic forms. The answer to the question is given by the following 
theorem. 


Theorem 3.2. If it is possible to introduce a curvilinear coordinate 
system u, von a surface X anda system u*, v* on a surface X* so that 
at the points where u = u* and v = v* the corresponding fundamenial 
quadratic furns also coincide (in the sense that the equalities 


8x=8h &12=ie: 822= Bo 
Oi; = Dis Dio = Dro Doo = ON. 


hold at these points) the two surfaces are congruent, i.e. they 
can only differ in their positian in snace. 
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Thus, the first and the second fundamental quadratic forms of 
a surface play the same role for surfaces as the intrinsic cqualions 
for curves, and hence they form a complete system of invariants 
Which uniquely speciiies the surface to within its position in space. 

We shall not present the proof of the theorem because it can be 
fuund in many courses in differential geometry.* 


§€ 6 ENTRINSIC PROPERTIES OF A SURFACE 


1. Applicable Surfaces. Necessary and Sufficient Condition for 
Applicability. In the foregoing sections we regarded a surface as 
arigid body whieh can move in space but cannot change ils shape. 
but it is somelimes convenicnt to consider a surface as an iInexten- 
sible but absolutely Wesible dilm. This leads to studying the pro- 
perties of a surface whiel: do not vary as the surface is subjected to 
a bending, i.e. to a deformation which is not connected with stret- 
ching or shrinking. 

if a surface can be made coincident with another surface by 
means ofa bending, the surfaces are said to be applicable (isometric). 

In olher words. two surfaces are called applicable if it is possible 
to establish a one-to-one correspondence between their points so 
that the curves, lvine on them, which are transformed into cach 
olher by the correspondence, are of the same length. 

It scems natural to raise the question as to what are the necessary 
and suflicient conditions for two surfaces to be applicable. The 
answer is given by the following theorem. 


Theorem 3.3. For two surfaces % and =* to beapplicable it is neces- 
sary una sikfficient that if he poassthle te intredice a parametrization 
of the surfaces by means of the same parameters u and vu so that their 
fundamental quantities of the first order (the coefficients of their first 
fundamental quadratic forms) should coincide at the poinis AP € & 
and M* € X* having the same values of the coordinates u and v. 


Proof. \f the condition of the theorem holds we can eslablish 
a one-to-one correspondence between the points of the surfaces 
having the same coordinates u and v, and then their fundamental 
coefficients of the first order will coincide at the corresponding 
points: 
Bi = Bi S12 = Brn Enz = Ex 


This makes it nossible to introduce parametric representations of 
the curves, lying on the surfaces, which are mapped onto each other, 
hv means of a common parameter ésuch that the values of the para- 
meter are Une same at the points of the curves which correspond 


Se ents aS. 
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to each other. This implies 


i a ee eee 
Be du\2 5 du do , du \- 4 
\ Vf su (gr) + 26g art ee (Gr) = 
1 
ts <2 
du\< ~ dua , u\e ay ee 
=\V eh (S$) - engage tea (Ge) at 8.65) 
et 


i.e. the arcs are of equal lengths. 

Conversely, if two surfaces © and >* are applicable they can be 
represented parametrically with the help of the same parameters 
by introducing an arbitrary coordinate system uv. tion the surface > 
and attributing to each point ./* € X* the values of the coordinates 
wand v of the point Af € = to which .W* corresponds. Take now an 
arbitrary curve on the surface © and the corresponding curve on 
the surface ©* and introduce a parameter ¢ on them in such a way 
that the points which coincide when the surfaces are applied lo 
each other have the same values of the paraineter. The arc lengths 
of the curves being equal. we can write relation (3.65) for them. 
Since the relation must hold for all the possible values /, and fo 
of the parameter it follows that 


G1, du” + 2g,. du dv + £99 du* = gi, du? + 2gt, du dv -- gy dv* 


The last equality is an identity in du and dv since it is fulfilled 
for any two curves corresponding to each other and passing through 
any point in any direction. An identical equality of two quadratic 
forms implies the coincidence of their coefficients and hence 

_. 7* gg — 7S 
2 = Baas 212 > Sia: 525. S22 


which is what we set out lo prove. 


2. Intrinsic Properties of a Surface. The description of the pro- 
perties of a surface which are invariable under a bending (i.e. are 
preserved under an arbitrary isometric, length preserving, mapping) 
constitutes the intrinsic geometry of the surface. Such properties 
are referred to as intrinsic (absolute) properties of the surface. We 
have proved that two surfaces are applicable if and only if if is 
possible to introduce a first fundamental quadratic fern: common 
Sor them. Jlence. a property belongs to the intrinsic geometry of 
a surface if and only if it is expressible in terms of its first funda- 
mental quadratic form.* Thus, the intrinsie geometry of u surface 
is determined by its first fundamental quadratic form. Consequently, 
the lengths of the curves Iving on a surface are relevant to its intrin- 


_ ™* Here we mean, of course, the properties which are related to the surface 
itself but not to the particular wav of intradncipg norametert sn it, 


11—0824 
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sic geometry. Further, since the angle belween two curves on a sur- 
face and the area of a surface are expressible in terms of the funda- 
mental coefficients of the first order (see Secs. 2 and 4 in § 4), these 
quantities also belong to the intrinsic geometry of the surface. 

A remarkable fact ts that the intrinsic geometry of a surface 
includes its total (Gaussian) curvature A. Indeed, there is a formula 
obtained by Gauss which expresses the total curvature in curvilinear 
orthogonal coordinates in the form 


Ka — 1 {2 ( 1 2A3s = ( | me) } 
2 V 81822 Ou V 811822 Ju ' Ov V E1tk22 dv 


which involves only the fundamental quantities of the list order. 
At the same time, neither the mean curvature nor the principal 
curvatures are preserved under an arbitrary isometric transformation. 

The term “intripsic geometry” means that the properties under 
consideration, preserved under an arbitrary isometric mapping, 
pertain merely to the surface, not to its position in the surrounding 
space. 

We can illustrate this by means of the following “mental” expe- 
riment. Imagine that there are some intelligent creatures inhabiting 
a two-dimensional surface and that they cannot leave it and go 
out into the surrounding space. They can construct the geometry 
of their “world”, introduce the notion of a “straight line” passing 
through two points by defiuing it as the shortest curve entirely lying 
on the surface that joins the points (for instance, in the case of a 
sphere such “straight lines” are the arcs of the great circles) and 
so on. They can introduce the notions of a “triangle”, “polygon” etc. 
and study the properties of these figures (without going out into 
the space surrounding the surface}. These hypothetical creatures 
cannot distinguish between this surface and any other surface 
applicable to it.* 

The geometry thus obtained is nothing but the intrinsic geometry 
of the surface. For instance, the intrinsic geometry of the plane is 
ordinary planimetry studied in elementary geometrical courses. 
Bul all the theorems of planimetry remain true if the plane is replaced 
bv any surface applicable to it, say by a parabolic cylinder. But the 
intrinsic geometry of the sphere essentially differs from that of 
the plane. For example, the sum of the angles of a spherical triangle 
is always greater than x. 


* The considerations coucerning the possibility of distinguishing between 
rectilinear and curvilinear geometric configurations on the basis of studying 
their intrinsic properlies make sense not only for bwo-dimensinnal geometric 
nbjects, i.e. surfaces, but alse for the objects of higher dimensions. in particular 
for the theee-dimenstonal Space. These questions are very important for investi. 
gating Lhe general geometric properties of the universe but we ecannat dwell in 
mara dotail an these nroblems here. 
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3. Surfaces of Constant Curvature. Consider a surface whose total 
curvature K is the same at all its points. Such surfaces are called 
the surfaces of constant curvature. The total curvature being inva- 
riant under a bending, it follows that two surfaces of constant cur- 

vature are applicable to each other if and only if their total curva- 
tures are equal. It can be shown that, cony ersely, any two surfaces 
of the same constant total curvature are always applicable. Ifence, 


Sees SSeS Sea $ 


( 


| 


Figr, 3.29 


such a surface is completely characterized, from the point of view 
ol ils intrinsic geometry, by a single number, that is by its total 
curvature A. 

The geometric nrape aap of surfaces of constant Curvature esseii 
tially depend on the sign of the curvaLlure. and therefore we must 
separately consider the enti of a posilive, negative and zero 
curvature. 

The plane is a surface of zero total curvature. Its intrinsic geo- 
metry, as has already been mnentioned, is ordinary planimetry. Any 
other surface of zero total curvalure has the same intrinsic geometry. 

A sphere of radius 7? can be regarded as a “canonical model” of 


a surface with positive constant curvature K = The intrinsic 


ft 
geometry of this surface differs frum planimetry which is familiar 
to us. For examnple, if the ares of the shoriest lengths joining two 
points (these are the arcs of the great circles in the case of the sphere) 
are understood as being ‘ ‘straight lines” wo can assert that any two 
“straight lines” intersect when infinitely continued, the sum of the 
angles of any triangle excceds x ete. 

The so-called pseudosphere depicted in Fig. 3.29 is an example 
of a surface of a negative constant curvature A < 0. This is a sur- 


11* 
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face generated by revolution of a tractrix, i.e. a plane curve described 
by the parametric equations 


z=a (cost --Intan=) , y—=asinl 


where z and y are Cartesian coordinates, about its asymptote y = 0. 

The surface, as seen in Fig. 3.29, is not smooth and has a cuspidal 
edge. It is possible tou prove that there cannot exist an infinitely 
continuable smooth surface of constant negative curvature in the 
three-dimensional space. The intrinsic geometry of the pseudosphere 
differs from ordinary planimetry and from the intrinsic geometry 
of the sphere. It coincides with the so-called Lobachevskian geomet- 
ry* in which the sum of the angles of every triangle is less than x. 
for each point there exists an inlinitude of straight lines passing 
through the point and not tntersecting a given straight line etc. 

We cannot discuss these problems at length here although they 
are very important and closely related to modern ideas of physics 
and, in particular, to the theory of relalivity. For these questions 
we refer the reader to special monographs**. 


* N. I. Lobachevsky (1792-1856), a famous Russian mathematician, the 


founder of non-Euclidean geometry. 
** E.g. see [18]. 


A Line 
Integrals 


Such problems as determining the mass of a material line from 
its density, computing the work of a field of force along a path and 
many others require the introduction of the so-called dine Uitegrals 
that is the integrals of functions defined over curves. The present 
chapter is devoted to this notion which is important for me‘hemati 
cal analysis and its applications to physics. 

Various physical problems involving integration of function: 
defined along curves lead to two types of line integrals usually 
referred to as dine integrals of the first and of the second type. A: 
will be shown, the integrals of these two types can be reduced te 
each other. 


§ 1. LINE INTEGRALS OF THE FIRST TYPE 


1. Definition of Line Integral of the First Type. Let A# be : 
smooth or precewise smooth* plane curve and f CW) be a functtior 
delined on the curve. 

Consider a partition of the curve ilo parts -l;oycl; by means o 
points of division 

SS. 2gy. els awe oe Pe (4.4 


and choose an arbitrary point J/; on each are A;_,4;. Now forr 
the sum 


wt 

» f(A) Al; (4.2 

ix} 
where Ac; is the length of the are Aj;_yz1; (Fig. 4.1). We shall refe 
fo such sums as integral sums. Let us introduce the following defini 
lion. 


“ A curve represented by equations x = q (2). y >- ap (t) is said to he smoot 
if the functions @ (t) and ap (2) ure continuons and possess the continuous der 
vatives o'(/) and y'(f) which do not vanish sinmitaneously. ice. if the curs 
has a tangent at each point and the position of the tangent continuously depenc 
on the point of tangency. A continnous curve composed of a finite number + 
“3 wt ERT TS: TS eantledd piece isc stavull. 
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Definiton. If iniegral sums (4.2) tend toa finite limit® J, as max Ad; 
approaches zero, the limit is called the line tintegrat of the first 


A =8 


7 


Fig. 4.1 


type of the function f (M) orer the curve AB. We shall denote 
the integral by the symbol 


\ {(M)dl (4.3) 
AB 


The points of the curve 4B being determined by their coordinates 
(x, y), we shall also designate the function f (A7) defined over AB 


by / (z, y) and write the integral \ f (M4) di in the form 
AB 


\ f(z, y)dl 


AB 


But the reader should bear in mind that the variables x and y are 
not independent because the point (x, y) belongs to the curve AD. 

We can easily show that the notion of a line integral of the first 
type docs not in fact essentially differ from that of a definite integral 
of a function of one independent variable and can be reduced to it. 
Indeed, let us take the arc length ? reckoned from the initial point 
A as a parameter for the curve 1B and write down the equations 
of the curve in the form 


z=2z(@%), y=y(), OSlSl (4.4) 


where L is the length of the entire curve AB. Then an arbitrary 
function f (x, y) defined on AB reduces Lo a function f (z (2), y (2)) 
of a single variable 2. Let 7} be the value of the parameter / cor- 
responding to the point .7;, i = 1, 2. ..., m. Then integral sum 


* As in the case of the definite integral (e.g. see [8], Chanter 10, § 1), a num- 
ber J is said to be the limit of the integral sums if, for every © > 0. the ine- 


if 
quality J — \! ¢(M;) Al; | < e¢ holds when max Al; becomes sufficiently 
i=1 


rogers) (| 
aleoosade sd 
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(4.2) can be rewritten in the form 
nr 
Ze (22), y (27) Adi (4.9) 


which is nothing but an integral sum corresponding to the definite 
integral 
L 


f(z), y (I) dl 


Integral sums (4.2) and (4.5) being equal, the integrals they are 
velated to are also equal. Thus, we have 


AB 


L 
| f(y at =f F(x(2), y (2) dl (4.6) 
0 


and both integrals exist or do not exist simultaneously. Consequent- 
ly, if the function f (W/) is continuous* (or piecewise continuous and 
bounded) along a piecewise smooth curve AB line integral (4.3) 
is sure to exist because, under these conditions, the definite integral 
on the right-hand side of equality (4.6) exists. 


Note. Although, as has been shown, the line integral of the first 
type can be directly reduced to the definite integra] there is a dis- 
tinction between the two notions. The matter is that the quantities 
Al; (the lengths of the arcs A,_;.4;) are necessarily positive irrespec- 
tive of which of the end-points A or &, of the curve A&#, has been 
chosen as the initial point. Hence, the orientation of the curve AB 
(i.e. the choice of a certain direction on it from its initial point 
to the terminal] one) by no means affects the value of integral (4.3) 
and consequently we have 


\ f{(M)di= 7a dl (4.7) 
BA 


AB 
b 

But, as is known, the definite integral \ } (x) dx changes its sign 
a 


when the limits of integration are interchanged. 

When reducing a line integral of the first type to the corresponding 
definite integral we can as well use any arbitrary parameter ? instead 
of the arc length. Suppose a curve ABZ is given by parametric equa- 
tions 


c=ep(t), y= pé) (StS ft) (4.8) 


* We say that a function f (4) defined on a rectifiable curve is continuous 
on the curve if it is continuous as a function of the parameter I. 
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where the functions ¢ (t) and y (4) are continuous, their derivatives 
we (4) and y’ (¢) are piecewise continuous and bounded and g’? (t) + 
— yo? (tf) > 0. Then we can introduce. as a new parameter. the arc 
length 2 of the curve 12 reckoned from a fixed point. Let us choose 
the direction in which 7 is laid off so that the are length / 
increases When the parameter ¢ increases. Then / becomes a monotone 
increasing function of ¢. and we have 


di=|i p(t) ap? (Od (4.9) 


Taking advantage of equality (4.6) and formula of changing variable 
in the definite integral we obtain 


q ty 

(ANd = VFO. vO a= IG. ¥O)V CF OFV Oat 

ALS 0 a 

Where f?9 <4, Thus. we arrive at the following theorem. 
Theorem 4.14. Let AB bea smooth curve represented by equations 


r= op (4), y =p (f) (e€ [to, t,}) 


and f(x, y) be a function defined along the curve. Then we have the 
equality 


ly 
{fle ydl=\ FOO) oe") bp? (Oat (4.10) 
4B to 


provided the integrals entering into it exist; the line integral on the 
loft-hand side erists if and anly if the definite integral on the righthand 
side exists. 


In particular, if the curve .18 is determined by an equation of 
the forns 
y=y(zt) (@axazrs bd) 
expressing y as an explicit function of 2 formula (4.10) for reducing 
the line integral to the delinite integral takes the form 


by 


| ¢(M)al= \ f(a, y(2)V 1-by dz (4.11) 
AB a 
Nrercise. Consider the line integral of a function f (z, y) over an 
are AB represented by its polar equation 


r r (4) (qq, SE S Gy) 


itn the form of a definite integral with respect to @. 
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Answer. 
V2 
\ f(z, y)dl= f(rcosy, rsing) VY r?+ r” dep 
AB , 


Note. As is well known, the definite integral 
b 
| faz 


of a nonnegative function can be interpreted as the area of the cur 
vilinear trapezoid (see Fig. 4.2a). Similarly, the line integral 


(7 (1N dl 

AB 
can be thought of, on condition that f (.1/) 20. as the area of 
piece of a cylindrical surface composed of the perpendiculars to th 


| 
Fig. 4.2 7, ‘B a 


r. y-plane erected at the points of the curve AB and having a vari 
able length f (./7) (Fig. 4.26). 


2. Properties of Line Integrals. The basic properties of the lin 
integral of the first type are alinost completely analogous to thos 
of the definite infegral and are directly implied by formula (4.6 
Which reduces the line integral to the delinite one. Let us enumerat 
therm. 

1 (linearity). Ifk = const and f/f GV) is integrable over AB we hav: 


{ kf (A1) dl =k {(M) di 
AB AB 


and the integral on the left-hand side exists. 
2 dinearity). Uff CW) and g (A7) are integrable on 14 the expres 
sion f (A/) -& g CA/) is also integrable and the relation 
(gan s g@nyd= | rand+ [gana 
AB AH AB 
takes place. 
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3 (monotonicity). If f((f) is a nonnegative integrable function 
we always have 


\ f{(M) dl>0 
AB 


4 (additivity). If an arc AB is composed of two arcs AC and CB 
the equality 


| f(M) dl + \ nd 
AC CB 
holds when the integrals entering into it exist, and the integral on 
the left-hand side exists if and only if both integrals on the right- 
hand side exist. 

uo (estimation of the modulus of the integral). lf f (MW) is integrable 
over AS the function | f (AZ) | is also integrable and there is an 
inequality of the form 


|) semyail< {scp ya 
AB AB 


| { (M1) di = 
AB 


6 (mean value theorem). If {(M) is continuous on a curve AB 
there is a point M* belonging to the curve such that 


| f(M)dl=f(M*)L 
AB 
where Z is the length of the arc AB. 
7 (independence of the line integral of the first type of the orientation 
of the path of integration). As has been mentioned, we always have 


\ (Af) di = | (Af) dl 
AB BA 
and hence the choice of the direction of the arc 42 does not affect 


the value of the integral of an arbitrary scalar function f (7) taken 
along the arc. 


3. Some Applications of Line Integrals of the First Type. We 
shall point out some typical problems whose solution naturally 
involves line integrals of the first type. 

(1) Determining the mass of a material line from its density. A mate- 
rial line will be understood as'a piecewise smooth curve along which 
a mass is distributed. The linear density p (AZ) of a material line 
at a point J is the limit to which the ratio of the mass Ay, carried 
by an arc A{M’, to the length of the arc 17M’ tends on condition 
that the arc length tends to zero. In other words, if 2 is the length 


of an arc AA and p(A1) is the mass of the arc we have p(A/) = 
ch . It follows that the mass pag of the are AB is expressed 


——, 
= 
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t 
by the integral | p di, that is by the line integral 
0 


{ o(M) dl 
AB 
of the density p taken along the curve AB. 

(2) Finding the coordinates of the centre of gravity of a material 
dine. Let a mass be distributed, with density p (z, y),* along a curve 
A&. After the curve has been broken up into parts of lengths A/;, 
t=1, ..., m, and an arbitrary point (z;, y;) has been taken on 
each part we can approximately represent the material line as 
the system of mass points o(z;, y;)Al; placed at the points (z;. ¥;). 
The centre of gravity of such a system of material points has the 
coordinates 


fl va 
>) Zi (24, yt) Ali >) yi (i yd ALi 
i 1 i=] 
Ze = _______ : eo. .—— 
S! p (za yi) dls S) 0 (Ze, ya) Al; 
t=1 i= 1 


These expressions can be regarded as approximate values of the 
coordinates z, and y, of the centre of gravity of the material line A/?. 
To obtain the exact values of the coordinates we must pass to the 
limit as miax Al;-+ 0. The passage to the limit results in 


xp (x,y) di \ ye (z, y)de 


i 4.49 
Teena’ 7 \ e(z,y)a _— 
AB AB 


In particular, for a homogeneous material line with p—const 
we obtain 


\ zdl ( yd 
— 4. _ == 4.13 
Le j dl ? Ye ° dl ( ) 
ARB AB 


(3) Computing moments of inertia of a material line. The moment 
of inertia of a system of mass points m; (i = 1, ..., m) about 
a straight line is equal to 

nN 

>) r: 2; 

i=1 
where r; is the distance from the ith mass to the straight line. In 
particular, for a system of material points lying in the x, y-plane 


* Here and henceforth it appears natural to determine the points of a curve 
by their Cartesian enordinates x and y (see Sec. 1). 
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the moments of inertia about the z-axis and the y-axis are respec- 


tively equal to 
Tn 


7 
l= >) yyr; and Jy= s) REM; 

i=} i=1 
where (z;. y;) are the coordinates of the mass point vz7;. To get the 
imuments of inertia. about the coordinate axes. of a material line AB 
afong which a mass is distributed with density p (z. y) we must 
perform the passage to the limit similar to the one in the preceding 
problem. Then, for the moments of inertia of the curve AB about 
the coordinate axes, we deduce the expressions 


[x= \ yo(z,ydl, I,= ( xo (x,y) dl (4.14) 
AB AB 


(4) Gravitational attraction of a mass point by a material line. 
Let AB be a material line with mass density p (z. y). We now consi- 
der the expressions of the projections on the coordinate axes of the 
gravilatioual force F with which the material line attracts a mass 
point wy having the coordinates (rg, Yo). Applying the argument 
analogous to the one presented above we find that the projections /. 
and #, are given by the formulas 

J »Y¥) (2 —2q) " (4, } — 
fe — Yo ( ASI Les it odl, Fy=yimo { a aS vo) ay 
AB AB 


where y is the constant of gravitation andr -= VY (zr -- £y)* -'- (Y—Yy)*. 

If integration of a vector is understood in the sense that each 
projection. is integrated (see § [ in Chapter 3) we can replace 
the two scalar forniulas by a single vector relation and thus the 
lurce Fo owith which the material point aig is attracted by the mate- 
rial line AB is equal to 


(x. y) a 
r ying J p 3 r dl (4.40) 
AB 
where ris the vector whose projections are (rt — Zp) and (y — Yo). 


4. Line Integrals of the First Type in Space. The definition of 
a line integral of the first type over a plane curve is directly trans- 
ferred to the cuse of a function f (A7) defined along a space curve. 

If a space curve is represented by parametric equations 

r opt), y=), z=7() i StEsh) 


the tine integral of the first type of the funetion / (1/) taken along 
the curve is reduced to the definite integral by means of the formula 


fy 
\ ACW) dl | £06, FO, 2) VFO FOS HF at 
AR fa 
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The conditions for the existence and basic properties of line 
integrals in Space are completely analogous to those for the case 
ofa plane. The line integrals of the first type in space are naturally 
encountered in such problems as determining the mass of a space 
curve (material line) from a given density, finding the coordinates 
of the centre of gravily and the moments of inertia of the curve and 
the like. By analogy with the arguments presented for the case of 
a plane curve, the reader can easily write the corresponding formulas. 


§ 2. LINE INTEGRALS OF THE SECOND TYPE 


{. Statement of the Problem. Work of a Field of Force. Now we 
introduce integrals of another kind, the so-called line integrals 
of the second type. 

To begin with we shall take a concrete physical problem. Consider 
a plane field of force. that isa domain ina plane at whose each point 
AJ a force F (1/7) is determined. The projections of the force on the 
x-axis and y-axis will be denoled, respectively, as ? (A/) and G CV). 

Let us find the work of the force held when a point moves along 
a curve AD. 

If the force F is constant (both in its absolute value and direction) 
and the path AP is rectilinear the corresponding work is equal to 
the product of the value of the force by the path length and by the 
cosine of the angle between the force and the direction of displacc- 
nent, i.e. to the scalar product 


(F, 4”) 


Let us now lind the expression of the work in the general case 
when the foree F mav he variahle and the trajectory of motion cur 
vilinear. Let AB be a smooth curve lying in the domain where the 
field of force 1s defined. Divide the curve AZ’ into parts by means 
of points 


A=M), My, .-.-, M, = B 


and consider the broken line with vertices at the points 3/; (see 
Fig. 4.3). We can approximately consider the force F to retain 
a constant value along each segment AV;_,47; of the broken line, 
say equal to F (.1/;). and compute the work corresponding to the 
motion along the broken line. Tf (z;, y;) are the coordinates of the 
point AW; and 


Ar; = 4; — Z1_4, Ayi = Wi — Vi-s 


the work corresponding to the displacement alone the segment 
AM, -y.M; is equal to 


(F (.V/;), NM _)M;) a ae (AT ;) Az; —+ Q) (1/7 ;) AY; 
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and the total work corresponding to the motion along the whole 
broken line is equal to 


n 
2p (P (Mi) Axi + Q (ALi) Aus) (4.16) 
The last sum can be approximately taken as the expression of the 
work performed by the held of force F (.l\/) along the curve A8. To 
derive the exact value of the work we must pass to the limit in sum 


4 


(4.160) by making the maximum of the lengths of the arcs M;_;A1; 
tend to zero. We now consider such a passage to the limit in the 
cencral form. 


2. Definition of Line Integral of the Second Type. Let AB be 
a smooth curve and F (AM/) = (P (AT), O (4M)) be a vector function 
defined on the curve AB. Break up the curve into parts by means 
of points 

ch = Alo, My. 2. oy My = B 
Pe “iit oclaa lla are, respectively (%, Yo), (Ziv Yy)s 6 6 +r (Lnr Yn)- 
Take the sum 


P= & [P (AT;) Azi + Q (Ai) Ayal (4.17) 


where Ng, = 2; — 4,;_, and Ay; = Y; — Ui-t- 

If all such sums tend to a certain finite limit when the maximum 
of the lengths of the arcs M,.,]17; tends to zero the limit is called 
the line integral of the second type of the vector function F=(P, Q) 
and is denoted* by the symbol 


( P (M) dz+0(M) dy (4.18) 
es ee AL 
“ We shall sometimes write P (z, y) and @ (r, u) instead of P (AZ) and 
Q (M) where z and y should be understood as Cartesian coordinates of the moving 
point AZ, We shall also simply denote the functions P (Af) and Q (M) by P 
B 


and Q aud write line integral (4.18) in the form [ Pdr + Qdy or | Paz + 


AB A 
+ Qdy unless this leads to misunderstanding. 
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The integral is obviously the sum of the two integrals 


| P(AN dz and | Q(M) dy 
AB 


AB 


corresponding to the vectors (P?, 0) and (0, Q), the components 
into which the vector (P, @) is resolved. 


Note. The line integral of the second type must nol be confused 
with an integral of a vector with respect to a scalar parameter (which 
has been encountered in § 1, Sec. 5 of Chapter 3 and at the end 
of Sec. 5, § 1 of the present chapter) when the projections of the 
vector are inteprated separately (e.g. we have had such a situation 
in the computation of the force of attraction of a material point by 
a material line). 


3. Connection Between Line Integrals of the First and the Second 
Types. The line integral of the second type can be easily reduced 
to the line integral of the first type considered in § 1. The relation- 
ship between the integrals is described by the following theorem: 


Theorem 4.2. Let AB bea smooth curve determined by equations 
x=2(), y=y(d (4.19) 


and F = (P. VY) be @ vector function defined on the curve and bounded* 
on if, Then we have the equality 


| Pdx+@dy= ( (Pcosa+@sina) di (4.20) 
AB AB 
where a=a (ll) is the angle between the tangent to the curve AB 
ai the puimt WM und the positive direction of the z-axis, provided that 
the integrals entering into (4.20) exist. Furthermore, the integral 
on the left-hand side exists if and only if the line integral of the first 
iype on the right-hand side of relation (4.20) ezists. 


Proof. Let us prove the equality 
|? dz = \ P cosa dl 
AB AB 


The equality 
\ Ody= \ Qsinadl 
AB 


ALB 
is proved similarly. 


* A vector function (P, Q) is said to be bounded if the scalar functions 


P and QO are bounded. 
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The integral 
| Pdx 
AB 
is, by definition, the limit of the sums of the form 
72 
T= >! P(M;) Axi 
imi 
Let us compare the sum with the integral sum 


Tr 
T*= >, P(M;) cose (Mi) Al; 
=] 


associated (for the same partition of the curve AB) with the 
integral 


( Pcosadl 
AB 
If x=2z(l) the relation 
d 
— = cosa (Af) (4.21) 


holds for each point AY of the curve AB and, consequently, we 


have 
t 


i 
Az;= ( cosadl 
fig 
Applying the mean value theorem we thus obtain 
Ax; =cose@ (.Vf7) Al; 
where JJ? is a point belonging to the arc Mj_,\7,. ‘Therefore, 


\7—T*| =| P (Afi) [cosa (Mj) — cos & (M?P)) Al; | < 
i=t 


< >. | P (Mj) |-|cosa (fj) — cosa (MP) | Al; 
i={ 


The function cos @ (j/) is continuous on the smooth curve ALD 
and hence it is uniformly continuous because the curve is a bounded 
closed set of points. Thus, given any e& 27> @, the mequahty 

| cos @ (AZ;) — cos @ (Wi) [<i e 


is fulfilted for each partition of the curve A whose fineness is small 
enough. This implies 


\7—T*|<Ce >) Aly =Cel 


i= 1 
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where C = sup | / | and / is the length of the curve AB. It follows 
that if the integral sums 7* have a limit the sums 7 tend to the 
same limit. The theorem has thus been proved. 

Note. ‘he expression P cosa + Qsing is the scalar product 
(Ff, tv) of the vector F = (7, Q@) by the unit vector t = (cos a, sin a) 
tangent to the curve 44 and hence is equal to the projection of the 
vector F — (P?, Y) on the tangent line to AB. Denoting the pro- 
jection by the symbol /, and taking advantage of equality (4.20) 
we cau write line integral (4.18) in the form 


\ F, dl (4.22) 
AB 


This abridged notation will often be used in what follows and parti- 
cularly in Chapter 6. The integral is sometimes also written in the 
form 


\ (Fr, dl) (4.23) 
AB 


Where dl is understood as an infinitesimal vector whose projections 
on the coordinate axes ure 


dz = dicosa and dy =disine 


4. Evaluating Line Integral of the Second Type. Theorems 4.1 
and 4.2 immediately imply the following result. 


Theorent 4.3. Let AB boa simuolle curve represented by equations 


x=p(t), y=ywy (Z) (4.24) 
and lei F = (2, VY) be a vector function defined on the curve. Then we 


have the relation 
ty 
( Pdx+Qdy~\ (POM, FO)’ O+ COM, HO) (Ola 
AB to 


(4.25) 


provided that the integrals entering into it exist, and the integral on 
the left-hand side is sure io exist if the definite integral on the right-hand 
side exists. Here, the value ty af the parameter t corresponds to the point 
A and t, to the point B. 


Theorems 4.1-4.5 obviously remain true if the curve AB is not 


smooth but piecewise smooth. 
Let us consider some iimportant special cases of formula (4.25). 
Wf the curve AB is determined by an equation 
y = y (2): (4.26) 
12—OxX24 
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expressing y as an explicit function of the variable z which runs 
over an interval (a, b| formula (4.25) for reducing the line integral 
of the second type to the definite integral turns into 


| Pdz+Qdy=({[P(z, y(z))+ Q(z, yxy! (=) dz (4.27) 
AB G 


where the value x = a@ corresponds to the initial point A of the 
curve AB and z = b to ils terminal point B. In particular, if the 
curve 1B is a segment of a horizontal straight line y = yp we have 
y =O along it and thus the integral 


| Pdr+Qdy 
AB 
taken over such a seyment simply reduces to the integral 


b 
{ P (2, Yo) az 


Similarly, for a curve determined by an equation 
x= x (y) (4.28) 


where y ranges in an interval {e. d] we obtain 


et 
| Pdz+Qdy=[ (P(e). v2 W+Oe(y) May (4.29) 
AR c 


lf A/3 is a segment of a vertical straight line z = 2 we have x = 0 
and integral (4.29) takes the form 


( Q (Zo, y) dy (4.30) 
AB 

Hzamples 

{. Evaluate the integral 
( x? dz + xy dy (4.31) 
AR 


taken along 
(a) the line segment drawn from the point (1; 0) to the point 


(O, 1), 
(b) the quarter circle z = cost, y = sint (O<t <>} joining 
the same points (see Fig. 4.4). 
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Solution. 
0 


0 
(a) ( atde+ zy dy = (2*—2(1—2)dz= | (22*—2)dr = —4 
AB 1 


2 
(b) \ x? dzx-+ xy dy = | (—cos*? sin é-+ cos*¢ sin ¢) df = 
AB 0 
2. Evaluate the integral 


| B2%y dx + (28+ 1) dy (4.32) 
AB 
laken along 
(a) the line segment drawn from the point (0, 0) to the point (1, 1), 


y J 
(Qi) (741) 
Fig. 4.4 a (40) x Fig. 4.5 2 (YO) 2% 


(b) the arc of the parabola y = x* connecting the same points, 

(c) the broken line passing through the points (0, 0), (1, 0) 
and (1, 4) (Fig. 4.5). 

Solution. 


\ 3x*y dz + (23-| 1) dy = y (427+ 1)dr=—2 
R 


A 
(b) \ 3c7y dx --(23 + 1)dy= (5244-22) dx = 2 
A 


B 


(c) \ 3x*y dx + (x3 j-1) dy= 
AB 
(1, 0) (i, 1) 
an | 3x?y dc + ( (x3 +4. dy | 2éy— 2 
(0, 0) (1) 6) 

Noie. The reader has undoubtedly noticed that the integral in 
the second example assumes the same value when taken along the 
three different paths connecting the two given points. This fact 
is connected with an important property of the line integrals of 
the second type which will he elucidated in § 4. 


12? 
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5. Dependence of Line Integral of the Second Type on the Orien- 
tation of the Path of Integration. The definition of the line integral 


\ P dz+Ody (4.33) 


AB 


automatically suggests that a constant factor can be taken outside 
the integral sign. the integral of a sum of two vector functions is 
equal to the sum of the integrals of the addends ete. 

Another important property of integral (4.33) should be empha- 
sized here: the line integral of the second type. in contrast to the 
line integral of the first type, defined in § 1. depends on the orien- 
tation of the curve .{% it is taken over. namely. it changes its sign 
when the orientation of the curve is reversed: 


[ Pdx4+Qdy=— \ P dx }-Ody (4.34) 


"A AB 


For, if we change the direction in which the curve 128 is traversed 
we thus replace the quantities Az; and Ay; entering into sun (4.17) 
by —Az,; and —Ay;. This changes the sign of integral sums (4.17) 
and, consequently, the sign of their limit as well. 

This property of the line integral of the second type is coherent 
with the physical interpretation of the integral as the work of a 
field of force along a path. Indeed, if the direction of tracing the 
trajectory is reversed the work performed by the force held changes 
its sign to the opposite. 


6. Line Integrals Along Self-Intersecting and Closed Paths. For 
the applications of the theory of line integrals, it is advisable to 
include in our comsidcralion the paths of integration which may 
have points of self-intersection because such cases are encountered 
in various problems. Mathematically. this means that when we 
cousider a curve determined by equations 


r=z(t), y=yl)) (@a<t<d) 


we should not exclude the cases in which there may exist two (or 
more) distinct values ¢; and fs of the parameter 2 such that 


ety) = 2 (f,) ands y (4) = y (to) 


When studying such cases for the line integral of the second type 
we musl take into account that the spceitication of a path of inte- 
eration includes the indication of a sel of points coastiltuting the 
curve in question as well as a certain direction in which the path 
is described. If a curve has points of self-intersection the way it is 
traversed is not completely characterized by setting initial and 
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terminal points. For instance, the curves shown in Fig. 4.6@ and b 
should be regarded as being two different paths although they coin- 
cide as sets of points. What has been stipulated here pertains not 
only to the plane curves but also to the space ones. 

We also deal with line integrals taken over various closed con- 
(ours. A closed contour (in the plane) is understood as a curve 


x=2(t), y=y(t), @Rt< bd) 
such that 
z(a) = 2x(b) and y (a) = y (8) 


ITere we can also have the cases when such a contour intersects itself, 
that is there may exist various values of the parameter ¢, other 
than ¢—= a and ¢ = 6, for which the corresponding values of z 
and y, respectively, coincide. 


oa 


wy, 
Ay, DS 


big. 4.6 (a) (d) 


[f a closed contour, in the plane. has no points of self-intersection 
there are only two possible directions of deseribing it: the contour 
can be traced counterclockwise (the positive orientation) or clock- 
wise (the negative orientation). 

lf an integral of the second type 


| Pdzt+Qdy 
C 


is taken along such a contour its values corresponding to the two 
different orientations of the contour C are equal in their absolute 
values and have the opposite signs. Jn what follows, we shall, as 
a rule, consider closed contours with the positive orientation and 
replace dine integrals of the second type taken along negatively 
oriented contours by the corresponding integrals taken in the posi- 
tive direction with the minus sign attached to them. 

A line integral over a closed contour is often denoted by the 
svmbol 


& Pdz+ Qdy 
C 
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7. Line Integral of the Second Type Over a Space Curve. We 
have considered line integrals, of veetor functions, taken along plane 
curves. Most of the facts of the theory are automatically generalized 
(o the case of a Space curve. 

Let AS be a smooth space curve and F = (P, O, R&R) be a con- 
Linuous veetor function delined on the curve. We divide the curve 
AB into parts by means of points of division 


A = Moy, Wy, ..., Vy = B 


having coordinates (z;, y;, 2). i= 1, 2. ....m", and form the 
sum 


rf 
Dy {P (Ai) Ati (Mi) Aye FR Mi) Aza} 
i=] 
where 
AZ; = Lj — Ti-y, AU = Ni a Vi-r and A2; = 2; — 2-1 


The limit of such sums will be referred to as the line integral of 
the second type of the vector function F=(/??, GY, 2) over the space 
curve A/} and denoted by 


\ P(M) dx +O(M) dy + R(M) dz (4.35) 
i 


A 
or* 
\ P(x, y, 2)dr-+ O(a, y, 2) dys- R(x, y, 2) dz 
“ils 


Applying arguments completely similar to those used in investi- 
eating the case of a plane curve we arrive at the following formula 
reducing integral (4.35) to the line integral of the first type: 


\ Pdzrt Ody-}-Rdz= | [Pcosa-}+ OcosB '- Rcosy|dl 
AB AL 


where a, B and y are the angles formed by the tangent line to the 

curve A (drawn in the direction of tracing the path of integration) 

with the positive directions of the coordinate axes z, y and 2. 
If a smooth curve AB is given by equations 


r=). yop), 2=74 


* For brevity, we shall sometimes writo the integral in the form ) P dz =: 


AB 
B 
t- Ody ; Hedz or \ Pdx + Qdy }- Rdz unless this leads to misunder- 
A 


Standing. 
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and the value ¢ = ¢,) of the parameter ¢ corresponds to the point 1 
and ¢ =- t, to the point B we have the relation 


ty 
| Pdr+Qdy+Rde= (PW), ¥O, x) 9 () + 
ARB to 


+FQO(P(E VC), LEY O+R(E(), MY, 4(D) x (Olde (4.36) 


which reduces the line integral of the second type to the definite 
integral. 

The expression P? cos « -:; Gcos fi j- cosy being the projec- 
tion of the vector F -= (2, YU, #) on the tangent line to the curve 
AB, we can write line integral (4.35), as in the case of a plane curve, 
in the form 


\ F.dl 

AB 
where /, designates the projection of F on the tangent. All the 
properties of the line integrals in the plane are automatically trans- 
ferred to the spatial case. In particular, line integral (4.35) changes 


its sign when the orientation of the path of integration is replaced 
by the opposite one, i.e. 


( Pdr+Qdy+Rdz=— ( Pdz+Qdy+ Rdz 
HA ¥ 


AB 


Accordingly, in the definite integral entering into the right-hand 
side of fyrmula (4.36), the lower limit of integration ¢ 9 should be 
understood as the value of the parameter ¢ corresponding to the 
initial point A of the curve AR and the unper Jimit 7, as the one 
corresponding to the terminal point & irrespective of which of the 
numbers fy and ¢, 1S greater. 


§ 3. GREEN'S FORMULA 


Ifere we shall establish so-called Green’s* formula which expresses 
a relationship belween a line integral! 


& Pdx+Qdy 
Cc 


taken along the boundary of a domain and a double integral over 
the domain. The formula is widely used in mathematical analysis 
as well as in its applications. Some of the applications will be con- 
sidered later. 


* Green, George (1793-1841), an English mathematician known for his 
results in the field of mathematical phvsics. 
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1. Derivation of Green's Formula. Let us first take a domain G. 
of a particularly simple form, bounded by piecewise smooth curves 


y= yi (Zz), y = yo (Zz), (Yo (%) S yy (2) (4.37) 
and by vertical line segments 
zr=a, x=b (b>a) (4.38) 


(see Fig. 4.7). We shall consider the boundary ABCDA of the domain 
as being positively oriented in the sense that when describing Ue 
contour the domain is kept always on the left (in the particular 


Fig. 4.7 


case of the domain G tlns means that the contour ts traced counter- 
clockwise). Let a function P (x, y) be delined and continuous 
throughout the domain G including its boundary and possess the 


: ; : ; OP. : 
continuous partial derivative 3, «1M this region. 


: ’ OP : 
Let us consider the double integral \{ og 2 dy which we shall 


try to transform into a Jine integral. Yo this end we reduce it to 


h Ls (x) 
the iterated integral | daz { = dy and perform the integration 
Wy (T) 


with respect to y. This yields 


b Ye (x) ap 
ee ¢c 
\ “” dxdy ~ \ dx \ 05 ay = 
G a vi (x) 
b 
a \ [P (2, yo (2) — P (a, YW (2) dz = 
: , 
=| P(x, 2 (2)) de— | P(e, n(x) de (4.38) 


Each of the last definite integrals can be regarded as a line inte- 
gral taken along the corresponding arc (see formula (4.27)), 
namely as 

b 


\ P(x, Yo (4)) dx = | P(x, y)dx= — { P(x, y)dz 
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and 
b 
—J P (zm (2))de=— | P(x, ude 
a AB 
Now adding the two line integrals 
P(z,y)dx and — { Pir, y)dz 
RC DA 


to the right-hand side of equality (4.39) and taking into account 
that both integrals are equal to zero (since dx=0 on the vertical 
line segments) we arrive at the relation 


\\ dr dy - — { Pdx— \ P dz— ( P dx— { Pdx 
G AB BC Ch) DA 
that is 
(| S-dzdy=— | Paz (4.40) 
"G ARCDA 


quality (4.40) has been proved for a domain of a special form 
bounded by the curves of types (4.37) and (4.38). But the formula 
can also be extended to an arbitrary domain which can be divided 
into a finite number of parts of this particular form. 

For, if a domain G with a boundary L is broken up into parts G,, 


pa 1. 2 2... m. such that. for each part, the relation 
. ? 
| { 2 dx dy = —| Pde 
Jd oY 
G Lj 


holds (where 1; is the houndary of G,) we can sum up these relations 
with respect to é from 4 lo rv and thus obtain the double integral 
taken over the whole domain G on the left-land side and the sum 
of the line integrals along the contours 4; on the right-hand side. 
But each contour ZL; consists of some ares of the boundary of the 
domain G and of some arcs of the auxiliary curves which divide 
the domain G into parts. Every arc of each auxiliary curve being 
a constituent of exactly two contours of the type 4£;, we thus see 
that the line integral over such an are is taken twice, the directions 
of integration being opposite (see Fig. 4.8). Therefore, when we add 
together integrals of the form 

| pdx 

L; 


the integrals taken over all the auxiliary ares mutually cancel out 
snd ohener only the integral along the buundary of Une dumain G 
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remains on the right-hand side. Thus, we obtain the equality 


Jf ay * drdy= = P dz (4.41) 


where £4 is the positively oriented* boundary of the domain G. 


a 


A Fo 


Let us now interchange the roles of the variables z and y and 
lake a domain G bounded by the horizontal line segments 


y=c yd (4.42) 


and by the curves 

z= 2, (y), © = 22 (y) St! 
shown in Fig. 4.9. Let the function @ (2, y) and its derivative 
vQ 
Ox 
dary). Taking the double integral 


\ \ mad dxdy 


» 


be delined and continuous in the domain G@ (including its boun- 


in the form 


ad x2(¥) 

\ v7 2 
dy \ +, ae 
c x1(y) 


and = performing the same calculations as in deducing formula 
(4.40) we receive the equality 


ff Aeara = {ody 
ABCDA 
analogous to (4.40) (with the only distinction that there is no minus 
sign on the right-hand side). Further, following the arguments 


* As has been mentioned, this means that the domain G ts always kept 
on the left of a person walking round the contour 4 in the chosen (positive) 
directinn af trocine fhe honndarv of G. 
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stinilar to the ones given above we tind that the relation 


\ § Sfdzdy=\ Ody (4.44) 
G L 


zt 


is true not only for the domains bounded by the curves of Ltypes 
(4.42) and (4.43) but also for the unions of a finite number of such 
domains. 

N domain G which can be divided into parts with boundaries 
of form (4.37), (4.38) and of form (4.42), (4.43) will be referred to, 
for brevity. as a simple domain. As has been shown, for a simple 
domain, relations (4.41) and (4.44) are fullilled. Subtracting (4.41) 
Irom (4.44) we derive the formula 


Pdz+Qdy= jj (22 — 2") axay (4.45) 


where the line integral is taken along the boundary / of the domain G 
in the positive direction. This very formula, which we set out to 
prove, is called Green’s formula. Thus, we can state the following 
result. 


Theorene 4.4. Let G be a simple domain and functions P (x, y) 
and QO (z, y) and their derivatives be defined and continuous on the 
closure of the domain G (i.e. on the union of G and its boundary). Then 
Green's formula (4.49) holds. 


Nolte 7. Vf the boundary Z of a domain G@ is compused of a lite 


number of separate contours the symbol P dx + Q dy should be 
L 
nuderstood as the sum of the integrals taken over all the contours 


—_—.——" 


Fig. 4.10 


the entire contour is formed of, and each contour is deseribed in the 
lireetion such that the domain G always remains on the Jeft of the 
contour (see Fig. 4.10). 


Note 2. (un deducing Green's formula we have supposed that the 
1Q 
Oz 
Linuous not only in the interior of the domain G but also on its 
heundary Rat ff trens out that tL is suficicut tu iitpusc Lhe camdl- 


are Con- 


d : : : : JP 
functions ? and Q and their partial derivatives iy anc 
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aP : 
tion that the derivatives aT and ae are continuous and bounded 


in the interior of the domain G. Indeed, take again a domain G 
bounded by curves y = y,(z), y = y2(x) and vertical line segments 
x: a,x = b (Fig. 4.7). Choose a sufliciently small number 6 > 0 
and consider the domain Gg bounded above and below by the curves 
y = yo(z)—6 and y = y,(z) + 6, reSpectively, and on the sides 
by the vertical line segments z =a + 6 and x = b — 6. For every 
sufficiently small 6 >> Q such a domain Gg exists and is strictly 
contained, together with its boundary, within G, and hence all the 
conditions for which the validity of equality (4.41) has been estab- 
lished are fulfilled for Gg. Therefore, 


OP ; 
\ \ an dxdy = — \ Pdx (4.46) 
5 i) 
Where L, is the boundary of the domain Gg. The difference between 
the area of the domain Gz and that of the domain G not exceeding 


the quantity /5 where 7 is the length of the boundary Z of the 
domain G, the integral on the left-hand side of relation (4.46) differs 


from 
\\ ap ts dy 
"G 


not more than by the quantity /647 where AJ is the supremum of 


OP! ._.. . = : ; ; 
Fa inside G. Furthermore, the function /’ (z, y) is contin: ous 


and therefore uniformly continuous and bounded in the closure 
of the domain G. It follows immediately that 


\ Pdro> \ Pdx  as&->0 


Le LL 


Ilence, we can pass to the limit in equality (4.46), for 6-0, and 
thus prove that the relation 


aP 
J \ Gy ardy = -$ Pdz 


is true for the domain shown in Fig. 4.7 and, consequently, it 
applies to any simple domain. The validity of the equality 


aQ 
\ (  dady = \ Ody 
G L 
is established in a similar wavy. 
It should be noted that the requirement that the derivatives 
OP 


0 . . ’ 
a and — are bounded in the domain G can be replaced by the 
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sis : oP 
condition that the integral { | (3° -<-) dxzdy (understood as a 
G - 
improper double integral in case the derivatives are unbounded 
exists. 


Note 3. Green’s formula has been proved here for the domai 
which we have agreed to call simple. All the polygonal! figures belon 
to this class of domains. Applying the technique of approximatin 
a curvilinear domain by polygonal figures we can easily prove the 
Green's formula is also valid for any domain bounded by a finit 
number of piecewise smooth curves. 


2. Application of Green’s Formula to Computing Areas. Green 
formula implies some useful formulas for computing the area ¢ 
a domain. 

Let G be a simple domain with a boundary 4 and Jet S be th 
area of the domain. Consider the lne integral 


| zay 


Applying Greei’s formula to the integral we obtain 
{ xdy= a) dzdy=S 
1. “G 
Next, we similarly derive the formutla 
S= — { yds 
L 


Combining these formulas we deduce another forniula for computin. 
areas in which the integrations with respeet to 2 and y are involve 
symmetrically **: 


on™ 
~~} 


1 
S=7 \ xdy —yadz (A. 
L 
Kranple. Compute the area of the domain bounded by the astroit 
x=acos tf, y--asinit 


* The nolieon of an improper integral will be discussed in Chapter 9. 
** It is apparent Lhat we can receive infinitely many fermulas of the forn 


Gree | Paz + Qdy 


L, 
To this end it is sufficient to take, for P and @, any two functions satisfying 


ne ad) IP 
the condition 4% ee {. 
ale Ou 


19 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


Solution. Applying formula (4.47) we obtain 


2x 
. { 3  ] - = > ° ° o 
Yas { xdy-—ydr=+a \ Sin7écos*¢t[cos*t :-sin*¢] dt = 
7 0 
. 20 
a 6 vis 3 2: 
=a | sin 2tdt = > xa 
0 


§ 4. CONDITIONS FOR A LINE INTEGRAL 
OF TH SECOND TYPE BEING PA'TTH-INDEPENDENT. 
INTFIEGRATING TOTAL DIFFERENTIALS 


1. Statement of the Problem. When studying the examples uf 
line integrals in § 2 we have noticed that in certain cases a fine 
integral 


\ Pdx-|-QGay 


AB 


is independent of the shape of the curve -18 and is determined only 
by the position of its end-points, that is assumes the same values 
for all the paths of inlegration joining the fixed points «i and J}. 
Here we are going lo establish the general conditions guaranteeing 
such independence of a line integral of the particular choice of the 
path, This question ts closely related to the problem of lindineg 
a function of two Ltudependent variables from its total differential 
which we are also coing to consider here. 


2. The Case of a Simply Connected Domain. We remind the reader 
(Sap Chapter A) tlosat sa plane reOwpeyty (qlomuvin) (rte said ta hoe simply 
coltnecied if each closed contour 4 lying in the interior of the domain 
hounds a (iinite) part of the plane entirely belonging to G. 

Theorent 4.5. Let functions P (a, y) and Q (x,y) and their partial 

: UF i d ; : 
derivatives a and se he defined and continuous in a bounded closed 
simply connected domain G. Then the following four conditions are 


equivalent to each other (in the sense that the validity of each con- 
dition implies the fulfilment of the other three): 


1. Phe integral 
< Pdz-|.Ody 


taken over an arbitrary closed contour lying within G is equal to Zero. 


2. The integral 


Pdz+Ody 
AR 
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is independent of the particular choice of the path of integration con- 
necting the points A and B (which are considered to be fized but can 
be chosen arbitrarily in the domain G). 

3. Phe expression P dx + Q dy is the total (exact) differential of 
a single-valued function defined on the domain G. 

4. The relation 


oP aQ 
roe Af, 
ay Or ( 1.45) 


holds everywhere in the domain G 


Proof. \NVe shall prove the theorem by following the logical scheme 


1—- 2->3- 4—> 1 


i.e. show that the hrst condition implies the second condition, the 
second implies the third one, the third impties the fourth and the 
fourth, in its turn, implies the first condition. Then the equivalence 
of all the four conditions will be established. 


D B 


(a) 2 —-+ 2. Take two arbitrary paths Iving in the domain G and 
connecting the points fl and &. say the paths .lCB and ADS shown 
in Fie. 4.11. Now consider the closed contour ACBDA composed 
of them. By the hypothesis. the integral taken along any closed 
contour is equal to zero and thus 


Pdz;@Qdy 0 


ACBDA 
But we have 


| Pdz+Qdy= \ Pdx+Qdy+- \ Pdz}Qdy= 
ACBDA ACR BDA 
— { Pdz+Qdy— | Pdzx-|- QO dy 
ACR ANB 
and consequently 
| Pdz+Qdy= | Pdse-Ody 
ACR ADB 
Flence the assertion “{— 2° has been proved.* 


* If the curves ACH and ADB have some points in common ather than 
A and B (see Figr, 4.12) the same result can be established by applying a little 
more complicated argument. 
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(b) 24 3. Let the integral Pdz+Qdy be independent 


AB 
of the path of integration. Then, if we fix the point A the integral 
can be regarded as a single-valued function of the coordinates xz 
and y of the point 2: 


) Padzx-Qdy= U (a, y) 
1B 
Let us show that the function C7 (x. y) is differentiable and that 
al] = Pdx }- Ody 


en 2 ° . P 3 é a7 
ro prove this it is sufficient to show that the derivatives ae 


a : : 
and — exist and are, respectively, equal to P(z, y) and Q(z, y).* 
Let us compute the limit 


Wtf ; aa ees ‘ —_ : 
- ia (cp Ax. uy) —U (x, y) 
= Ax—» 0 AX 


The quantity U (x 4+- Az, y) -- U (x. y) is equal to the integral 
of P dx + Ody taken along an arbitrary path connecting the points 


f ies Bray) 


por 
(TJ Al2.4y! 
Fig. 4.12 4 Fig. 4.13 7 z 


& 


(ir. yy and (x | Ax. y) sinee. by the lypothesis, the intecral does 
not depend on the shape of the curve joining the two points. Ilence,. 
we can take the path coinciding with the horizontal line segment 
BR, (Fig. 4.13). Therefore, applying the moan value theorem we 
receive 
~ = | Pdx 3-0 dy = =— \ P(x, y)da=- P(x + OAz, y) 
BB: a) 


XANAX 
m 


where 0 <N< 1. Consequently, we have 


J , 
ae lim P(r fOAxw, yu) P(x, y) 
cr, Ax-«f 


* As is well known, a function possessing continuous partial derivatives 
is differentiable. 
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; ba ; at : 
becuuse P(x, y) is continuous. The relation OTE G(x, y), is 
proved similarly. 


(c) 3— 4. If the expression ? dz + GQ dy is the total differential 
of a fuuction & Cc. yy) we have 


y , 
vu p wV a 
On > oy . 
Then the well known theorem asserting that the mixed deriva- 
: get’ a ; . 
lives —— and are equal when they are continuous implies 
Ory COOL - 
dO wl eu uP 
da Soy dy Gx soy 
u@ 


2 -e 
(d) 4-+ 1. Let the equality — == - be fulhtled and let 4 be an 


OL 

arbitrary closed contour lying in the domain G. The domain being 
(by the hypothesis) simply connected. the part of the plane bounded 
by the conlour 4 belongs to the domain G in which the functions 
Panud @ and their derivatives are defined and continuous, Therefore, 
by Green's formula, the line integral 


[ PdztQddy 
L 


can be transformed into the corresponding double integral 
: - 0 aP 
[ Pde Qdy— \ | ee -) dedy 
L ay 
where D ois the demain bounded by the contour ZL. By virtue of 
relation (4.48), the inlegral on the right-hand side is equal to zero. 
Consequently, we have 


\ Pdz-}+-Qdy 9 
f. 


for any closed contour 4 lying within G. The proof of the theorem 
has thus been completed. 


3. Reconstructing a Function from Its Total Differential. In proving 
Theorem 4.5 we have ineidentally solved the following problem 
(which will be again encountered in § 2, Sec. 4 of Chapter 6): given 
an expression 

P dx + O dy 


it is necessary to find a function whose total differential coincides 
with the expression. In this section we shall limit ourselves Lo the 

: ; ‘ : : n 
ease when the functions 2? and GO and their partial derivatives = 


t 


13-0824 
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dQ 
OX 
been proved, in these conditions, the expression ? dx — OG dy is 
the total differential of a funetion of two arguments if and only if 
the equality 


and are continuous Over a simply connected domair. G. As has 


| a dQ 
dys ax 


holds (see Theorem 4.5). 
Furthermore, in the same proof we have shown that if the above 
equality is fulilled the relation 
dO = Pdx+O0dy (4.49) 
is satisfied by the function 
(x,y) 
U(z,y)= \ Pdz+Qdy 
(x0. Vo) 
Finally, the formula of finite increments (e.g. see [8], Chapter 8, 


Pd 
(EH) 
(ZY) (ry) 
SD 


$Y) suggests that two fuaclions having the same total differential 
may only differ by a constant term. Consequently, the formula 


(x, i) 
U (2, y) = \ P dzx-Qdy—C (4.50) 


(Xn, ta) 


where (to, Yo) iS a fixed point and C is an arbitrary constant des- 
cribes a one-parameter family of functions which contains all the 
functions satisfying condition (4.49). The integral entering into 
equality (4.50) being path-independent, we can take at pleasure the 
curve connecting the points (2), yy) and (z, y). For example, it is 
convenient to choose, as the path of integration, the broken line 
composed of the horizontal and the vertical line segments shown 
in Fig. 4.14.* When the path of integration is chosen in this way 
equality (4.50) takes the form 


(X, Yo) (x. 4) 
U(ry)-- | rdet | Gaye 
(xy, 40) (X. 40) 


* Provided the seaments belong to the somain (. 
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The initial point (z», Ya) can be arbitrarily taken within the domain 
in which the functions /? and QO are defined. A change of the position 
of the point (%y. Yo) iS obviously equivalent to a variation of the 
value of the arbitrary constant C. 

Practically, to determine a function from its total differential 
it is convenient to apply tbe following technique. ]f we have 


=P, = (4.51) 


then, integrating the first equalily with respect to z and considering 
the variable y entering into it to be a parameter, we obtain 


U (xz. y)= \ Pdr+f (4.52) 


where /, is independent of x (but, generally speaking, may depend 
on y, i.e. f; =f, (y)). Further, integrating the second equality (4.51) 
with respect to y while z, in Its turn, is regarded as a parameter, 
we receive 


U (z,y)= { Q dy +- fo (4.53) 


where fo = fo (rz). H we now match the functions f, (y) and f, (z) 
in such a way that the right-hand sides of relations (4.52) and (4.53) 
coincide this will result in a function whose total differential 
is equal to the expression /?? dz + @ ay. 


Ezample. Let 
dU) = (2ry + 1) dx 4- (#7? + 3y*) dy 
Integrating the coeflhicient in dx with respect to z we derive 


\ (2ry |-1)dz=x*y -| e-f,(y) (4.94) 
The integration of the coefficient in dy with respect to y results in 
f (2? | By?) dy -- ay + y+ fe (2) (4.55) 


The right-hand sides of equalities (4.54) and (4.55) coincide if we 
put 
Ady =yaC and fe(x7)=2r4+C 
Thus, we see that 
C= xeytrty+ec 
A, Vine Integrals in a Multiply Connected Domain. In the procf 
of Theorem 4.5 we have taken advantage of the fact that the domain 


G has been supposed to be simply connected when, on the basis of 
the condition 


= — (4.06) 


13* 


196 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


we have established the validity of the equality 


. Pdx--Ody =0 (4.097) 
L 


for any closed contour Z lying in CG. 

Now we shall consider a simple exainple indicating that, gene- 
rally speaking. equality (4.57) is not implied by condition (4.56) 
in the case of a imultiply connected domain. Let 

—1 e ~ 
J = \ Pre era er dy (4.58) 
The integrand does not make sense at the point (0. O) and therefore 
we shall delete a neighbourhood of the origin of coordinates. In 
the plane with the neighbourhood deleted (his plane is new an 
infinite multiply connected domain) the coefficients in dz and dy 
are continuous and possess continuous partial derivatives. Besides, 


we lave 
7 (ase) = ae (SS) 
OY ere ae xt -j-y? 


But integral (4.58) taken along a clused contour turns out to be 
different from zere in the general case. For instance, if C is the 
circle determined by the equations 


r— cost, y= sin? 
we obtain 
a 
7 — i/ f° : rs :, 
f= —, dx -- —— dy == \ dt.- 2x (4.09) 
ch Ghee a a ; 
Cc 0) 


Now let us investigate the general properties of an integral 
\ Pidic-n-Ody 


in case the functions P and @ satisfy the condilion* 


AP ag 
Oy AY 


hut the domain G they are defined in is mulliply connected. For 
definiteness, let us take the domain G depicted in Fig. 4.15, i.e. 
the one having three “holes”, “lacunas”, G,. Go and G3. Let us first 
consider a closed contour Z which does not contain any lacuna inside 
it. Then we can apply Green’s formala to the integral taken over 


such a contour and thus we see that the integral is equal to zero. 


ap 10 


‘ € . 
* As before, we suppose that the finetions P.O, and — ire continuous 
uy dz 


in om haracle tl elacad peonajpr © 
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Now let Z, be a contour enveloping one of the Jacunas. say the 
lacuna G, (and not containing the other lacunas). Green's formula 
is no longer applicable to this case and, generally speaking, the 
integral taken over such a contour is not equal to zero (see the 
above example). 

Let us show that the value of this integral is independent of the 
particular choice of such a contour containing the lacuna. Let Ly 


yf i sly 
7 WY LLG LZ 
Ws ‘w 
oa Po 
eo Z 
a 
Z -, 
V2 
” by 
‘4 ie 
“T, 4 
1, pf f 
Fig. 4.19 YW Zz 


and Lj be two such contours. Connecting them by an auxiliary curve 
(ab) we obtain the contour 


(ab) + £., +- (ba) — Ly (4.60) 
where the minus sign in front of 4, means that the contour is tra- 
versed in the negative direction. Contour (4.60) envelopes no lacunas 
and hence the integral over it is equal to zero. But the integrals 


taken along (ab) and (ba) are equal in their absolute values and 
have the oppousile sipos. Thus we obtain 


| Pdz+ Qdy . \ P dx-+-Ody =0 
Lg —Li 


that is 
\ Pdzxj-Gdy — | Pdx-; Qdy 
Li ie 
Consequently. each lacuna G; (@@ = 1, 2, 3) in the domain G 
can be characterized by a certain number w;, namely by the value 
of the line integral & P dx — O dy taken round an arbitrary closed 


@ 
contour containing the lacuna inside it and not enveloping any 
other lacuna. Now we can put down the general expression for the 


integral} P dz + Ody taken over an arbitrary closed contour ZL 


lving in G. Suppose the contour 4 passes around the first lacuna A, 
times, around the second lacuna Ao times and areund the third one 
Avg times. Ilere, for A; (i <= 1, 2. 3) we cach time take into account 
the direction in which the moving point of the curve L passes around 
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the ith lacuna. and thus every number 4; is understood as an algeb- 
raic sum equal to the difference between the number of times the 
contour passes around the lacuna in the counterclockwise direction 
and the number of times it passes around it in the clockwise direc- 
tion. Then we obviously have 


& P dz —- () dy = Or + hioWe + eWs 
L 


If we make the cuts 7. J? and /FI, shown in Fig. 4.16, in the 
domain G we obtain a siinply connected domain in which we can 
construct the single-valued function 


(x, y) 
U (x,y) = \ Pdx+Qdy (4.61) 

(xo, Yo) 
But, according to what has been said above, the values of the func- 
tion differ, on the opposite edges of the slit 7, by the quantity ay, 


if 


Fig. 4.16 ii aaa 


on the edges of the slit JZ by wm. and on the edges of /// by ws. If 
we do not make Ue culs expression (4.61) again represents a fune- 
tion whose total differential is equal to P dx + Q@ dy but in this 
case the function is multiple-valued. Its values, at a fixed point, 
corresponding to the contours passing around the lacunas several 
times differ from each other by terms of the form 


ky - owe + 304 


where the numbers k;, ky and &3 can be arbitrary integers (positive. 
negative or zero).* 

It appears clear that all that has been said here is automatically 
extended to the general case of an arbitrary number of lacunas. 


* It may turn out, of course, that all the numbers w, are equal to zero in 
(x, ») 


a particular case. Then the function U (7, y) = \ P dz + OQ dy is single 


(Xq, yo) o- 
valued even when the cuts are not made. and all the assertions of Theorem 4.5 


RAM NTN F rewn for cent ”~ moeultint 5” rPauvnoariad damain 
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Surface 
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Integrals 


In some physical problems we encounter functions defined on 
various surfaces. Iibxamples of such functions are the density of 
a charge distribution over the surface of a conductor, the intensity 
of illumination of a surface. the velocity of the particles of a fluid 
passing through a surface and the like. The present chapter is devoted 
10 studying integrals of functions defined on surfaces, the so-called 
surface integrals, and some of their applications. 

The theory of surface integrals is in many respects analogous to 
tle theory of line integrals presented in the foregoing chapter. In 
particular. we shall distinguish between the surface integrals of the 
first and the second types. 

When introducing the definition of a surface integral we shall use 
some notions concerning surfaces which were «discussed in §§ 3 
and 4 of Chapter 3 and, particularly, the notion of area of a cur- 
vilinear surface. 


$s 1. SURFACE INTEGRAL 
OF Title FIRST TYPE 


1. Definition of Surface Integral of a Scalar Function. Let > 
he a piecewise smooth surface bounded by a piecewise smooth con- 
tour L.* Consider a bounded function f (47) defined at the points 
of the surface. Break up the surface 2% into parts 2,, Be, ..., 3, 
(Fig. 5.4) by means of piecewise smooth curves and denote the areas 
of the parts as o; @ := 1, 2, ..., vm). Next we choose a point M, 
in each part 2; and form the sum 


T ast? {(M1) o¢ (5.1) 


which will be referred to as an integral sum corresponding to the 
function f (AY) (for the partition {2,) (i = 4, 2, ..., ”) of the 
surface X and for the given choree of the points 47;). 


———e re, 


* In particular, the surface XS may be closed and have no boundary. 
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We introduce the following 


Definition. If the integral sums T tend taa finite limit as the 
maximal of the diameters of the parts X; of the surface & tends to 
zero the limit is called the surface integral of the first type 
of the franetion f (ALI) over the surface = and is denoted by 
the symbol 


\ ( f (AD do (5.2) 
=z 


The moving point AY on the surface © can be determined by 
its Cartesian coordinates zx, y and z. Therefore a function f (Af) defined 
on & will also be designated as f (x, y, 2) and the corresponding 


surface integral as {| f(z, y, 2) do. But when using the last 
= 


Fig. 5.1 fn 


notation one should bear in mind that the variables z, y and z are 
not independent here but connected by the condition that the point 
(x, y, 2) belongs to the surface 2. 


2. Reducing Surface Integral to Double Integral. We have for- 
mulated the delinition of the surface integral of the first type and 
now we are going to discuss the conditions for its existence and the 
methods of its practical computation. 

Both questions are easily answered if we reduce the surface inle- 
eral to the double integral. 

To begin with, we take the simplest case when the surface in 
question is represented by an equation in Cartesian coordinates. 


Theorem 3.1. Let & be a smooth surface determined by an equation 
z= z(z, y), (2, y) CD, where D is a bounded closed dumain, and 
let f (x, y, 2) be @ bounded function defined on the surface 2. Then 
we have the relation 


\ | fey 2ddo= JV fey ale, wy VT Pe rafdedy (3.3) 
>» D 
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provided thal the integrals entering into it exist. The surface integral 
on the left-hand side of equality (5.3) exists if the double integral on 
the right-hand side does. 


Proof. Divide the surface = into n parts Z; (i = 1. 2, ..., n) 
by means of piecewise smooth curves. Projecting this partition on 


CEL 
Ko 


Fig, 5.2 


the z, y-plane we obtain a partition of the domain D into squarable 
parts D; (see Fig. 5.2) in which the diameter of each clement D; 
(= 1, 2, ..., m) does not exceed the diameter of the correspon- 
ding element =; of the surface 2. 

Consider an integral sum 


T= p: f (xi, Ysr 22) Gi: (5.4) 
{i= 
associated with the surface integral \\ fe y, z)do. The area o; 


of the element %; can be written iu the form 


6; = [ 4 23? + 2)? dx dy 
D; 
where z = z (z, y). Now taking advantage of the mean value theo. 
rem for the double integral of a continuous function* we rewrile 
the formula for o,; as 
op=V t+ 22 (2h, yf) + 27 (zt, y3) Si 

where (z?, yj) is a potnt belonging to the domain D; and S; is the 
area of the domain. Consequently, integral sum (5.4) can be put 
down in the form 


P= Dif (te, yer 2(ta ya) V1 bas (at, yt) Far (2, yt) Si 5.4’) 


* The surface z = z (rz, y) is supposed to be smooth and hence the expres 
sion VW1 + 222 (z, y) + 27 (x, y) is a continuous function. 
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Compare this sum with the integral sum 


T= (zis yi, Z(2i, YD) V A 22 (a, yD +27 (zi, yd) Si (5-5) 


corresponding to the double integral on the right-hand side of equality 
(5.3) (associated with the partition, of the domain D, generated 
by projecting the partition {2;} of the surface 3). 

The only distinction between the sums (5.4’) and (5.5) is that in 
each summand entering into (5.5) the values of the function f and 
of the expression Vi + 2; + 2;° are taken at the same point (z,, Y;) 
arbitrarily chosen within the clement D, whereas in (5.4’) the values 
of Wize? + zy are taken at the point (zf, y#) whose position 
is preassigned by the mean value theorem. Therefore, in the general 
casc, the point (zf, y¥) does not coincide with the point (z;, y,) 
although it belongs to the same element D,. 

The function V1 + 22 + zi? is continuous in the bounded closed 
domain D and hence it is uniformly continuous there. Consequently, 
given any e« >>Q, there is 5, 0 such that 


[V4 22 (ay, yt) +237 (ti, yO—V 14 22 (af, yf) +25 (28, oD l<e 
(5.6) 


if the maximal of the diameters of the subdomains D; is less than 
5,. By the hypothesis, the function f (z, y, z) is bounded, i.e. 


lf, vy, 2) |< A = const 


aud therefore relation (5.6) implies the inequality 


Tr 
| 7 —T\=| a f(z, yo 2(ti, yd) LV 1+ 22 (a7, uF) 4-27 (a7, uF) — 


—V1422 (zi, ya) +27 (xi, ya) Si |< Ke ou Si= Kes (9.1) 


where S is the area of the domain D. 

Now we can easily complete the proof of the theorem. If the inte- 
gral on the right-hand side of (5.3) exists, for every ¢ > O there is 
5. >> 0 such that for any sum 7 corresponding to a partition {D,} 
of the domain D whose elements are of diameters less than 6, we 
have the inequality 


| \ \ f(x,y, 2(x, uy) V1+ 23 (z, y) +27 (x, y)dzdy—Tl<e = (5.8) 
D 


Let us take the number 6 = min (6,, 5.) and consider the partitions 
{X;} of the surface 2% for which the diameters of all the elements 2; 
are less than 6. Denote by {D;} the partitions of the domain D 
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corresponding to {2;}. Then the diameter of each D, is less than 6 
and consequently inequalities (5.7) and (5.8) are fulfilled. The ine- 
qualities imply that 


L) fz. ys ele) VIS Be Wt ev) dx dy —T |< (14 KS) 
D 


for every partition of the surface & whose fineness is small enough. 
It follows that the limit of the integral sums 7 exists and equals 
the integral entering into the right-hand side of relation (5.3), and 
hence the theorem has been proved. 


Corolliury. If the surface = is smooth and the function f (zx, y, 2) 
is continuous the integral 


{re y, z) do 


ad 


is sure to exist. 
For, in this case we have a double integral of a continuous func- 


tion on the right-hand side of equality (5.3) which exists and thus 
the surface integral on the left-hand side also exists. 


Note 7. We have 


2 z= 1 
Vita t = cy 


(see § 3, Sec. 6 in Chapter 3) and therefore equality (5.3) can be 
rewritten as 
dx _ drdy © 


Jie, y, 2) do= JJ re, yz(z ym 5.9) 


If a surface = is represented by an equation 
le 2 (y, z) 
we can interchange the roles of the variables z, y and z and write 


the relation 
dy dz 


(Vi@uyaddo=|View2y.o QS 6.99 
<= t 
where D, is the projection of the surface 2 on the y, z-plane. Simi- 
larly, in the case of a surface 2 defined by an equation 
y=y (z, z) 
we have the equality 
dz dx 


yr Z,Yy,2z)do= : { f(z, y (2, x), z) ——-—— as in) (9.95) 


where JJ. is the nroiection of . an the 2. 7 planc. 


204 MULTIVLE INTEGRALS, FIELD THEORY AND SERIES 


Note 2. Suppose a surface 2 is composed of several parts eaclr 
of which can be represented by an equation of the form 


z-=-az(y, 2), yoys, x) or 2 =2 (2, y) 


Then we can take advantage of the fact that the surface integral 
over £ is equal to the sum of the integrals taken over the parts the 
original surface is formed of and apply formulas (5.9). (5.9,) or 
(9.94) to each of the integrals separately and thus reduce the integral 
over * to the sum of the double integrals. 

In case a surface is represented by parametric equations we can 
apply arguments essentially the same as above and thus prove the 
following result. 


Theorem 5.t. Let © be a smooth surface represented by a (vector) 
parametric equation 


r=r(u, v) 


and f(z, y, z) a@ bounded function defined on the surface. Then we 
have the relation 


\ \ fe, y, 2)do = 


~~ 


=f fe Qos rev), 2(0.0) Venta a dude (5.10) 
"Dp 


provided that the integrals in (5.10) exist. The surface trtegral on the 
right-hand side exists if the double integral on the left-hand side does. 


Ilere D is the range of the parameters u, tv and gi), S12. G22 are 
the fundamental coefficients of the first order of the surface X (see 
$4, Sec. 1 in Chapter 3). The expression V g.;f-. — #7, du dv is an 
element of surface area in the curvilinear coordinates u, v. 

Heuce, formula (5.10) means that in order to write a surface 
Integral \ f(z, y, 2) do, taken over a surface X which is deter- 

as 
mined by an equation r = r (vw, v), in the form of a double integral 
we must replace the Carlesian coordinates z, y and z of the points 
of the surface by their expressions in terms of the curvilinear coor- 
dinates w and v and substitute the above expression of an element 
of surface area for do. 

Formula (3.3) and formulas (5.9), (5.9,) and (5.9.) are obviously 
special cases of general formula (5.10). [t can be easily shown that 
these formulas are also valid when the surface is not sinooth but 
piecewise smooth. 


>. Some Applications of Surface Integrals to Mechanics. Surface 
integrals of the first type are frequenlly encountered in’ plrysical 
problems. For instance, this is the case when we deal with wa mass 
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distribution over a surface and find the coordinates of its centre 
gravily, moments of inertia etc. The corresponding formulas ai 
derived by essentially the same methods as those applied to studyin 
mass distributions over a plane figure or along a curve (st 
Secs. 3-5, § 4 in Chapter 1 and Sec. 3. § 1 in Chapter 4) and Ltherefoi 
we shall only present the final results and leave the computatiol 
to the reader. 

et a mass of areal density op (z, y, z) be distributed over a su 
face X which is smooth or piecewise smooth. We shall suppo: 
that the function 9 (z, uv, 2) is continuous on * and refer to suc 
a surface. for brevity, as a material surface. Then we have the folloy 
ing results. 

(1) The mass pv of the material surface X is equal to 


Lt — \ | (xr, y,s)doa 


- 


(2) The coordinates of the centre of gravity of the material surfac 
are expressed by the formulas 


\{ zp (ry, 2) do \{ vp (ry, 5) do iC sp (rey. 2) do 


~ % 
Yo = nie 


| {\ O(r, y, z)da - \\ O(r, y. 2) da 
= v 


te 2” a 
\\ ep(e. y, 2) da 
m= 


ed 


In particular, for a homogeneous surface (with p = const) we ha‘ 


{{ ao \\ ydo \ \ sdo 
> a a = 
wep ae BGs Tae 


(3) The moment of inertia of the surface X% about the z-axis 
equal to 


\ \ (x? -Ly*)o (x, y, 2) do 


y¥ 


and the moments of inertia about the other two axes are expressc 
simtlarly. 


4%. Surface Integral of a Vector Function. General Concept | 
Surface Integral of the First Type. We have considered surfa 
integrals of scalar functions. This notion can he easily generalize 
to the vector functions. Let 


EP (M) = Pi + OF + Lk 
be a vector function defined on a suriace 3S. Let us introduce 
integral of such a function over the surface X by putting 


\ J Fondo =i \{ P(uyds | \{oundo tk | { Rando 


< fw 
= . 
ap y—" ‘ian 


(A 
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iexpression (5.11) will be called the surface integral of the first 
type of the vector funelion F over the surface 2. The value of such 
an integral is a vector. The question of existence of a surface integral 
of the first type of a vector function F, the problem of reducing it 
lo a double integral and the properties of the integral are investi- 
gated on the basis of the corresponding facts concerning the integrals 
of the scalar functions ?, @ and /? which are the components (coor- 
dinates) of the vector I. 

To illustrate the application of this notion let us find the force 
of gravitational attraction with which a material surface attracts 
a material point. 

Let p (x, y, z) be the density of mass distribution over a surface 
= and my be a mass concentrated ata point (Zo, Yo, 29) Not belonging 


to the surface. An element of area do carries the elementary mass 
o (x, y, 2) do and, by Newton's law of gravitation, the elementary 
force with which it atlracts the mass point mg is equal to 


di = -ymop (z, Y, 3) = da (9.12) 


Ilere y is the constant of gravilation whose numerical value depends 
on the choice of the system of units and ris the vector drawu from 
the point (79, Yy-. Zo) to the point (z, y, z) (Fig. 5.3). The resultant 
furce F of attraction of the material point im, by the entire surface & 
is equal to Lhe sum of elementary forces (9.12), that is to the surface 
integral 


yittg \ \ O(c, yy Z) — do 


L Sa 


a | 
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Since we have r=(zr—2>)i j- (y—yy) J -+ (2 — 29) k, the expression 
of the force can be written in the form 


— \ J o(z, y, 2) = do — 


i \Je@: y, z) YoYo 2 Ho do -: | Jou. y, =) = — 72 do | 


ae 


The last integral is sure to exist if the surface = is smooth or piece- 
wise smooth and the surface density po (z, y, 2) is a continuous 
function on 2. 

An essential feature of the surface integrals of the first type is 
that each element of integration of the form 


} (17) dg 


depends solely on the magnitude of the element of area do and on 
the value of the function f (A7) (which may be scalar or vector) at 
the corresponding point AY but is independent of the orientation 
of the surface element do in the surrounding space. This is the case 
in the physical problems we have considered here because the mass 
of an element of a material surface at a point M or the force with 
which the element attracts a material point does not vary if we 
arbitrarily turn the clement about the point .W. 

Rut there are problems of another kind in which the orientation 
of the element do plays an important role. Such is the problem (to 
be considered below) of computing the amount of liquid passing 
through a surface in unit time and some others. These problems 
lead to another concept of a surface integral, namely to the so-called 
surface integral of the second type which we shall deal with in $§ 2. 
As will be shown, there are simple formulas expressing the rela- 
tionship between the surface integrals of the first and the second 


Lypes. 


§ 2. SURFACE INTEGRAL OF THE SECOND TYPE 


{. One-Sided and Two-Sided Surfaees. To give the definition of 
the surface integral of the second type we must first discuss the 
question of choosing a side of a surface which is analogous to tlie 
problem of introducing an orientation of a curve. 

Let 2 be a smooth surface. ‘Take an interior point AJ, on Y. draw 
the normal line to the surface at the point and choose one of the two 
possible directions on the normal. This can be achieved by fixing 
a certain unit normal vector n to 2% at the point Af, ,. Next we con- 
sider an arbitrary closed contour C lying on the surface > which 
passes through the point 417, and has no points in common with 
the boundary of the surface. Imagine that we are carrving the unit 
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vector n along C (starting from the point |Z) in such a way that 
the vector always remains perpendicular to ZX, i.e. perpen- 
dicular to the tangent plane drawn to the surface through the origin 
of n (which lies on 2 all the time), and so that the directiou 
of n continuously varies in this motion. The vector n always 
remaining normal to the surface <, there are only two possibilities 
here: (1) after the contour C has been traversed and the moving 
point (the origin of n) has returned to the point A/g the new position 
of the vector n coincides with the original one; (2) after the contour 
C has been traversed the vector n changes its direction to the oppo- 
site. Accordingly, we introduce the following 


Definition. Al smooth surface % is said ta be teea-sided if after 
an arbitrary contour. lying on the surfuce X% and having no common 
points with its boundary. kus been described the normal vector to the 
surface daes nol change its direction. 

{f there is a closed contour such that after it has been traversed the 
normal vector changes ils direction to the opposite the surface is called 
one-sided. 


If & is a two-sided surface we can choose a unit normal vector 
n(.\/) at each point V7 of the surface so that n(1/) continuously 
depends on the point AZ. To construct such a vector function 
n(A7) we can choose an initial point Afy on X= and one of the two 
possible directions of the normal vectors n(.V/J,) at the point. Then 
we take an arbitrary point AZ on X%, connect it with 9 by a curve 
lying on % and carry over the vector n along /, from MM, to M 
so that it always remains normal to the surface and its direc- 
lion continuously varies in this motion on. The vector n(C.W) 
at the point AZ thus obtained is independent of the choice of the 
curve £ joining the points Af, and Af. For, if two different curves 
L, and Ls yielded different results we should have formed a closed 
coutour consisting of the curves £, and Le, and thus obtained a closed 
path C lving on & such that after C has been traversed the direction 
of the normal vector is reversed. But this means that the surface 
is not two-sided which contradicts the hypothesis. 

Jt clearly follows that, on a two-sided surface 2, there exist 
exacily two functions of the type n(.W) continuous throughout 2. 
Indeed, each function is completely specified by choosing one of the 
two possible directions of the normal at an arbitrary initial point 
on the surface. A function n(Af) of this kind will be referred to as 
a continuous field of normals on “. In the case of a one-sided surface 
iL is obviously impossible to construct any continuous field of nor- 
mals. 

When we choose one of the two possible continuous fields of nor- 
mals on a two-sided surface © we thus choose a certain side of the 
surface (which is seen from the tip of the normal vector). 
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ram ples 

1. A plane is a simple example of a two-sided surface. Any part 
of a plane, e.g. a circle, is also a two-sided surface. 

2. Every smooth surface determined by an cquation z = f (z, y) 
is two-sided. In fact, if, at each point of the surface, we take the 


ig. a4 


normal vector whose direction forms an acule angle with the posi- 
tive half-axis z we obtain one (upper) side of the surface, and the 
olher (lower) side if the orientation of the normal vector is reversed 
(Fig. 5.4). 

3. Any closed surface without self-intersections is two-sided, 
e.g. a sphere, an ellipsoid etc. For instance, if we take, at each point 


2 A 
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of such a surface, the normal vector directed toward the interior 
of the solid bounded by the surface we thus indicate the inner side 
of the surface. 

4. The so-called Mobius* strip depicted in Fig. 5.5 is the simplest 
example of a one-sided surface. Jt can be obtained by taking a rec- 
tangular strip of paper ABCD (Tig. 0.6a) and pasting its twe ends 
together after giving it half a twist, lc. so that the point 4 
coincides with the point C and the point #£ with the point 
(ig. 5.60). 1t is easily seen that after we traverse the centre line 
of the \Mébius strip the direction of the normal to the surface is 
reversed. which means that the surface is in facl one-sided. 


* Mobius, Anenet Ferdinand (790 1863), a Geiuwai miatuematicun. 


14—082% 
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Note f. The two-sided surfaces are also called orientable and 
the process of choosing a certain side of a two-sided surface is referred 
{fo as the orientation of the surface. The one-sided surfaces are said 
to be nonorientable. 

The reader should distinguish between the terms “an orientable 
surface” (which means that an orientation can be introduced on ik, 
i.e. a certain side of the surface can he chosen) and “an oriented 
surface” for which a certain side has already been chosen. 


Note 2. In contrast to the so-called local properties, such as smooth- 
ness of a surface, which are determined by the conditions thal may 


or may not hold at Separate points of a surface, the orientability 
(or nonorientability) of a surface is a global property characterizing 
the surface as a whole. Indeed, a sufficiently sinall neighbourhood 
of an interior point of the Mobius strip (or any other surface) proves 
orientable. In such a neighbourhood it is always possible to con- 
struct a continuous held of normals although there exists no such 
a field on the entire Mobius strip. 

The concept of a side of a surface is closely related to the notion 
of a coherently (canecordanlly) oriented boundary of the surface 
Which we shall need Jater.* 

fet 2 be an oriented surface bounded by a single or several con- 
tours. We introduce, for each contour 4 entering into the boundary, 
ils orientation (coherent with the orientation of the surface 2X) 
according to the following rule: a direction in which the contour ZL 
is described is considered to be positive (i.c. coherent with the 
orientation of %) if the surface = is always kept on the left of a 


* This relationship is dependent on whether the coordinate systein taken 
in the three-dimensional space is right-handed or left handed. In what follows 
we shall alwavs choose a right-handed coordinate svstem. 
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person who is placed on the surface so that the normal vector goes 
from his feet to his head and who is walking round the contour in 
this direction (see Fig. 5.7). The opposite direction is referred to as 
the negative one. 

If Lis an arbitrary closed contour bounding a part of an oriented 
surface 2 the positive direction of traversing the contour, coherent 
with the orientation of the surface 2, is again chosen in such a way 


Fig. 5.8 Fiy. 5.9 

that this part of the surface (it is shaded in Fig. 5.8) remains 
on the left.* Jf an oriented plane is taken as 2 the definition of 
a contour coherently oriented with a surface reduces to the well 
known rule according to which a contour in the plane is regarded as 
heinge positively oriented if it is described in the counterclockwise 
direction and negatively oriented if otherwise. 


Note >. The rule specifying the coherence between the orientations 
of a surface 2 and of a contour /Z entering into the boundary of the 
surface can also be formulated as follows: let n be the unit normal 
vector to the chosen side of the surface = at. a point 1/7 belonging 
to L. and Jet v be a vector which is perpendicular both to £ and 
to n and directed toward the surface 2. Then the positive direction 
of traversing the contour / coincides with that of the vector [v, n]** 
(see Fig. 5.9). 


2. Definition of Surface Integral of the Seeond Type. Let us first 
consider a concrete problem involving the notion of a surface inte- 
gral of the second type, namely the problem of computing the flux 
of a liquid through a surface. 

Let the space (or its part) be filled with a moving liquid (Nuid), 
the velocity of a particle of the liquid passing through an arbitrary 


* If we take a left-handed coordinate system the rule changes to the appo. 
site, that is the positive direction of tracing a contour “ lying on a surface & 
is such that the part of the surface X bounded by 4 remains on the right. 

** This rule holds irrespective of whether a right-handed or a left-handed 
coordinate system has been chosen in the space. The directions of the vectors 
noand v are independent of the choice of the coordinate system whereas the 
vector product [v, al changes its direction to the oppasite when a right-handed 
system is replaced by a left-handed ane or view vere 
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point (z, y, 2) being specihed by a vector V (zx, y, 2) with projec- 
tions (components) P = P (z, y, z2), QV = Q(z, y, 2) and R -= 
= f(z, y, 2) on the coordinate axes x, y and z. Let us find the 
—. If of liquid passing in unit time through an oriented sur- 
ace a. 

Consider an infinitesimal element of area do of the surface 2%. 
The quantity of liquid passing through do in unit time is obviously 
equal to dil = V, do where V,, is the projection of the velocity V 
on the direction of the normal! n to do (Fig. 5.10). Expressing 
V, as the scalar product of the vector V by the normal vector n to 
do we obtain 


dil = [P cos (n, z) + (cos (n, y) -+ Rcos (n, z)} do (5.13) 
Formula (5.13) gives an elementary flux of liquid. To obtain 


Pig. 3.10 


the resultant flux, i-e. the amount of liquid flowing through the 
whole surface 2 in unit time, we must sum up expressions (0.13) 
over all the elements do, that is take the integral 


i— { [ [P cos(n, r)+ Ucos(n, y)- AWcos(n, 2)] do 


According to the definition given in § 1, this is nothing but the 
surface integral of the first type of the function 


P cos (n, z) + Qcos (n, y) + A cos (n, 2) 


taken over the surface >. But an important thing is that here the 
integrand depends not only on the vector function (P, @, /) defined 
over the surface © but also on the direction of the normal at each 
point of the surface. 

Now we proceed to formulate the general definition. Let 2% be 
2 smooth Lwo-sided surface. Fix a certain side of the surface (that 
is choose one of the two possible fields of normals n(j/7)) and con- 
sider a vector function A = (/, VU, /?) defined on 2». Let us denote 
by A, the projection of the vector A on the direction of the normal n 
to the surface at an arbitrary point (z, y, 2). The projection can 
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be written in the form 
A, = P cos (n, xz) + Q cos (n, y) + Roos (n, 2) 


where cos (n, z), cos (mn, y) and cos (n, z) are the cosines of the 

angles between the direction of the normal and the directions o 

the coordinate axes, i.e. the components of the unit normal vector n 
The integral 


\ \ (Pcos(n, r)+ GUcos(n,y) cos (n, s)| do (5.14 


will be called the surface integral of the second type of the vecto 
function A = (7, Q, A) over the surface = (or, strictly speaking 
over the chosen side of the surface ©) and will be denoted as 


\ | Payd2+ Qdzde+ Rdedy 


Thus, by definition, we have the relation 


\ | Pdyds+Qdedx+ Rdady 


sa \ \ sie (n, 2) -+ QGcos(n. y) + PR cos(n, z2)| do (O.do 


 ) 


-_ 


lf we pass to the integration over the other side of the surfac 
the components of the unil normal vector change their signs to th 
opposite and hence we have the same for integral (5.14). Ut shoul: 
be noted that for a one-sided surface the notion ol a surface integra 
of the second type is not introduced. 

To achieve the generality guaranteeing the possibility of applying 
the notion of a surface integral of the second type to a wide variet: 
of problems it is advisable to include the integrals over the surface 
having self-intersections (an analogous siltualion was encounterer 
in the theory of line integrals). 


Note 1. 1£ do is an infinitesimal element of area of a surface & 
the expressions 


cos (n, z) do, cos(n, y)do and_ cos (n, 2) do 


are, respectively, the projections of the clement du on the y. 2- 


zs, z- and x, y-planes (see Fig. 5.41). This is why we denote then 
as dy dz, dz dx and dz dy. 


Note 2. We have defined the surface integral of the second typ. 
on the basis of the notion of the surface integral of the first type 
But the surface integral of the second type can also be defined directl: 
by means of the corresponding integral sums, which is performe: 
as follows. 
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For brevity, let us consider only one of the projections of a con- 
tinuous vector function (?, Q@, F), say AR. Take an oriented smooth 
surface £ and form a partition of the surface into parts 2;. Choosing 
an arbitrary point (z;, y;, 2;) in each part we compose the integral 
sum 

PZ! 
pa (zis Yis 3i) Si (3.16) 


I= 


where S; is the area of the projection of 2; on the z, y-plane taken 
with the sign — if, at the points belonging to 2;. the normal to 
Ihe surface forms an acute angle with the positive direction of the 


do ¢0s(M,.x) 


ae COsiny, 


Lf 
} | 
Wy cos(n,2) 
xz 


Vig. 3.11 Fig. 5.42 


Z 


z-axis and the sign — if otherwise, i.e. if the angle is obtuse at each 
point of the element £;.* We can easily verify that, for a continuous 
function 22 (2. yo sz) and a smooth surface ZS, the limit of integral 
suins (5.16) (as the partitions of the surface are infinitely relined) 
exists and is equal to the integral 


\ \ Riz, y, s)dxdy 


(compare this with the definition of the line integral of the second 
ivpe given in § 2, Sec. 2 of Chapter 4). 


* ON partition of the surface X may inclide “irregular” cle:nents, ie. such 
that the angle (1. 2) ts acute al some of its points and obtuse at the other (see 
Fig. 5.12). We can either exclude the partitions containing such elements or 
attribute an arbitrary sign to the areas of their projections because this does 
not affect the result. since the sum of the areas of the projeclions of these ele- 


ee ES. ah Saas 
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We can similarly define, by means of the corresponding Integral 
suins. the integrals 


\| P(z,y,2)dyds and \| O(z, y, 2) dzdz 


v 


und, consequently, write the general integral 
\ \ Pdyds+—Odzdz-'-Rdx dy 
z 

as the sum of the integrats of these three forms. 


Nofe 3 The distinction between the surface integrals of the first 
and the second types is that in the latter each area clement do is in 
fact regarded not as a scalar quantity but as a vector do directed 
along the normal a to the surface 2 and having the components 


da cos (nm, 2), docos(n, y) and docos (n, 2) 


Accordingly, the surface integral of the second type of a vector 
function A == (/?, GQ, 2) is often written in the form 


\ (A, do) (5.17) 


av 
iP 


which is equivalent to 


\ (A, n) do (5.18) 


—_, 


Nole 4. Besides integrals (5.18) we encounter, in some problems, 
integrals of the form 


\| (A, n]) do (2.19) 


The value of such an integral is not a scalar but a vector. The coin- 
putation of integral (5.19) obviously reduces to the separate inte- 
grvlions of the components (projections) of the veetor [A. nl. [fere 
the integrand also depends, as in integral (5.18), on the normal n 
to the surface =. and therefore integral (5.19) should be naturally 
regarded as a surface integral of the second type (bul as a “veetor- 
valuccd” one, in contrast to “sealar” integral (5.18)). 


3. Reducing Surface Integral of the Second Type lo Double 
Integral. The definition of a surface integral of the second type 
ai! Theorem 5.1 immediately imply the following result. 

Let & be a smooth (or piecewise smooth) surface determined by 
an equation 

2 = 2 (7. ¥) 
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and let 2 (x, y, 3) be a bounded function delined on &. Then. for 
the surface inlegral of the second type \ R(z, y, 2) dx dy taken 


vv 
over the uppec side of the surface 2, we have the relation 


\\ Riz, y, 5) dxdy = \\ R(z,y, 2 (xz, y)) dx dy (5.20) 
D 


~ 


(where D is the projection of the surface 2 on the z, y-plane) pro- 
vided that the integrals entering into (3.20) exist. The surface inte- 
eral on the left-hand side exists if the double integral on the right- 
hand side of (5.20) exists. 

Actually, the surface integral can be written in the form 


) R(z, y, 2) cos (n, z) do 


v 
om 


Applying formula (5.9) to this expression we obtain the relation 
we Set oul lo prove. 


Thus, in order to reduce a surface integral \ \ R (xz, y, z) dx dy, 


taken over the upper side of a surface © determined by an equation 
Z2=2z(4, y), to a double integral we must substitute the corres- 
ponding function z = z (xz, y) for z into the integrand and replace 
the integration over the surface & by the integration over the preo- 
Jeclion D of XY on the zx. y-plance. 

If the integral is taken over Lhe lower side of the surface XS we 
vbvivusly have 


{| Ri(ry,z)dxrdy= —\j R(x, y, 3 (2, y)) dx dy 


= DD 


We similarly derive the formulas 


\ P(x, y,z)dydz= +{\ P (x(y, 2), y, 2) dy dz (5.21) 
p> D, 
arnt 


\{ Q(x, y, z)dzdx= 1: \| QO (x,y (2, x), s) dzdz (5.22) 
s De 


where in the former 5 is understood as a surface represented by an 
equation © = x (y, z) and in the lalter as a surface determined by 
an equation y = y (z, r). Accordingly, the plus sign is taken if 
the normal to the surface z= 2 (y, 2) (y — y (z, z)) forms an 
acute angle with the positive direction of the z-axis (y-axis) and 
the minus sign if the angle is obtuse. The svmbols 2, and D. desig- 


CH. 3. SURPACE INTEGRALS £8 
nate, respectively, the projections of the surface “ on the y. z- 
and 3, x£-axes. 

Formula (5.20) can also be applied to reducing a surface integral 
to a double one when an oriented surface 2 is composed of several 
pieces each of which is determined by an equation of the form z = 
= z(x. y). In this case the integral should be written as the sum 
of the integrals corresponding to the pieces and then formula (3.20) 
should be separately apphed to each integral. 


Exercise. Rewrite the integral 


J—\\ R (zr, y, 3) dz dy 


laken over the outer side of the sphere 
in the form of a sum of double integrals. 


Answer. 


: e {| R(x, y, V a? —z? — y?) dx dy — 


x2+4-y2 qi 
— \\ R(x, y, —V @—x*—y") dx dy 
x24-y2-‘a2 


Tlere the first summmand is equal to the integral taken over the upper 
side of the upper hemisphere and the second. with the minus sign 
prelixed lo it, is equal to the integral taken over the lower side 
of the lower hemisphere because the two hemispheres. oricnted in 
Ihis way, constitute the outer side of the entire sphere. 

We have shown the way of reducing a surface integral of the 
second type, taken over a surface determined by an equatton in 
Cartesian coordinates, lo a double integral. For a surface represented 
parametrically, the application of Theorem (5.17) tmmediately 
implies the following result. 

[f a smooth (or piecewise smooth) surface Y is represented by 
A parametric equation 

r= r(u, v) 


and (P, O, #) is a bounded vector function defined on £2 we have 
the relation 
(| Payde+Qdzdr+ Rdxdy= 


xv 
oz 


— (| [Pcos(n, z)-+ Qcos(n, y) + cos (n, 2)] V £11822 — g2, du dv 


D 
(5.95) 


218 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


Where D is the range of the parameters w. uv and 11, Bie. Hee are 
the fundamental quantities of the first order of the surface ~, pro- 
vided Uthat the integrals entering into formula (35.23) exist. The 
surface integral on the left-hand side of the formula exists if the 
double integral on the right-hand side does. 

lux pression (9.23) can be transformed to another form. <As_ is 
known (see § 3, Sec. 5 in Chapter 3), 


cos(n, z) ~- ee cos (n, y) — 2 
C = 
cos (n, z) SS (33.24) 
V A24- Bee 
where 
dy 5 02 Ux per ay 
Pee cree’ fou ae at ame 
A= oy a2 |? B= Oz Ox |’ Oe de dy 
age Gu Cv Ot Jo de 
anil 


V €ung2— 2, = V AP+ BEC? 
Vherefore formula (5.23) can be put down as 


\\ Pdyds Qdzdx.i BR dz dy = \\ (PA! OB }-RC|dude (3.25) 
pw] 


where 
P= PP (x (u,v). y (te, vy. 2 (tt, v)). 
GO =O (zx (u, v), y (wt, v), z(u,v) and 
R — R(x (um, vy. y (uy v), 2 (uu, v)) 


qualities (5.20)-(5.22) are obviously special cases of general 
formula (4.23). 


§ 3. OSTROGRADSKY THEOREM 


1. Derivation of Ostrogradsky Theorem, In the foregoing chapter 
we established a formula connecting a double tnlegral over a plane 
domain with a line integral taken along its boundary (Green's 
formula). Here we are going to deduce a similar formula expressing 
a relationship between a triple integral over a space figure and 
a surface integral taken over the outer side of the surface bounding 
the igure. The result we are speaking of is called the Oslrogradsky 
theorem (formula) .* 


* Ostrogradsky. Mikhail Vasilyevich (1801 1862), a prominent Russian 
tuathematician. This formula (also called the divergence theorem) was published 
In tis article Ou Jleat Theory iu 1828. 1t is sametimes cabled the Gauss theorem 
although Ganss obtained it considerably later (in 1844). 
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For convenience. we introduce the following terminology. A 
spatial domain Vo bounded by two piecewise smooth surfaces 2, 
and S» determined by equations 


z= 2, (z, y) and z = Za (a, y) (zo (x. y) B 2 (2, y)) (9-26) 


and by a lateral cylindrical surface }3 with elements (generators) 
parallel to the z-axis will be referred to as a domain regular in ihe 
z-direction. The surfaces z = 2, (z. y) and 2 = 2. (z, y) will he, 


=Z (2,9? 


22,12, Y) 


respectively. called the lower and the upper (curvilinear) bases of 
the domain* (see Fig. 5.13). Similarly, a domain bountled by two 
piecewise smooth surfaces 


r=a2,(y. 2) and zs = aZo(y, 2) (ro (y, 2) Sz, (y. 2)) 


and by a cylindrical surface with generators parallel to the x-axis 
will be called a domain regtelar in the x-direction. A domain regular 
in the y-direction is defined analogously. 

Finally, a domain V will be called simple if it is possible to divide 
it into a finite number of domains regular in the z-direction and 
also into a finite number of domains regular in the other two direc- 
Liats. 

Jet now Vo be a domain, regular in the z-direction. with bases 
2», and Xs represented by equations (5.26) and a lateral cylindrical 
surface Ss. The union of the three surfaces X,, %. and 2&3 forms the 
Whole boundary of the domain V. We denote the boundary by 2 
and consider its outer side. Take a function 7/7? (z, y, 2) delined 


* This definition also inclndes the cases where there can be no lateral sur- 
face Sy. For instance, a three-dimensional sphere (ball) is considered to be ia 
domain, regular in the c-direction, whose bases are its lower hemisphere X, 
and upper hemisphere ©. and whose lateral surface D4 is degenerated into 


id _ mewn ae eye ~ fe -- . - nearer _ = Be -- a \ Be = ee | 
Rhee nee Nal) 82 Glee me SO RC te dy ale oe Sete eke ied: pede lier Gazi 
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in the domain VW (including its boundary) and having the conti- 
nuous partial derivative = in the closure of V. We obviously have 
the equality 
Z2(X.¥) 
\ Fp de= R(x, y, 22(z, Y—R(z, vs 21 (zy) 
zu(x. yd) 
Let us integrate this equality over the projection D of the domain 


Foon the z. y-plane and replace the threefold iterated integral thus 
obtained by the corresponding triple integral: 
\\ 4 OK dz dydz= \\ R(x, y, 2.(z, y)) dx dy — 


J az 
D 


= { R(x, y, 24 (2, y)) dx dy (5.27) 
D 


< 


The first integral on the right-hand side of (5.27) can be written 
(seo formula (5.20)) in the form of the surface integral of the function 
A? (z, y. zc) taken over the upper side of the surface 


Z = io (z, y) 


Similarly, the second integral | R(x, y. 2, (z, y)) dx dy can 
! 
be regarded as the surface integral of the function & (z, y, 2) taken 
over the upper side of the surface z = z, (x. y) or as the integral 
over the lower side of the Same surface z = 2, (2, y) with the minus 
sign attached to it. Ilence we obtain 
* @ 8 of _ se © e e 
\\\ G,dedydz=|\\ Rdzdy + \| Rdzdy (5.28) 
V 4 


2 
where the first integral on the right-hand side is taken over the 
upper side of the surface 2, and the second over the lower side of 
the surface X,. Adding the integral 


\ | Rdxdy 

3 
(which is obviously equal to zero) taken over the auter side of the 
lateral surface S. to the right-hand side of formula (3.28) we obtain. 
on the right-hand side, a surface integral over the outer side 
of the entire surface = bounding the domain VV. Thus, we arrive 
at the following relation: 


\ {| — dx dy dz= \| Rdxdy= || cos (n,z)do (9.29) 
))) Je 


a 
v . 4 
a 


C md 
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Relation (5.29) is also valid for any domain V which can be broken 
up into a finite number of domains regular in the z-direction. Indeed. 
let us divide such a domain V into parts V; regular in the z-direction 
aud write the relation of form (5.29) for each part. Next we sum 
up all the relations. Then we obtain, on the left-hand side. the triple 


integral of si taken over the whole domain V and, on the right- 


hand side. the sum of the surface integrals over all the parts of the 
surface ~ bounding the domain V and over the surfaces breaking up 
the domain V into the parts V;. each of the latter integrals being 
taken twice. that is over one side of the corresponding surface asd 
over its other side. Therefore, after the summation has been per- 
formed all the integrals. taken over the surfaces by which the domain 
lis divided into the parts V;, mutually cancel out and consequently 
we derive the formula 


\{{ = lzdydz—\\ Rdzdy (5.30) 
> 


e a a 


Let now bV bea domain regular in the z-direction, t.e. one bounded 
by piecewise smooth surfaces (bases) 


r=, (y, z) and x = 22 (y, 2) 


and by a lateral cylindrical surface with elements parallel to the 
uv-aXxis. Consider a function /’ (z, y, 2) which is defined and con- 


tinuous together with its partial derivative a in the domain V 


(ineluding ils) boundary). Applying arguments similar to those 
presented above we obtain the equality 


\\) a dx dy =) P dy dz (5.31) 


Which also remains valid when the domain V consists of a finite 
number of domains regular in the z-direction. 
We similarly obtain the relation 


()) Gf dedy de = [\ Qaz dz (5.32) 
4 = 


for an arbitrary domain V which can be divided into a finite number 
of parts regulac in the y-direction where Q (2, y, z) is a funetion 


defined and continuous together with its partial derivative a 1) 
4 


the closure of V. 

Finally, let us take a simple domain V and consider three func- 
tious ?, O and R which are continuous in this domain (including 
: , : ‘ : ‘ Op? 
its boundary) and possess the continuous partial derivatives - 


Ut 
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26, OR , 5 30). (5.31 

a and —— in the closure of V. Then all three relations (5.30). (5.31) 

and (5.32) are fulliNtled. Adding them together we obtain the equalily 
IN) (fe 48 5B) de ay de—|\ Pdyds+Qdedz i. Rdzdy 
Id : 


(5.33) 


Or 


N\) (< 4 ey —~) dz dy d: = 
= \ \ [? cos(n, zr) -;-Qcos (n, y) -— Reos (n, 2)] do (7).3-3") 
Ze 


Formula (5.33) (or (5.33')) expresses the above mentioned Ostro- 
gradsky theorem. 

Note. In deriving the Ostrogradsky formula we have supposed 

: : : Ap 

that the functions #, YG, A and their partial derivatives Pe 
a OR 
dy’? dz 
simple domain. But. applying arguments similar to those pre 
sented in connection with Green’s formula (see Nolte f in & 3 of 
Chapter 4) we can prove the validity of the Ostrogradsky formula 
under more general conditions. Namely, the Ostrogradsky theorem 
remams true af 

1. V is a bounded domain whose boundary consists of a fiute 
number of piecewise smooth surfaces. 

2. The functions 7? (7, y, 2), GO (a y. z) and P(x. y. cs) are 
coplinuous and, consequently, bounded in the closure of the domain 


V. 
age : : vP @ OR : 
>. Lhe derivatives 2 ee — exist and are continuous in 
OL” OY Oz 
the interior of the domain V (but do not necessarily satisfy this 
condition oa its) bouadary) and the integral 


\\\ (2+ <2 |- ) dz dy dz 
V 


Ox ‘ oy Gz 


are continuous (and, consequently, bounded) in a closed 


(which ts understood as an improper triple integral* in case condi- 
tion 3 is violated on the boundary) exists. 


2. Application of Ostrogradsky Theorem to Evaluating Surtace 
[ntegrals. Expressing Volume of a Space Figure in the Form of a 


* Improper multiple integrals will be treated in Chapter 9, 
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Surface Integral. Formula (5.10) established in § 1 makes it pos- 
sible to reduce a surface integral of the second type to the corres- 
ponding double integral. But there are cases when this way of com- 
puling a surface integral proves to be practically inconvenient. In 
particular. it is sometimes advisable to reduce a surface integra! 
over a closed surface to a triple integral by appltving the Ostrogradsky 
theorem. 

Examples 

1. Evaluate the integral 


De \| atdydz-|-yrydsdx+ Sdxdy 
= 


over the sphere z? ;- y? -+ 2? = a?®, 
Solution. Taking advantage of the Ostrogradsky theorem we obtain 
J=3 \{} (x? -+ y?-+ 3?) dx dy dz 
x2-fy2t-22<a? 


Now introducing the spherical coordinates we receive 


JX A a 

J.-3{ dip \ do  rsin Odr= = xa? 
° a J 
() {) 0 


2. valnate the tntegral 


Y ie | edu dz !-xdsda }-ydady 


laken over a closed Surface 2. 

Solution. By the Ostrogradsky theorem, the integral reduces 
to the triple integral (over the domain bounded by the surface *) 
whose integrand is identically equal to zero. Hence, we have J — 0 
for any closed surface 2. 

In the preceding chapter we showed that Green’s formula made 
it possible to express the area of a plane figure as a line integral 
along tts boundary (see formula (4.47)). Similarly, the Ostrogradsky 
theorem yiclds an expression of the volume of a space figure V in 
the form of a surface integral over the closed surface >= bounding 
the figure. In fact, let us choose three functions 7?, QO and & so that 


oP 6Q , aK Cy 


Then we ohtarn the relation 


\| P dy dz-+- QOdzdr+ Rdzx dy = (\ dxedyds:-V 
IJ. 


~ 


—_ 
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where V is the volume of the domain bounded by 2. The integral 
is taken here over the outer side of the surface 2. In particular, 
putting 


1 1 1 
DP cee =a —_= —— 
= yt, YS=zy and) «ft 3 2 
we arrive at a convenient coniputational formula 


|” == \\ zdyds--ydzdxz-+zdxdy (9.04) 


§ 4. STUKLS’ THEOREM 


1. Derivation of Stokes’ Formula. Stokes* formula expresses 
a relationship between surface integrals and line integrals. It gene- 
ralizes Green's theorem, the latter being a special case of the former 
When the surface in question is a part of the z, y-plane. Like Green's 
formula and Ostrogradsky’s formula, Stokes’ formula is widely 
applied in mathematical analysis and its applications, 

Suppose we are given a smooth oriented surface 2 bounded by 
a coherently oriented contour .\ (see & 2, See. 1). Let a vector fune- 
tion (7. @. R) be defined in a three-dimensional domain in which 
the surface “ is strictly contained and let the functions 2. (4. 7 
and their hrst-order partial derivatives be continuous im the domain. 
We shall transforin the line integral 


{ve dx + Ody+ Rdz (5.35) 


A 


taken along the contour A into a surface integral over the surface 2. 
We first consider the case when the surface = is represented in 
Cartesian coordinates by an equation 


z= z(z, y) 


Denote by D the projection of the surface 5 un the z, y-plane, and 
let L be the boundary of D, that is the projection of the contour A 
(see Fig. 0.14). The transformation of line integral (3.35) into a sur- 
face integral will be performed according to the scheme 


les ae) ae 


i 


A oT n ¥ 
which means that we shall first transform the line integral over the 


space curve A into a line integral along the plane contour /. then 


* Stokes, George Gabriel (1819-1903), an English mathematician and phy- 
Licist. 
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reduce it (by means of Green's formula) to a double integral over 
the domain D and. finally, transform the latter to a surface integral 
over >. 

Next we proceed to calculate. To begin with. let us take an inte- 
gral of the form 


Ji=| Pdr 


4 
Observe that we have 


_ P(e, y, t)dr— | P(x, y, s(t, y) dx 
A bh 
because the contour \ lies on the surface © determined by the equ- 
ation 3-7 3 (zr. y). Now, applying Greens formula we obtain 


i= | Pir. y, s(a, y)) de = — \\ (< + a = ) dxdy (5.36) 
L "D 


ay 


where /? is a composile function of z and y and therefore its deri- 
vative with respeet to y has been computed in accordance with 
{he well known rule for differentiating a composite function. 


Zz 
x Aa 

pe Me 

| (et 

] 

§ 

4 ' 

) j 

| ! 
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Pa a ° 
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Using expressions (3.36) for the direction cosines of (he normal 
to a surface (represented by an equation 2 — z (x, y)) we find that 


Oz cos(n, y) 
” ay cos (n, 3) 
Chus, 
= oP OP cos(n, y) 
ont ( Oy 7 oe dic dy 


Now, laking advantage of formula (5.20) we can transform the 
double integral into the corresponding surface integral. This vields 


yf a@P OP cos(n, 4) 
Ji= ~|I (—- — — aie ~ | cos (n, z)do = 


= << (=~ cos (n, 2 2) — “1 cos (n. y)} do 
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IIence, we have 


\ Pdx ay (< cos (n, y— cos (n, s)) de (3.37) 
A 


We have supposed here that the surface Y is represented by an 
equation of the form z = z (z, y}. But the same result can be obtained 
for a surface X% determined by an equation y = y (z, z). To this 
end we must consider the projection of * on the z, z-plane (instead 
of xz. y- plane) and apply arguments similar to the above. Further- 
more, if S is a part of a plane perpendicular to the z-axis equality 
(9.37) remains valid (although in this case > cannot be projected 
cither on the z, y-plane or on the z. z-plane so that the correspon- 
dence between the points (z, y. 2) € = and those of the coordinate 
planes is one-to-one) sinee its left-hand and right-hand = sides 
are obviously equal to zero (check it up!). Finally, arguments ana- 
logous to those applied to deducing Green's formula and Ostrograd- 
eky’s s formula show that if the surface 2 is composed of a finite 
number of parts such that for each of them equality (5.37) holds 
it also holds for the entire surface &. Thus. relation (5.37) has been 
established for any surface consisting of a finite number of surfaces 
of the above types. Next we similarly derive the following iwo 
equalities analogous to (5.37): 


( (Pady \\ ( °e cos (tl, 2) oe cos (n, 2) } do (59.38) 
- 


I UE 
A 
and 
“7 7 aR OR : ae 
\ hidz— (5 cox (ul, Z)——— Cos (n, y)) do (9.30) 
A ¥ 


Adding toevether equalities (5.37), (5.38) and (5.39) we obtain 


{ Pde Ody -Rdz =\\ [ Be aie ee ee 
; . 


; (<< — =) COs (It, x) ae ( oP ye ~~) cos (n, y) | do (9.40) 


“ON ty Os vz OF 


which is Stokes’ formula that we set oul to prove. It can be rewrit- 
Por tu the following form: 


ae | 7] TP he 
Pads! Ody d- Rds =. \\ (= —<—) dxdu+ 
A y 
uh ad oP OR _, 
rt Si eee j- ooo = i a «J, 
oe ( ey vz a ( az (br one = 


To remember Stetes’ fermauta one should notice that the test 
csumiuand under the infegral sien on the rivht-hand side coincides 
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with the expression under the integral sign in Green’s formula and 
the second and the third summands can be obtained from the first 
by means of circular permutation of the coordinates z, y, z and 
the functions P,Q. R. 

If the surfaee X is a figure lying in the xz, y-plane the integrals 
involving dz dz and dy dz vanish and thus Stokes’ formula turns 
into Green's formula. 

Note 1. In deriving Stokes’ formula we have used a Cartesian 
coordinate system. But neither the line integral nor the surface 
integral entering into the formula depends on the way the surface = 


Fie, 315 Fig. 5.16 


and its bouadary Vo are represented. Therefore Stokes’ theorem 
remains true fer any ether way ef representing the surchiec, including 
its parametric representation 


r= r(u, v) 


Note 2. Stokes’ theorem also applies when the boundary .\ of the 
surface ™ is forimed of several separate contours. )na this case the 


aor 


Integra! { P dg -— Ody -- Rdz should be understcod as the sum 


A 
of the integrals taken over the contours coherently oriented with 
the surface ©. For example, if 2 is the lateral surface of a cylinder 
with an opening (see Fig. 5.15) and if we consider the outer side 
of the surface, Stokes’ theorem expresses the relationship between 
the integral over X and the line integral taken along the three eou- 
lours. forming the boundary of X, in the directions indicated by 
(he arrows in Fig. 5.15. 

2, Application of Stokes’ Theorem lo Investigating Line Integrals 
in Space. Stokes’ thearem has various applications sone of which 


15? 
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will be cousidered in the next chapter. Ilere we are only going lo 
take advantage olf the theorem in order to establish the conditions 
for a line integral of the second type in space being independent 
of the path of integration. These conditions generalize the results 
(obtained by means of Green's formula in § 4 of Chapter 4) con- 
cerning the question of path-independence of an integral over a 
plane curve. 
Let us imtroduce the following 


Definition. A three-dimensional domain V is said to be stanpely 
connected if, for any closed contour belonging to V. there exists 
a surface. with the contour as its boundary, entirvly lying in V. 


ISxamples of simply eonneeted domains are a sphere (ball), the 
Whole space, the domain lying between two coucentric spheres etc. 
As an example of a domain which is not simply connected (such 
domains are referred to as multiply connected) we can take a ball 
with a cylindrical tunnel passing through it (see Fig. 5.16). 

Next we proceed to establish the following result) analogous to 
Theorem 4.5. 


Theorems 52. Tf P(r. yy 3). GO (2, y, 2) and FR (a. y. 2) are con. 
finuous funciiows. defined ina bounded closed simply connected domain 
VW. which possess the continuous first-order partial derivatives in the 
domain the following four assertions are equivalent to each ether. 


1. The integral Pdr ; Ody -|- Rdz taken over any closed 
confaur luing inside V is equal to zera. 


2. The integral \ Pdr+ Ody + Rdz is independent of the 
AB 

path of integration connecting two arbitrary fized points A and B. 

J. The expression P dx * Q@dy |- R dz is the total differential of 


a single-valued function dettnued in ¥. 
4. The conditions 


aQ oa aR aQ aP aR 


- a—_ ET 
<P 


Ox ay? dy Oz’ OZ Ox ( 


are fulfilled at vach point (z, y, 2) of the domain V. 


Proof. The theorem is proved according to the scheme 1 —» 2 — 
> 3-4 > 1 which we followed when proving Theorem 4.5. We 
leave the proof to the reader with the only hint that cto deduce con- 
dition } from condition 4 one must take an arbilrary closed contour 
NA lving within Voand consider a surface XS entirely Iving in Vo whose 
boundary is A. such a surface existing because of the condition that 
Vois a simply connected domain. Then the application of Stokes’ 
theorem to the line integral taken over A shows that condition (5.42) 
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implies the relation 
\ Pdx-- @Udy! Rdz= 
A 
If the expression # dz -!- Udy ~- Adz is the total dilferentia! 
of a function U (zx, y, z) we can easily derive the formula 
(x. y. 2) 
U(zr,y,3= \ Pdx -~CGdy- Rds--C (0.4: 


(Xp, Yn. 29) 


w= 


analogous to formula (4.50) established in § 4 of Chapter 4 for tlhe 
(x. Y. 2) 
case of two independent variables. The symbol designates 
; , (X0- Yor Zo) | 

here the integral along an arbitrary path entirely lying in the domais 
Vand connecting an arbitrary fixed point (ag, Yo. Zo) With a variable 
point (z. y, 2), C being an arbitrary constant. 

If the functions ?, GY and 2 satisfy conditions (5.42) but the 
domain they are defined in is not simply connected the propertie 
of the integral 


| Pdr Qdy Rds 


An 


resemble those of the line integral P dx - Ody ina plane mul 
WD 

fiply conneeted domain. dao particular, iu the case of a multiply 

connected domain, expression (5.43) is also a funetion whose total 

dilferenmtiar coimeides with 2 dc -- G dy if dz but in the genera 

case the function may be multiple-valued. 


6 Field 


Theory 


The concept of feld forms the basis for various notions of modern 
physics. In this chapter we shall present the elements of mathe- 
matical theory applied to iovestigating physical helds. 

In physical problems we usually deal with quantities of two 
basic types. namely scalars and vectors.* Accordingly, we shall 
consider two types of field, i.e. scalar fields and vector fields. 


§ 14. SCALAR FIELD 


1. Definition and Examples of Scalar Field, Let Q be a domain 
in Space. [fF there is a correspoudence which attributes a number 
O (M) to each point Af of the domain we say that there is a scalar 
field defined in the domain ., 

Isxamples of scalar fields are a temperature field inside a hedy 
subjected to heating (in this case at each point AZ of the body the 
corresponding temperature CF (A/) ix specihed), field of illumination 
produced by a Heht source ele. 

The density held of a mass distribution we have already dealt 
with is an intportant example of a sealar field. Let us come back 
Lo this notion. Suppose that a spatial domain 8 carries a conti- 
nuously distributed mass. Associating with every subdomain V 
helonging to Q the mass contained in VY. we arrive at an additive 
set Tunelion po (k). Ph at each point Jf € Q, the set function possesses 
the derivative - with respeet to volume the function 9 (V7) = “ 
is called the density of mass and the values of the derivative form 
a scalar held referred to as the deusitv field of mass distribution. 
Similarly. a continuous distribution of an electric charge yields 
a scalar field of charge density. Vhere are many other examples of 
this kind. 


* By the way, only in studying sume simpler problems of physics can we 
limit ourselves tc scalar and vector quantities. In many branches of madern 
theoretical pliysics. such as electrodynamics. the theory of relativity, the theory 
af elementary particles ete.. an essential role is plaved by the quantities «of 
uo more complicated nature. In our course we shall deal with one type of such 
ae namely with the so-called tensors which will be studied in the next 
chapter. 
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Besides the fields defined in spatial domains. we often encounter 
plane scalar fields. An example of such a field is the illumination of 
a part of a plane produced by a light source. 


2. Level Surfaces and Level Lines. Let G(1/) be a sealar field. 
If we introduce a Cartesian coordinate system z. y. 2 in the domain 
of definition of the field this field can be represented by a scalar 
function & (x. y. zs) of the courdinates of the moving point 1/.* 
fn what follows. a function U (a, y. 2) of thistype will be considered 
to be continuous and to have continuous partial derivatives of 
the first order with respeet to the variables 2. y and sz. 

Vhe speeifieation of a scalar field by means of a fixed coordinate 
system. and the corresponding funclion CO (x. y. z) is sometimes 
Insufficieut for visualizing the structure of the field. To get a more 
complete description it is convenient to use the so-called Jevel 
surfaces. .\ level surface of a sealar field OD (AM) is a lacus of the points 
afwhich the eld U(M) assumes a given fixed value C. The equation 
Of a level surface is of the form 


(zy, 2) = C** (6.1) 


It is clear that the level surfaces (corresponding to al! the possibte 
values of C) fill the entire domain in which the held is dettned anal 
that two surfaces 


U(e.. ys. 2) Sy. and 16 (rs. y, 2) = C2 


have no points in common for C, 3 Ca. The specification of all the 
level surfaces and Che corresponding values of Co marked on then 
is equivalent to the specification of the field & (VW). The 
disposition of the level surfaces in space enables us ta visualize 
the structure of the held. 

This methed of representing a field is especially convenient when 
the Held in question is defined in ja plane region. In this case the 
held ix represented by a function L/ (xz, y) of two variables. Gene- 
rally speaking, an equalily of the form & (z, y) -- C determines 


* Fho character of the function &@ (7. y. 2) is of course dependent not 
only on the field in question but also on the choice of the coordinate system. 
If the coordinate system is regarded as being fixed the notion al a spatial sealor 
fiel:l coincides with that of a function of three variables. But nevertheless. to 
stress that our discussion concerns. as a rule. the quantities which have a certain 
physical significance independent of the choice of the coardinate system we 
shall always use the term “tield”. 

** Ender the above assumptions coneerning the functions of twpe 0° (a/) 
equation (0.0) in fact determines a siraooth surface provided that. for the given 


: s ° ° ; , ‘ cate af 
C. there exist points satisfying the equation and the derivatives —--. 0 - and 
coe Sf be 


~ 


oU i , 
— du not simultaneously vanish at these points (e.g. see [8]. Chanter ia. $4). 
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a curve. Such curves are called level lines of the plane scalar field 
C’ CW). Level lines are widely applied in cartography for represen- 
ling the relief of a terrain. For this purpose. to indicate altitude on 
a topographic map. the cortour lines (the horizontals) connecting 
the points of the same elevation are drawn (see Fig. 6.1). This method 
is also used for representing, on special maps. the distribution of 


ee 


Fie. O01 


lemperature, pressure. amount of precipitation and the Jike. The 
corresponding level lines are then referred to as ésoferms in the case 
of temperature, fsobars in the case of pressure ete. 

3. Various Types of Symmetry of Field. [n many physical pro- 
blems we deal with fields possessing various types of symmetry. 
The symmetry properties usually simplify the investigation of such 
elds. let us indicate some important special cases. 

(a) Fecro-dimensional field. \t there is a Cartesian coordinate system 
in Which a scatar field & (4/7) can be represented by ai tunetion 
dependent tot oan three but on two coordinates (e.@. by a funetion 
Gi (x. y)) the tield is said) to be two-dimensional (plane-parallel). 
bis other words. a scalar held € (VW) is called plane-piaratlet if there 
Isa direction in space suel that the fietd goes into itself when being 
franstated along this direction. The level surfaces of sneha tHeld 
form a family of cylindrical surfaces (Fig. 6.2). In an appropriately 
chosen coordinate system the family is represented by an equation 
Of the form €% (a. y) -- C. 

(b) elxeially symmetric field. lf, for a given field U (17), there exists 
a cylindrical coordinate system in which the held is represented by 
a function depending solely on the variables 7 = Wa? + y? and 3 
(but not on the angle q) the field) is said to be axially symmetric. 
This means that a held & GW) is axially symmetric if and only if 
iL goes into itsell when being rotated (through an arbitrary angle) 
about a Hxed straight line which is the axis of svmimetry of the 
held. The level surfaces of suena a teld are obviously surfaces of 
revolution (Fig. 6.5). En case these surfaces of revolution are circular 
evlinders (see Fig. 6.4), that is if the held U CV) is represented. in 
a specifically chosen coordinate svstem. by a Function dependent 
an only one coordinate r (which is the distanee from the point .V/ 
to the axis of symmetry of the eld), 2° (V7) is ealled ai cylindrical 
held. 
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(c) Spherical field. If the values of © (1/) depend only on the 
distance of the point J/ froin a fixed point V7) the field is said to be 
spherical. The level surfaces of this field constitute a family of con- 
centric spheres (Fig. 6.5). 


A. Directional Derivative. The application of mathematical ana- 
Ivsis to investigating a scalar field @ (AZ) makes it: possible to des- 
cribe dfs local properties, i.e. the variation of © (V/) in) passing 
from a given point J/ to the points AV’ lying close to J/. 

To this end we shall use the notion of the directional dertvative 
ofa field. Vet © (M) bea sealar fleld. Consider two points AZ and AL’ 
placed close to each other and form the ratio 


OM )—U OM) 


ry oN 
se : id 
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where # is the length of the line segment 4/17’. Let the point AJ’ 
approach VW so that the direction of the line segment ALAS’ all the 
time coincides with the direction of a fixed unit vector 1. If. in this 
process. ratio (6.2) tends to a finite limit we call this limit the 


derivative of the scalar field (7 (Jf) at the point AZ along the direction 
of the vector 7 (the directional derivative) and designate it as 
ol’ (AF) 


wyN 
r . ° a) : : o 
Phe derivative a characterizes the rate of change of the quantity 


@CM) in the direction 4&4. 


oes 
To compute —- Wwe choose a coordinate system and represent 
tI#. 
GA) as a funetion l' (xr. y. 2z). 
Suppose the direction A (i.e. the vector 2%) forms angles 
x Pp and y with the coordinate axes. Then we have 


WAN — ih ficos x ' jcos BP |! k cos 7+) 
and 
( (Al) = U(r -) heoosa. y -+ h cos B. z + bh cos y) (6.5 


: ; aU ae ‘ : : 
Henee the derivative 53 coincides with the derivalive of camposile 


v 


function (6.5) with respect to ? for h QO. Differentiating we thus 
obtain 
au(M) — au (at) au li 


0 aU + 
rs = os g + —— Cos + ——cosy . 
Gd he h-=0 OX Pee | vy nave p r Gz cee ( 4) 


oO. Gradient of Scalar Field. /.xpression (6.4) can be regarded 
as a sealar orodiuct of two vectors, naniely of the unit: vector 
2 -= (eos a, cos fp. cos v) 


° . . eS ry . ° e ad: . 
determining the dircetion in which the derivalive —~ Is taken and 
c é 


the veetor having the components (projections on the z-. y- and z-aNxes) 


cnt offs onli 
—. — and —— 


d Co.e ¢ . 
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The latter vector is known as the gradient of the scalar field U and 
is denoted by the symbol 

| grad C 

Chus, we can write 


al’ oer eT’ 
grad U = (—. me s-) (6.5) 
and consequently 
= (gard U, 2) (6.6) 


Fig. 6.6 visually interprets the expression of the directional deri- 
valive in the form of the projection of grad {7 on the vector 2d. 
Formula (6.6) can also be written as 


= =|gard U|cos@ 


where mis the angle between grad U and the unit vector 2. It follows 
that at every point where grad C +40 there is a single direction 


Pig. 6.6 


~ td 


, . v ; ‘ ; ; : is 
for which == assumes its maximum value, i.e. a single direction in 


's 
Ap. 
which the function U increases with the maximum rate This direction 
coincides with the direction of the vector grad U. Indeed, for this 


direction g = 0 and consequently 


o =| grad U | 


whereas for all the other directions we have 


OU 


Fz =lgrad U| cose <| grad | 


Thus we see that the direction of the vector grad © is the one 
mo owhich the quantity & inereases with the maximum rate and that 
the magnitude (length) of the veelor grad ©) equals the rate of in- 
crease of the quantitw & in this direction. 

but, obvieusly. neither the direction of maxtmum rate of icrease 
of a function nor the value of ils directional derivative in this direc: 
fion depends on the choice of the coordinate system. [tence we come 
fo the conclusion that the gradient of a scalar field is specitted by 


reid 3 aan wore f e ie 1 ib e ° ’ q- 8 
tho fal, ! ileal] sta : : a ole ra Oe oe ee | vaa Cd Vedeseeee A Votede Weewitirr ise! 
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this assertion is not directly implied by equality (6.5) which we 
consider to be a definition of the gradient). 
Jw ol? AU 


As ts known, the derivatives —, — and — ata point J/ are 
de Oy Os 

the ee (projections) of a vector normal to the surface 

C (x, z) = const. passing through the point.* Therefore. the 


gl adieal of a field @ is directed along the normal to the level surface 
at each point of the domain where the field is defined. 

ISvery curve for which the tangent line at each point 1/7 goes 
along the vector grad OG at the point J/ will be referred to as a 
gradient line of the held U.** We can vow say that the gradient 
lines of a held C are the curves alone which the rate of change of 
the held is maximal. 

lt can be proved that if &@ (2. y, 2) is a) function possessing 
continuous partial derivatives up to the second order inclusive for 
every point J/ of the domain of definition of the held ( there exists 
a single gradient fine passing through the point 1/. A gradient line 
is orthogonal. at its every point. to the level surface passing throug! 
the point. 


Ss 2. VECTOR PERLD 


f. Definition and Examples of Vector Field. We say that there 
Ix a vector lield defined ina domain @ th a certain vector A (17) 
is assveiated with each point Woof the domain. 

An important example of a vector field whieh will be many times 
discussed in what follows is the field of velocities of a stationary 
low of a liquid. Let a domain @ be occupied by a liquid) (fluid) 
Nowing, at each point. with a velocity v independent of tine Cut 
vVatyvinyg, im the general case. tron’ point to point). Ho we associate, 
with each point A/ of the domain @, the vector v = v (.A/) we thus 
arrive ata veetor held which is a field of velocities. 

The field of gravitation of a mass distribution is another tuipor- 
Lant example of a vector field. Suppose a mass is distributed in 
space. Then a material point with unit mass placed at a pomt AW 
is subjected to a gravitational foree. These forces (defined at every 
point) form a vector field which is called the field of gravitation 
corresponding lo the given mass distribution. 


* Actually, if a straight line 7 lies in the Grogent pline to the surface 
("(r, vw, 2) - const at the point Ww ‘the derivative ol U in the direction of 4 
is obviously equal to zera: 


Jt 
— fyrad cin /. = 1) 
a7 4.) 


Thus, the vector grad ( is pecpendicular ta any vector Iving ta the tangent 
plane and henee it res alony the noricel to the surface. 
‘ Parka pe aie caer wells Cine AYOTTONN CGHUTEUAD Udit Ob ck ber dar Cetee ees ett Llb gy um 
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If there are clectric charges distributed in space they act upon 
unit charge placed at a point .J/ with a certain force F (C1). These 
forces constitute a vector field which is referred to as an electrostatic 
hela. 

A field of gravitation and an electrostatic eld are examples 
of a field of force. 

Let A (V/) be a vector held in space. Taking a Cartestan coordinate 
system in space we can represent A (VW) as a collection of three 
scalar functions which are the components of the vector. As a rule, 
in what follows these components (projections of A (3/7) on the 
coordinate axes) will be denoted by P (2. y. z). O (@. y. 2) and 
R(x, y. z). In this chapter we shall consider the vector fields whose 
components are continuous and possess continuous first-order 
parlial derivatives. * 


2. Vector Lines and Vector Surfaces. Let a vector field A (AZ) 
be defined in a domain Q. A curve @ lying in @ is called a veetor 
line if the direction of the tangent to the curve at each point coin- 
cides with the direction of the vector Naat the point. In particular, 
if Ais the held of velocities of a stationary flow ofa liquid its vector 
lines are the trajectories of the particles of the liquid. 

ln Some questions related to investigating vector Hields the = pro- 
blem of finding a vector line, of a fteldl AL passing through a given 
point J/,) plays an important rele. The problem ean be formulated 
analylically: it is necessary to determine a vector function er (¢) 
salisfving fhe conditions 

re GY = AA (8.7) 
t (49) = To 


where ry, ts the radins veetor of the initial point 7. ¢y is Ghe initial 
iustaal of time and A is an arbitrary scalar parameter. Lt can be 
shown that if the components ??. GO and #t of the vector A are con- 
tinuously dillerentiable funetionus af the coordinates which do not 
simultaneously vanish. conditions (6.7) in fact determine a single 
veclor line passing through the point .1W9.** 

A bounded surface & lying ina part of space where a vector field 
A is delined is said to be a vector surface if at each point of the sur- 
face XY the normal to XY is orthogonal to the vector A at the point. 
Thus we can say thal everv vector surface XY is made up of vector 
lines: each vector line either entirely fies on © or has no points i 
common with it. 


* Tt is clear that if (his condition is fulfilled for one coordinate system it 
automatically holds for any other coordinate syste. 
** This is a consequence of the existence and uniqueness theorem for a solu- 
tien of a system of differential equations with given initial conditions (e.g. 
sep J5], Chapter i, § 6). 
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A part of space lying in the domain of definition of a vector field 
A and bounded by a tubular vector surface is referred to as a tube 
of the vector field. Such a tube is entirely composed of vector lines, 
and every vector line of the field A either entirely lies within the 
lube or is place-:l outside it. 

Ifa field A is thought of as a field of velocities of a stationary 
fluid flow, a tube of the field is the part of space which is traced by 
a fixed volume of fluid in the process of motion. 


3. Types of Symmetry of Vector Field. As in the case of a scalar 
field, the investigation of a vector field is simplified when it possesses 
symmetry properties. Let us enumerate some of the most important 
special cases. 

(a) Plane-parallel field. 1f, for a given vector field A, it is possible 
(0 choose a Carlesian coordinate system in which the components 
of the field A have the form P (z, y), Q(z, y) and R (z, y), that 
is are independent of z, the field A is said to be plane-parallel. 
If, in addition, we have & (zr, y) = U the field A is called plane. 
An example of such a field is the velocity field of a stationary flow 
of a liquid whose particles have the velocities parallel to a fixed 
plane and independent of the distance froin a particle to the plane 
(a plane flow). The vector lines of such a field are plane curves whose 
shape and disposition are the same in each plane parallel to the 
given plane. 

(b) Axially symmetric field. A vector field A is called axially 
svmmetrie if there exists a cylindrical coordinate system r, qg, 2 
such that at each point Af the vector A (A/) depends only on rand z 
aud dues not depend on q. Tn other words, such a field goes into 
itself when it is rotated about the z-axis. In case the vector A (MW) 
depends salely an r the field is said to be eylindrical. 

(c) One-dimensional field. A one-dimensional ficld is characte- 
rized by the possibility of choosing a Cartesian coordinate system 
in which the components of the lield have the form / (z), UO. Q- 
The family of the vector lines of a one-dimensional field obviously 
coincides with the totality of all straight lines parallel to the z-axis. 


4. Field of Gradients. Potential Field. Consider a scalar field 
t? (M). Constructing the vector grad (7 al every point A/ we arrive 
nla vector lield which is the field of gradients of the scalar quantity 
U. Next we introduce the fsollowing 


Definition. A vector field A (Ml) is said to be potential if it can 
be represented as a field of gradients of a scalar field U (AZ), i.e. 


A = grad U 


In this case the scalar field U is called Lhe potential (potential func- 
tion) of the veelor field A, 
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Let us take the following example. Put U = f(r) where r = 
= V2? — y? + 2°. We thus obtain the spherical field U. To find 
the cradient of U we differentiate with respect to z and thus obtain 


ou i or , sa 
sc =/ =F (r) — 
and, similarly, 
v7 rey I aT __ ¢f \ 2 
wy HEE Bea S 


Consequently. we have 
crad U = {' (r) —, v= Zi -+ yj + 2k (6.8) 


lf a vector field A lias a potential function this function is 
uniquely specified, to within an arbitrary constant addend, by the 
field. Indeed, if scalar fields UO and V have the same gradient we 
can write 


grad (U — V) = 0 


But then the directional derivative of U — V is equal to zero 
in all directions at each point which immediately implies that 


Uy — VY = const 


The vector lines of a potential field A are obviously the gradient 
lines of its potential UO, i.e. the curves along which the rate of change 
of & is maximal. 

It is now natural to ask what are the conditions for a vector field 
being potential. The answer to the question was in fact found in 
Chapter 5. Indeed, as was shown (see Theorem 5.2), an expression 


Pdr+Cdy+ Rdz 


(where P, O and FR are continuous functions possessing continuous 
purlial derivatives of the first order) is the total differential of 
a single-valued function U (z, y, 2) ifand only if ?, O and # satisfy 
the conditions* 


oP ag ot) aR OR OP 
oe ee ee (6.9) 
Oy Ux OZ dy Oz Oz 


But the rclation 


P dx + Ody + Rdz = dU 


is equivalent to 


* Hore we of course suppose that the domain in which the vector field A 
is considered is simply connected. 
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and hence conditions (6.9) imply that the held (2, G, /) is poten- 
lial. 

Thus, for a vector held A = (2, @, A) with continuous and 
continuously differentiable components P (z, y. 2), Y (4, y, 3) and 
R (xz, y, 2) to be potential, it is necessary and sufficient that equali- 
lies (6.9) be fullitled. 

If we are given a pulential vector field A the potential function 
can practically be found from its total differential as was illu- 
strated in the problem considered in & 4 of Chapter o (formula (5.43)) 
for the case of three independent variables and in § 4 of Chapter 4 
(formula (4.0V)) for two vartables. 

The notion of a potential Held will be discussed again in Sec. 5 
uf § 4, 


Example. Let a mass m be concentrated at the origin O. If we 
now place unit mass at a point A (z, y, 2) it will be acted upon 
by the gravilalional force 


=—yar (r= zi-by) ;- ck) 


These forces are determined at all poiuts in space and thus form 
a vector field whieh is the field of gravitation of the mass point m. 
This field can be represented as the gradient of the function 


Vn 


r 


known as the Newtonian potential of the mass point 27. To verify 
that this funetion isin fact the potential of the held we take advan- 
lave of formula (6.8) and thus obtain 

ym m 


grad oS 


§ 3. FLUX OF VECTOR FIELD. DIVERGENCE 


1. Flux of Vector Field Across a Surface. In the foregoing chapter 
(§ 2) we showed that the amount of fluid) passing through a given 
(oriented) surface S% ino unit time is equal to the integral 


| | Ando 


e668 
~* 


where -1, is the projection of the velocity vector A = (P. GQ. /t) on 
the (outer) normal to the surface. 

We called this quantity the fluz of the liquid (hrough the surface 
23). 
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Now let A be an arbitrary vector held and = be an oriented surface. 
The surface integral 
\j A,do 


ani 


will be called the flux of the vector field A across the surface >. 

Thus, if A is the velocity of a Muid flow the flux of the vector A 
across a surlace is equal to the quantily of the liquid passing through 
the surface in unit time. For a vector field of some other nature the 
flux of the field may have another physical meaning. 


Ezample. Let U = U (zx, y, z) be a temperature field inside a 
physical body and let A = grad U. Denoting by & the coefficien 
of thermal conductivity we can apply the Fourier™ law of heat pro- 
pagation and express the quantity of heat dQ passing in unil time 
through an clement do of an oriented surface 2 in the form 


eu : 
dO) = —k 5, do (6.10) 


where si is the derivative of the held of temperature in the direction 


of the (outer) normal to do. (The minus sign on the right-hand side 
of equality (6.10) is due to the well known fact that heat travels, 
within a heat conductor, from the regions of higher temperature 
to those of lower temperature, i.e. in the direction of decrease of U.) 
Since we have 

ou 


— = (grad ear 


equality (6.10) can be rewrilten as 
dQ = —k (grad U), do 


whence it follows that the amount of heat passing in unit time across 
the whole surface % is equal to 


Q= —|| k(gradU), do (6.11) 


. 
a= 


Introducing the vector 
q = —A prad U 


known as the beat flux vector we obtain 


O=\\an do 


vw 
ond 


* Fourier, Jean Baptiste Joseph (1768-1830), a prominent French matlie- 
matician and physicist, 


16—0824 
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Consequently, the quantity of heat passing through 2 in unit 
time is equal to the flux of the vector g across the surface &. 


2. Divergence. Let A be a vector field which will be thought 
of as a velocity held of an incompressible fluid. The liquid being 
incompressible, the flux 


n=4{ 4, do 


of the vector -A across a closed surface %* is obviously equal to the 
amount of liquid which is introduced or removed, within the 
domain Q (bounded by the surface 2) in unit time. This quantity 
characterizes the total capacity of the sources, in case Il > OU, or the 
sinks (also termed negative sources), if 11 << 0, lying in the domain Q. 
Consider the ratio 

{ { Arp, do 

S 


V (Q) 
of the fluid tlux through the surface 2 to the volume V () of the 
domain © hounded by the surface. It expresses the mean source 
(sink) density, that is the amount of the liquid introduced (remo- 
ved) within unit volume of the domain Q. 
Finally, let us consider the limit 


{{ 4, do 


in 
gou VQ) 


of the ratio where the symbol lim indicates the passage to the 
Q—- Vf 

limit as the domain Q is contracted to a fixed point Af. This limit 

is Uae measure of suurce (sink) density of the fluid at the point Jf. 

It is a scalar quantity which is an important characteristic of the 

field. 

Now we can pass lo general definitions. 

Let A be an arbitrary vector field. With every spatial domain 
bounded by a smvoth or piecewise smooth surface 2 (lying in the 
part of space where the fleld is defined), we now associate the quan- 
tity 

| | A, do 


v 


which is the tluxy of the vector A across the cuter side of the surface BS. 
We thus arrive at a set function «P (Q) -= [ \ a, do. It can he 


e& 


easily verified that the set Function iss additive. 


* Here we consider the outer side of the surface. 
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Definition. The derivative of the function MD (Q) with respect to 
volume, that is the limit 
( 4 A, do 
lim ———— 6.12 
Ql» AL VO ( 


is termed the divergence of the vector field A and denoted by 
the symbol 


div A 


Thus, the source density of the field of velocities of a fluid flow 


which has been considered above is equal to the divergence of the 
field. 


Theorem 6.1. //A = (P, QG, R) is a vector field, defined in a do- 
main Q, such that the functions P, Q, R are continuous and possess 
continuous first-order partial derivatives in Q, the divergence div A 
exists at all the points of the domain and is expressed, in every Cartesian 
coordinate system, by the formula 


«OP OL? 
div A - rs oe ae (G.13) 


Proof. Let us apply the Ostrogradsky formula 


[J andor SN) (GE4 apt ae) 


©} 


By virtue of the theorem on differentiating a triple integral with 
respect to volume (see § 1, Sec. 5 of Chapter 2), the derivative with 
respect to = of the right-hand side of the formula exists and 


is equal to — + ~. + 2 Consequently, the derivative with 


respect to woh of the Tsihand side also exists and is equal to 
the same expression. The latter derivative being, by definition, the 
divergence div A of the vector field .A, the theorem has thus been 
proved. 


Note. The relation 
ug, tts GR 


div A= c+ 5 oe 


is often taken as a definition of the divergence. But such definition 
is less convenient than the one given here because it is based on the 


choice of the coordinate system and therefore the fact that the sum 
uP vO | OR... : 
ao tl a ge independent of the choice of the coordinate 
4 rs 

system should be additionally proved whereas the independence of 
expression (6.12) of the choice is quite apparent. 

Thus, with every vector held A whose components are continuous 
and have continuous partial derivatives of the first order. we 


16* 


244 MULTIPLE INTEGRALS. FIELD THEORY AND SERIES 


associate the scalar function div A, the divergence of the vector 
field A. Using this notion we can rewrile the Ostrogradsky formula 
as follows: 


\\ 4ndo=(\ | div Adv (6.14) 


Hence the flux of a vector A through the outer side of every closed 
surface £ is equal to the integral of the divergence uf the field A 
taken over the domain bounded by the surface 2. 


3. Physical Meaning of Divergence for Various Types of Field. 
Examples. 

(a) As was shown, for the velocity field A of an incompressible 
liquid moving in a spatial domain 2, the expression 


|| { div Adv 


e#.)6emlhUF 


Q 


is the measure of the total capacity of sources (sinks) placed in the 
domain @, and div A is equal to the source intensity per unit volume. 
In particular, if A is a field of velocities of an incompressible fluid 
whose flow has neither sources nor sinks, we have 


div A =~ 0 


(b) Let us now consider the field of gravitation of a mass distri- 
bution and elucidate the physical significance of the divergence of 
such a field. To begin with, we take the fleld produced by a mass mtg 
concentrated at a point (Zo, Yo, Zo). Then the force acting upon uni 
mass placed at a point (z, y, z) is equal to 


r= ( pint = = » Yio 7 = »  yMmg- — (6.15) 
where r= V (x — 2)? -- (y— Yo)? {- (2 —2)? and y is the con- 
stant of gravitation whose numerical value depends on the choice 
of the system of units. In what follows we assume that the system 
of units is so chosen that y = lI. 

Let us compute the divergence of force field (6.15). At each point 
distinct from (Zp, Yo, Zo) we have 


: (m, 4) = lg item AS ~=m re a3 lz - ro)! 


Ox r3 r6 — OO a 


and, similarly, 


Q Ym r2= — 3 ly — yy)? 
(a “0 ) - Mo (y Wy) 
ra 
and 
a Z— iy r2 — 3 (s — 2p)? 
ae oF ff) =ih,g 
Oz ( 0 73 , r? 
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to 
—_ 
qc 


Adding together the results we obtain 


« _ 2—3 , 2% —— a — = 
iit. 1, See 


But these calculations do not apply in the case of the point 
(Zo, Yo. Z) at which the finite value of the divergence cannot be 
defined. Therefore the value of the integral 


\\\ div F du 
s° 


(which is an improper integral in this case, see Chapter 9) cannot 
be obtained by a direct integration if the domain {2 contains the 
point (%o, Yo, 29). Uherefore the expression on the right-hand side 
of Ostrogradsky formula (6.14) is undetermined in this case. But 
we can easily find the quantity on the left-hand side of the formula, 
that is the flux of the vector F across the surface 2 bounding the 
domain @ (and attribute the numerical value thus obtained to the 


integral \ { div F dv when the point (zg, yo, 2) is contained 


in 92). 

We now proceed to calculate the flux. Let us first take, as the 
surface %, a sphere of radius @ with centre at the point (29, yo, 29). 
The direction of vector (6.15) coincides with the direction of the 
normal to the sphere at each point of the sphere. Therefore, in this 
case, the projection of vector (6.15) on the normal is equal to the 


length of the vector, i.e. to the constant quantlily a . Consequently 
we have 
\{ F,do= 4na* = 4imy 


a 
Ay 


Substiluting any other closed surface 2Z,, containing the point 
(29, Yo. Zo) in the interior of the domain bounded by it, for the 
sphere 2 we arrive al the same result. In fact, we can choose the 
sphere 2 with a sufficiently small radius a@=>0O so that it is 
entirely contained within 2,. Then we have 


(| ¥.do— VI F,do=-0 


oe @ 


ow { 
since the leit-hand side of this equality is equal to the flux of the 
vector F across the boundary of the spatial demain in which 
div EF = 0 
lence, we obtain 


\ Ff, do \ | K’,do 
Yy = 
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Now we shall consider the field of gravitation produced by several 
mass points. This field is equal to the sum of the fields corresponding 
to each separate mass. The flux of a sum of fields through a surface 
being obviously equal to the sum of the fMuxes of the summands, it 
follows that the flux of the field of gravitation, produced by asystem 
of mass points, across a closed surface is equal to the sum of the 
masses contained inside the surface multiplied by 42. 

Applying the well known technique of passing to the limit from 
a system of malecrial points to a mass continuously distributed in 
Space with a volume density p (z, y, z) we can show* thal for a 
continuous mass distribution the flux of the field of gravitation 
through a closed surface 2 is also equal to the total mass, contained 
within this surface. multiplied by 4x. But the total mass can be 
represented as the integral of the density p (z, y, 2) taken over the 
volume &2 bounded by the surface =. Therefore, denoting, as before, 
the vectorial value of the gravitational field at an arbitrary point 
(xz, y, 2) by the symbol F(z, y, z) we can write 


\{ Fia(z, y. do = 4n\\\ p(z, y, 2) du 
s Q 


whence 


({ Fy, do 


Ato (2,y,2) = lim 


Q-»+(x, y, 2) V ($2) 


The integral on the right-hand side is the divergence of the vector 
field I’. Thus, we finally conclude that the divergence of the held 
of gravitation produced by a continuous mass distribution ts equal 
lo the volume density p (z, y, 2) of the distribution multiplied 
by 4a. 

(c) The argument which has been applied to the field of gravita- 
tion can also be used for investigating the electrostatic field. This 
results in the Gauss theorem which is widely applied to 
variuus problems concerning electrostatic fields, e.g. to the problem 
of determining the electric field intensity in the capacitors of various 
types. The theorem states that the divergence of an electrostatic 
field is equal to the charge density multiplied by 42. 


A. Solenoidal Field. A vector field whese divergence is identically 
equal to zero is said to be solenoidal**. As was scen, the velocity 


* The rigorous justification of such a passage to the limit is dealt with 
in the su-called poleatial theacy and is based on Che theory of integrals involving 
parameters. The fundamentals of the theory of integrals dependent on a para- 
meter are presented in Chapter 10. 

** From the Greek word amszny babe. 
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field of an incompressible fluid is an example of a solenoidal feld 
in case there are no sources and sinks, i.e. when there are no points 
at which the fluid is introduced or removed. 

For the solenoidal fields, we have the so-called law of conservation 
of inlensily of a vector tube which we are going to deduce here. Let 
A be a solenoidal held. Consider a tube of the vector held and take 
its part contained between two sections 2, and 2, (see Fig. 6.7). 


Fig. 6.7 


These sections together with the lateral surface 23 form a closed 
surface 3. The field being solenoidal, i.e. div A = O, the Ostro- 
gradsky theorem implies that 


|| Ando =0 
zr 
But we have 


J) Ando—Vf Ando} {fAndo4t-§) Ando (6.16) 


ba .) 
= a1 ze V3 


where each integral is taken over the outer side of the corresponding 
surface. The third summand on the right-hand side is equal to zero 
since, Dy the delinition of a tube of a vector, the vector field A is 
directed perpendicularly to the normal to the surface % 3 at each 
point of this surface and therefore, on 2X3, we have 


A, = 0 


If we now lake the inner side of the section 2,, 1.e. reverse the direc- 
Lion of its normal, and retain the ouler side of the surface 2, equa- 
litv (6.16) turns into 


\{ A, do = \{ A, de (6.17) 


"Ey Le 
Hlence, the thux of a solenoidal vector field A across every section 
ofa vector tube has one and the same value. If the vector fcld A 
is interpreted as the velocity field of a flow of an incompressible 
liquid having neither sources ner sinks, relation (6.17) shows that 
the amonnt of liquid flowing through a cross section of a vector 
lube is the same for all the sections. 
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9. Equation of Continuity. As an application of the above notions, 
let us derive one of the basic equations of motion of fluid. the so- 
called equation of continuity. Let A be the field of velocities of a 
moving fluid. We shall suppose that the domain in which the flow 
js considered contains neither sources nor sinks, that is the fluid 
doves not concentrate toward or expand from any point of the domain. 
But in contrast to our previous considerations, we shall not impose 
the condition that the fluid is incompressible and therefore the 
density » may depend not only on the coordinates z, y and z but 
also on time ¢. 

Let us investigate the relationship between the velocity of the 
fluid and the variations of its density. For this purpose we pick out 
a closed volume @ and find the increment AQ of the quantity c! 
fluid (contained in 9) corresponding to time period At by applying 
two different ways of computing AQ. Let 0 (a, y, z, t) be the den- 
sity of the fluid at moment ¢ at an arbitrary point (z, y, 2) € &. 
Then we obviously have 


sadam!) tied 


On the other hand, the variation of the quantity of fluid contained 
within the volume Q is equal to the flux of the fluid through the 
surface = (bounding the volume) multiplied by At. Therefore it 


is equal to --Af¢ { j (pA), do where n is the outer norinal, the 


minus sign being taken because the quantity of fluid contained 
wilhin a volume decreases when the velocity is directed oulward. 
Transforming this surface integral by means of the Ostrogradsky 
theorem we obtain 


AQ=—At \\\ div (pA) dv 
Q 
Now equating the two expressions for AQ and cancelling out Aé 


we Trecelve 
— J\) div (pA) dv = \\) <. dv 


Jhe last equality holding for any domain Q, the integrands are 
equal, that is 

Jp a fe 
=, = — div (oA) (0.18) 
We have thus derived an equation connecting the velocity and the 
density of a moving Jiquid for any region which contains neither 
sources nor sinks. Equation (6.18) is known as the equation of 
continuity, 
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Introducing the vector J = oA (called the fluid-Nux density vector) 
we can rewrite the equation of continuity in the form 


oa >t div J=0 (6.187) 


6. Plane Fluid Flow. icaicdides Theorem for Plane Field. Let 
us consider a plane vector field, Lhat is one whose components have 


the form 
P=P(z%,y) @=@(, y), R=O (6.19) 


in an appropriately chosen Cartesian coordinate system (see § 2, 
Sec. 3). The field can be thought of as a velocity field of a fluid 
whose every particle moves in a plane parallel to the z, y-plane 
with a velocity independent of its distance to the latter (this is 
a so-called plane fluid flow). The divergence of such a feldis equal to 


Let 2 be a right cylinder of unit altitude with base G (lying in 
the x, y-plane) and a lateral surface = (see Fig. 6.8). Now we put 
down the Ostrogradsky formula for the domain ®. For this purpose 


| 
7 wen 


we take into account that the numerical value of the triple integrat 


of — -{- = over @ is equal to the double integral of this expression 


‘S 


iam 


lh 


over ie plane region G and that the flux of vector (6.19) across the 
surface & is equal to the line integra! 


lp cos(n, z)+ QUcos(n, y)J dl 

I. 
Where nis the normal (in the z, y-plane} to the contour Z bounding 
the plane figure G. Besides, the fluxes through the upper and the 
lower bases of the cylinder 2 are equal to zero, the lalter assertion 
being a consequence of the fact that vector (6.19) is perpendicular 
to the z-axis. It follows that the Ostrogradsky theorem for the plane 
field A and the cylindrical domain @ is expressed by the relation 
\ [P cos(n, z)+ Ocos(n, y)[ dl = i (s- 4 =) dzdy (0.20) 
AG 


ul 
L 
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Finally, we disregard the third coordinate z and consider (6.19) 
to be a vector tield clelined in the x, y-plane. Let us call the line 
integra! 

| [P cos (n, xz) + Ocos(n, y)] dl (6.21) 


h 


the flux of vector field (6.19) through the contour L. Then formula 
(.20) expressing the Ostrogradsky theorem for an arbitrary plane 
field A can be interpreted as follows: the double integral of the diver- 
gence of the plane held A over a domain G is equal to the flux of the 
vector A through the boundary Z of the domain. 

It can be easily verified that formula (6.20) is equivalent to 
Green's formula (4.45). Actually, if we denote by @ the angle bet- 
ween the langent to the curve Z and the positive direction of the 
7-axiS we can write 


cos (n, z) == —sina and cos(n, y) = cosa 


Therefore integral (6.21) turns into 


{ (Ocosxa—Psina)adl 
L 
or 


\ Odx—Pdy 
L 


Now transforming the last line integral into the corresponding 
double integral by means of Green's theorem we arrive at formula 
(6.20). 

The above argument can be reversed, i.e. if equality (6.20) has 
been established we can derive Green's formula from it. 

Thus, Stokes’ theorem and QOstrogradsky’s theorem turn into 
Green's formula in the case of a plane field. 


§ 4. CIRCULATION, 
ROTATION 


1. Circulation of Vector Field. Let A = (P, G, R) be a vector 
field and Z be a smooth or piecewise smooth curve. 
The line integral 


\ Pde QGdy+h dz 
i, 
avhich can also be writtem as 


| A, dl 
j 
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where A, is the tangential component of the field A along the con- 
tour Z (i.e. the projection of A on the tangent line to Z) is referred 
to as the circulation of the vector field A over the closed curve L. 

As was shown in § 2 of Chapter 4, if A = (P, G, /) is a held of 
force, its circulation over a contour L is equal to the work of the 
force along the path Z. For the fields of other nature the circulation 
may have another physical meaning. 


2. Rotation of Vector Field. Stokes’ Formula in Vector Notation. 
[ff £ is a closed path the line integral 


\ Pdr+Ody+Rdz 
é 


can be transformed into the corresponding surface integral by apply- 
ing Stokes’ formula (5.41): 


§ PdziQdy+Rds=( I (2 -S ) dray + 
L = 
+ (42-8) dy ao + (2-54) dade (6.22) 


The integral on the right-hand side of equality (6.22) is taken over 
ao arbitrary surface & “pulled over” the contour Z (i.e. a surface 
whose boundary is £). This integral can be interpreted as the flux, 
ecross the surface 3, of the vector 


(eae SiC ae) 628) 


which is called the rotation (eurl) of the veetor field A and is denoted 
hy the symbol rot A (or curl <A). 
Thus, by definition, 
oe ( aR AQ )i+( a an )i-+ = AP k (6.24) 


UY Vz Jz On OL UY 


Using the notion of rotation we can rewrite Stokes’ formula in 
the following form: 


& A, dl = | \ (rot A), do (6.25) 
L *s 


” 
‘oan 


Thus, the circulation of a vector field A over a closed contour 7 
is equal to the flux of ihe rotation cf the vector field across an arbi- 
trary surface (lying in the domain of definition of the Held) whose 
boundary is b. 

The above delinition of the rotation of a vector held A involves 
not only the field itself but also a certain coordinate system 2, y, Z- 
Bub the veetor rot A does not in fact depend on the choice of the 
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coordinate system and is uniquely determined by the held A. To prove 
this let us write Stokes’ formula (6.25) for a plane surface { and 
the contour L bounding this surface and then apply the mean value 
theorem to the surface integral on the right-hand side of equality 
(6.25). This results in 


, Apdl 
L 
(rot A (.17*)),, — a 
where A/* is a point belonging to the surface = and o is itS area.* 
Let us now contract the surface = to a fixed point AY so that 
the normal n to the surface all the time retains its direction 
invariable. In the limit we obtain 


{ A, dl 
(rot A(.M)),— lim. ——— 


- a 


(6.26) 


Since the circulation of the vector A over the contour is independent 
of the choice of the coordinate system equalily (6.26) implies that. 
the projection of rot A on the nortnal u does not depend on the 
choice. Tut the direction of the normal n can be chosen quite arbi- 
trarily and thus the projection of the vector rot A on any fixed axis 
is independent of the choice of the coordinate system. Consequently, 
the same its true for the vector rot A itself.** 


3. Symbolic Formula for Rotation. The expression of the rotation 
of a vector field A = (P, Q, A) can be conveniently wrilten as the 
symbolic determinant 


: a & 
Oo 7] o : 
P Oo R 


where i, j and k are the unit vectors in the directions of the coordi- 


o o ‘ 
= and — are understood in the sense 
OY Oz 

that the multiplication of such a symbol by a function means the 
differentiation with respect to the corresponding variable, e.g. 


0? 


ry, 
— ) all S renee 
ar v Means TT 


O 
nate axes and the symbols aos 


* flere. as usual, we suppose that the first order partial derivatives of the 
components P, Q, 2 of the vector field A with respect to z, y, 2 are continuous. 

** It is supposed that we take only right-handed coordinate systems. If 
we pass to a left-handed system (in which the positive direction of describing 
the boundary of a surface is such that the surface is alwavs kept on the right) 
the direction of the vector rot A changes tn the opposite. 
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Indeed, (formally) expanding determinant (6.27) in minors of 
the first row we see that 


J 
dQ @—a @ 6R daQy., 6P OR\. 0Q — aP\ | 
Uz Oy UZ = (5-4 )it+ (4--F) a —3,)k 


PO R 


4. Physical Meaning of Rotation. The physical meaning of rota 
{ion can be elucidated in the following way. Let us again interpre’ 
a vector field A as the velocity field of a fluid tlow. Imagine that we 
put, in the flow, an “infinitesimal turbine” whose plane vanes (paralle 
to the axis of the turbine) are placed round its circular periphery / 
{see Fig. 6.9). The fluid flow will make the turbine rotate about the 


Fig. 6.9 


axis with an angular velocity which 1s, generally speaking, depen- 
dent on the direction of the axis. 

lt appears natural to assume that the magnitude v of the linea 
velocity of each point of the circle £ is equal to the mean value o’ 


the projections of the vector A on the corresponding tangents to £ 
that is 


I SaeE 
v=sRY A,dl (6.28 
i. 


By Stokes’ formula (6.25), line integral (6.28) can be transformec 
Into the surface integral 


FF \| (rot A)n do (6.29 
taken over the surface £ of the turbine. The turbine being considerec 
miinitesimal, we can write the integral | \ (rot A), do as the nro 


duet of the area of the turbine by the value of (rot A), at its centre 
i.e. in the form 


nit? (rot A), 
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Relation (6.28) then takes the form 


Dp = = (rot A), 


‘As is known, the projection of a vectur assumes its maximal value 
(equal to the modulus of the vector) when the axis the vector is 
projected on is parallel to the vector and has the same direction. 
Therefore, if we place the axis of the turbine so that its speed v 
is maximal (i.e. so that the direction of the axis coincides with 
the direction of rot A) we obtain 


BR 
Umax = | rot A| 


or 


20max 


J rot A | =—% 


But 7 is equal to the angular speed w of the turbine and hence we 


have arrived at the following result: if the turbine is placed in the 
flow so Lhat its speed of rotation becomes maximal its angular speed 


is equal to + | rot A] and the direction of its axis coincides with 


the direction of the vector rot A. 

Consequently, the vector ret A characterizes “the rotational 
component” of the velocity held and is equal to the doubled angular 
velocity of rotation of an infinitesimal particle of the fluid. 


zamples 
1. Consider the vector field A with the components 


ia— —Yw, Q == 2G); R— 0 


The field can be regarded as the velocity field corresponding to the 
rotation of the entire space (filled with a fluid) about the z-axis with 
angular velocity @ = (0, 0, @). It can be easily verified that the 
rotation of the vector field is equal to 2wk, that is rotA (A = 
= (P, Q, #&)) is directed along the axis of revolution and its mag- 
nitude is twice the angular speed © (see Fig. 6.10). 

The physical significance of this result is that every particle (of 
a fluid which is in a rotary motion about the z-axis) passing through 
a point (xz, y, Zz) at moment ¢ simultaneously takes part in two 
motions, namely in the instantaneous transient motion with velocity 
v = (—yo, «zw. O) and in Ute instantaneous rotary motion. It is 
obvious that the instanlaneous angular velocity of rotation of 
every particle coincides with the angular velocity w of the macro- 
scopic motion of the fluid as a whole. [ence. the held of the rotaUion 
rotA is also constant and equal to 2 and the Muid can be thought 
of as being entirely composed of tnlinitesimal curls (vortices). 
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2. Consider a liquid flowing in a constant direction with a con- 
stant velocity, i.e. suppose that the functions 7, GQ and A are iden- 
tically constant. In this case we have rot A = 0. 

3. Let P=y, @=O0 and R=0. Then 


rot A = —k 


Ilere the rotation is different from zero at each point although 
all the vector lines are straight lines parallel to the y, z-plane (see 
Fig. 6.11). One may think that this result contradicts the assertion 
that rot A characterizes the “rotational component” of the field A. 
But in fact this is not so: in this example the “rotational component” 


rotA =Zwk 


Fig. 6.10 


is due not to the twist of the vector lines (which are rectilinear here) 
but to the variation of the velocity which is dependent on the distance 
from the z, z-plane. If we place an infinitesimal turbine in this 


Fig. o.it 


flow whose velocity is cqual to (y, 0, 0) at each point (z, y, 2) 
it wil] not apparently be in a stale of rest unless its axis of rotation 
is perpendicular to the z-axis. 

4. Let us take the vector field A with the components 


P=. Q=—==-, h=0 (6.30) 


This field can be regarded as the velocity field of a fluid whose par- 
ticles move, in the x, y-plane, along the hyperbolas zy = C (Fig. 6.12) 
in such a way that the maynitude of the velocity is equal to unity 
at each point. Computing the divergence and the ratatian of the 
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field we find 
ie Aas ( “i ) + d ( =1_)— yi—2? 


OE NY 72 ay Yrty (x2 2) 8/2 
anc 
O — 2 


The divergence is positive here for | y | > |z2z | and negative for 
|y |<< | az ]. From the physical point of view, this means that the 
motion of an incompressible fluid described by field (6.30) is only 
possible if there are sources in the regions where | y | => [2 | and 
sinks where [y |< | z |. The rotation of field (6.30) is directed 
along the z-axis at each point, this being so for every plane feld 
parallel to the z, y-plane. In the case of field (6.30) the vector rotA 
goes along the positive direction of the z-axis in the second and 
fourth quadrants and in the negative direction in the first and second 
quadrants. Both divergence and rotation of field (6.30) tend to zero 
as z* -; y“ —» oo, that is when the distance from the origin of coor- 
dinates increases. 


Oo. More on Potential and Solenoidal Fields. The notion of rotation 
discussed in Sec. 2 is directly related to the definitions of a potential 
and of a solenoidal field introduced above. 

We have defined a potential vector field as one representable in 
the form of the gradient of a scalar field. As was shown, a vector 
held A = (P, O, R) is potential if and only if its components 
salisfv* the conditions 


OP JQ vQ _ Oh 0 oO 
Ay ar ' az ~ «ty ir az 


But these three conditions mean that all the three components of 
the rotation of the field A are identically equal to zero. 

Thus, we can state that for a vector field A to be potential it is 
necessary and sufficient that the condition** 


rot A = 0 


be fulfilled. Hlence,:- we always have rot grad U = 0 for any func- 
tion U. 

The notion of a solenoidal field introduced in § 2 is also connected 
with the notion of rotation. Indeed, the direct differentiation shows 


* As before, we suppose that the functions P. Q and R are continuously 
differentiable and that the domain in which the field is considered is simply 
connected. 

** In this case we suppose that the components of the vector field A defined 
in a simply connected domain possess the continuous partial derivatives of 
the first and second ordezs with respect to xr. y and z. 
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that. for everv vector field A. we have the relation 

eo d ik a) d ad ole , oO ao) oP . 

aes a < . =() 
div (rol A) = = ( ( y+ ( 
and hence any vector field representable as the rotation of another 
vector held is alwavs solenoidal. 

It can be proved that, conversely, every solenoidal lield can be 
represented in the form of the retation of a vector field. In other 
words, for every vector field A satisfying the condition div A -= U 


Ox OY 


Oy Us 


vz UX 


cy 


Fig. 6.12 


there exists a fleld Bo such that A ret B. Such a vector fhield B 
is not uniquely determined by the held A but only to within a sum- 
mand of the form grad @, € being an arbitrary function, 

If A = rot B the held B is termed a vector potential of the field A. 

Although the potential and the solenoidal fields do not exhaust 
all possible veetor fields ib cam be shown that an arbitrary vector 
field can be represented as a combination of the fields of these two 
tvpes. More precisely. it ean be proved that every vector field A 
can be represented in the form 


where the field B is potential and C is solenoidal. 


§ 5. HAMILTONIAN OPERATOR 


t. Symbolic Vector V. In § 1 we introduced the notion of the 
gradient of a scalar field. The process of obtaining the vector field 
grad @° from a given sealar field “4? can be regarded ws an operation 
Which is in many respeets similar to dijferentiation with the only 
difference that the latter transforms a scalar into a new sealar 
whereas the former operation applied to a scalar yields a vector. 

The operation of passing from (@ to grad U is usually designated 
by the symbol V introduced by Tlamilton*. This symbol is read 


* Hamilton. William Rowan (1805-1885), an FTpich mathamaticion 


17—08724 
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nabla (or “del”) and is called the Hamiltonian’ operator, 
Thus, we have, by definition, 

V &@ = grad U 


It is convenient to interpret the operator VY as a symbolic vector 


with the components —, — and —**: 
ox ay Ss 
8] e 1 Vv e ] 0 
— re at nara! ar 
Vv re ON J Oz 


The application of this operator to a scalar function © can be per- 
formed as formal multiplication of the “veetor™ Voby the seatar 
Om 

0 ., a aT _ al] at, 


P= ole re I eee . ee ol, Bay Sees : 
VU = grad U — (i re k )C ee = tk 


The veetor VY can also be conveniently used for writing formulas 
iovolving many Other operations of vector analysis. For instance, 
if A= (77, Y, R) then 

: Q Poo | 
div A = — Pt ().:. RR aC A) 


oy‘ ' as 


gs 


that is the divergence of a vector lteld is the (formal) scalar pro- 
duct of the symbolic vector Y by the vector A. Similarly, we have 


rot A= (= n-—)i- (- p—< R) i+ 
+(S9-2 r) k =[V, A] 


i.e. the relation of a veclor held Ais the (termal) vector product 
ot the vector Y by the vector A. 

2. Operations with Vector VV. The expedience of the introduction 
of the symbolic vector V lies in the fact that it enables us to deduce 
and write various formulas of veetor analysis in an abbreviated and 
visual form. There are some simple examples below. 

In Sec. 5 we showed, by means of the direct calculations. that 


rot grad (fF == 


and 
div rol A = 0 


* This term, also intreduced by Uamilton, originates from the name 
nabla (Greek vaBac) of an ancient musical tnstrument of triangular form. 
** When writing the rotation as a symbolic determinent, we have already 
seen that it is convenient to think of the operation of differentiation as the (for- 


ata } 
mal) multiplication of the symbol — (or -—+ 5 — ote. } by the fiinetion whose 
re 


derivalive is computed. 
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These identities can be rewritten with the help of the vector V as 
two relations of the forin 


lv. VO) =0 
and 
(Vv. V. A) =O 


The left-hand side of the former is the “vector product” of two 
“vectors” Vo and Yo which only differ from each other in the 
scalar factor &, and we have the “triple sealar product” involving 
two equal vectors on the left-hand side of the latter relation. There- 
fore these expressions turn Out to be equal to zero in accordance 
wilh the general rules of veetor algebra. 

We ean directly verify that most of the basic operations performed 
on the ordinary vectors can be extended to the symbolic vector V 
which makes it possible to derive formulas of vector analysis 
by applying the rules of vector algebra lo expressions iuvolving V. 

But it should be noted that there is no complete analogy belween 
the svinbolic vector V and “true” veetlors. Numely, only the formulas 
(containing the vector V) which do not involve the application of 
{he operator VY to products of variable quantities (scalar or vector) 
are cumpletely analogous to the corresponding formulas of vector 
aloebra. But if an expression contains a product of two or more 
variable quantities to which the operator V should be applied we 
cannot follow the ordinary rules of vector algebra. To establish 
the corresponding rules for application of the symbolic operator 
V to such expressions we shall consider some typical examples. 

1. Let @ > U (Ge. ye cs) be a sealar field and A=: A (x. y, 2) 
a vector field. We shall find div(@A), i.e. (YV, GA). The application 
of the veetor operator VY reduces to performing the eperations of 
differentiation involved in it. But. as is well known, when diffe- 
rentiating a product we can differentiate the first factor considering 
the others to be constant. then differentiate the second factor as 
if the other factors were constant and so on and then take the sum 
of the expressions thus obtained. 

Let us mark by the sign “)” the factor to which the operator V 
should be applied. Then, as it can be easily verified, the expression 
for div€@A) can be written as 


J } 
(Vv, UA) = (Vv, OA) 7 (V, ON) 


The factors, in each suinmand, that are not subjected to the operator 
Vi can be taken outside the sign VY. Consequerly we obtain 


{ + 
(7, UN) = (VV. UAY & (0, UA) = (00, 4) (v7, NY 
which can be written down in the ordinary notation as 
div (4°44) — (AL grad (7) © te div \ 
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2. Consider the expression 
grad (UV) 
Which can be written symbolically in the form 
VUV 


Following the above rule we can write 


VUV =VOCV 4+ VU0V =VV0 4+ UV 
or, in the ordinary notation, 
grad(UV) = V grad + U gradV 

These examples enable us to furmulate the rules according to 
which the operator V should be applied: in the expressions containing 
a single variable quantity the symbol V can be operated on as an 
ordinary vector and in the expressions involving products of several 
variable quantities the operator should be applied in accord with 
the rule for differentiating a product. Finally, the application of 
V to a sum of any summands is performed termwise, i.e. V Is sepa- 
rately applied to each summand and the results are then added up. 

In conclusion, we present a list of formulas connecting the opera- 
tions of computing the gradient, the rotation and the divergence 
with basic operations of vector algebra: 


1. div (UA) = (A, grad U) + C div A, 

2. grad (OV) = V grad U -+- © grad V, 

3. rot (UA) = Urot A f+ [grad U, Al], 

4. div (A. Bl = (BR, rot A) — CA. rot B), 

5. rot [A, Bl = (B, v) A — (A. V) B+ Adiv B - Bdiv A, 
(. grad (A, B) = (B, V) A + (A, VY) B+ UB, rot A] + 


+ L.A, rol B}. 
In particular, putting A — Bin the last formula we derive 


grad a a (A, V) A-—-[A. rol A] 


The first two of these formulas have already been deduced. The 
other can be obtained by applying the operator Vin accordance 
with the above rules and ordinary formulas of vector algebra. In 
particular, to lind the expression for rot [A, B] we symbolically 
Write it in the form 
Iv, [A, BI 
and apply the well known formula™® for transtorming a triple vector 
product: 
la, [b, cll = b (a, c) — € (a, Bj 


* For a triple vector product of the form [[a, b], ce] the corresponding for- 
mula is written as 
lla. by}. ec) = bla. ce) —a th. e&) 
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An expression of the form (A. VY) B encountered in formulas 3 and 6 
is understood as the vector quantity 


4 vB, \ 4 OB, me z| aR ,. x | vB, —_ vB, a: vB, 
Ug EM Gy OG NG Gy 
an Be aR. 
re — cl, oe ES 

the ny as 


(where «4l,. -l,. 4A. and B,. By. B, are the components of the 
vectors A = (Ax. chy. 1.) and B= (By. By. B,)) which can be 
regarded as the resull of applying the “scalar” operation 

ay ne Tt) 


(A, V) = Ay oe ee 


Sx 


toy * 7 as 


to each component of the vector B.* 


gf REPEATED OPERATIONS INVOLVING Y. 
LAPLACIAN OPERATOR 


1. Repeated Differentiation. In $$ 5.45 we introduced the notions 
of sradient, divergence and rotation. Inapplications of vector analysis 
we deal not only with these basic operations but also with their 
combinations. The most often used operations of this kind are 
these containing second derivatives of the telds. 

We can compose nine different coinbinations of the symbols erad, 
rot and div involving second derivatives but some of thein are 
senseless. For instance, such is the operation 


rol div 


which cannot be apphed cither to a scalar field or to a vector tield 
because the notion of the divergence has been introduced for the 
vector fields A and the expression div A is always a scalar quantity 
whereas the rotation was only defined fer the vector fields and thus 
it is senseless to speak about the rotation of a divergence. All pos- 
sible combinations are given in the table below, the senseless com- 
binations being marked by shading the corresponding positions of 
the table (see the next) pave). 

We see that, among these operations, there are only two that can 
be applied to a scalar field “7, namely 


rot grad € 
ana 
div grad 


ee 


* In the formula for (A. PB) we have denoted the coniponents of the vectors 
A and B hy the same letters A and 2 with subscripts xz, y and 2 (designial ing 
the coordinate ayes) which makes the formula Tock synimetrie with respect 
in tha lettars Ta what fallawe wo eliall -vlees ena fhic matatrary 
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Scalar field € Vector field .A 


Operation = 


grad rot 


ly ie cull ill 


div grad & 


div rot A =U 


| rob grad ( — 0 | roto rot A 


The former is the rotation of the potential vector field grad 0 
and, as was shown, rot grad (7 is always identically equal to zero. 
The latter expression div grad [/ is not equal to zero in the 
general case. [t is called the Laplacian operator* and denoted by 
AU. Taking advantage of the expressions for the gradient and rota- 
tion in Cartesian coordinates (see formulas (6.5) and (6.23)) we 
derive 


—é 


— &e2 y2 x2 


; : : : ea He. IU ik] Ce 1 2 Sed PU! 
AY == div grad U <div (= k ) = 


or 


The divergence and the gradient being independent of the particular 
choice of the coordinate system, the quantity AU’ is thus completely 
specitied by the field @ and does not depend on the coordinate system. 
Later we shall dwell in more detail on Laplace's operator. 

The Laplacian operator A can be considered to be the (formal) 
scalar square of the symbolic vector V. In fact. we have 


a 2 rf) 2 a\= Ny? ae s- 
My a .- 2 @ deed a =" hs Mi a = 
a Vs ( ) | ( : ( =] "gy? * 2? 


Or ay 


and hence 


PU PU all — 
(WOE Sees oA, 1 y) = 


da dy- ds- 


IL is sometimes necessary to apply the operator A not to a scalar 
quautity bul to a vector. H 


A = A;i + A, 


¥ Named after Pos. Laplace (1749-1827), a promineut French mathemationy 
and astronomer. More preeisely, the term “Laplactan operator” is used not 
for the expression AG (which is the result of applying the eperator to a seatar 
fichl YU) but for the symbol A = div griul. 
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then, by definition, AA is understood as the vector 
AA,yi + AA,j -- Az1,k 


As will be shown later, this quantity does not in fact depend on 
the choice of the coordinate system and is completely determined 
by the vector field A.* 

Let us now proceed to study the operations involving repeated 
differentiation which make sense for the vector fields. There are 
three such operations in the above table. namely 


orad div A 
rot rot A 
div col A 
The expression div rol A was encountered in § 4 when we deduced 
the conditions for a field to be solenoidal. As was shown, we always 
have 
div rot A = O 


On the coutrary, the expressions grad div A and rot rot A may 
be nonzero. They are widely applied in) various problems of 
mechanics and electrodynamics. 

Let us derive a formula connecting these quantilies. For this 
purpose we first consider the expression 


rot rot A 


which can be written, in svorbolic form, as 
Iv, [v, All 


Applying the formula fora triple veetor product given in $5, See. 2, 
we obtain 
iv, Iv, All = Vv (W. A) — (Vv, V) A 
that is 
rol rot \ == grad div A — AA (6.31) 


[n particular, it follows that the quantity AA defined above as 
the result of application of the Laplacian operator to each component 
of the vector fiinetion A is in fact independent of the choice of the 
coordinate system because this 1s the case for the quantities rot rot A 
and oraddiv A. 

Expression (6.31) involving only one variable quantity. we have 
applied here the ordiaary rides of veeior algebra in operating on 
the symbol V. We suyvgest that the reader directly derive equality 
(6.31) without resorting lo the svaibol V and compare the calculations 


* lt should be noted that the origina) definition of \ as A) - div grad only 
applies when we consider an expression of the forin AG where & is a sealar. 
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with the above because this will show the advantage of introducing 
the Hamiltonian operator. 


2. Heat Conductivity Equation. To illustrate the possibility of 
application of the concepts of vector analysis let us derive the equation 
for a temperature field inside a physical body subjected to heating. 
Denote by € (z, y, z, 2) the temperature at an arbitrary point 
(z, y, 2) of the body at moment ¢. Let us (mentally) pick out. 
within the body, a volume 82 bounded by a surface = and compute, 
by means of two different ways, the variation of the amount of 
heat, contained in the volume. during an infinitesimal time period df. 
In every intinitesima!l element of volume dv taken inside the body 
the increment of the temperature corresponding to the time interval 


dt is equal to me dt, the mass of the clement being equal to o dv 


where p is the mass density. Consequently, the variation of the 
quantity of heat in the volume element dv is expressed as 


oU 
Cc ar dtp dv 


where cis the specitic heat. the quantities c and p being considered 
constant. Accordingly, the variation of the quantity of heat. con- 
tained in the whole volume @, during time df is equal to 


v 


al 
dJj=di \\\ —, ep do 
Q 


On the other diand, the quantity dG can be found by computing 
the amount of heat passing through the surface 2, bounding the 
volume ©. during the time period from ¢ to t-: dt. By See. 1 of 
$2, the amount of heat passing during the time interval dt through 
an cluimentary area do (in Che direction of the outer uormal io 2) 
iS equal to 


— dtkh (grad U), do 


and consequently the resultant increment of quantity of heat con- 
tained within the volume @ bounded by the surface 2 is given by 
the surface integral 


d= dt \ { ik (grad 0), da 


? 
med 


Transforming this integral into the corresponding volume integral, 
by applying the Ostrogradsky theorem, we receive 


dt \\ k (grad C)ndo~ dt \\\ bdiv (grad U)de dt \\\ AU de 


ke o o 


Fagg -_ 
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Now equating the two expressions obtained for dv and cancelling 
out dt we deduce the relation 


| \\ a CO dU =: | RAL dv 


which is valid for any spatial region Q taken within the body. It 
follows that the integrands on the left-hand and mght-hand sides 
are equal. that is 


ae oo 7 p : pgst Sp en 
=a (at=:—) (5,32 
vf cf) ‘ 
We have thus derived the equation, called the heat conductivity 
equation, for the function GO describing distribution of tenipera- 


ture in a heat conductor. 


3. Stationary Distribution of Temperature. Harmonic Functions 
We have shown that a distribution of temperature inside a physica 
body must satisfy equation (6.32). In a particular case it may turr 
out that the body is ina state of thermal equilibrium. i.e. its lempe 
rature does nol vary either on the boundary or in the interior of the 


: u ‘ 
body. Then we must have — = 0, and equation (6.32) takes the form 


AU =90 
or. in Cartestan coordinates, 
a-l: he 7d oe 


a 
=e 


dc? ' gyt | ox 


=|) 


A state of thermal equilibrium can be thought of as follows. Suppose 
that a constant temperature (independent of time) is kept at eacl 
point of the boundary of the body (but the temperature may vary 
in the general case. from point to point on the boundary). Then 
after a sufficiently large time period has clapsed (strictly speaking 
an intinite time period) there will he a stationary. time-independent. 
temperatnre distribution. Such a distribution retains a constant 
value (which may be different for dillerent points) at each point 
of the body. Apparentiy, such an cquwilibrium temperature distri 
bution is uniquely determined by the temperature conditions on the 
boundary of the body. 
The equation 
AU’ =) 


is known as Laplace's equation, There are various stationary proces. 
ses distinet from heal conduction which are also described bv this 
equation, Por instance, these are an emputhlibrinm  distributior 
of eleetric charge over the surface of a conductor, a stalionary fluid 
flow in a closed region and the like. A sealar funetion UY (ro yo 2 
satishving the edauiattion A& = 0 is eatled a harmonic tiunetion 
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(eld). Thus. a stationary distribution of temperature within a 
physical body ts described by a harmonic function. 
The fupetion 


= (r = V xz?! y*---5*, ke = const) 
is one of the most important examples of a harmonic function. It 
can be interpreted as the potential function of the field of gravitation 
(the electrostatic Jield) produced by a material point (point charge) 
placed at the origin of coordinates. Let us verify that this is in 
fact a harmonic function everywhere except the origin at) which 
it is net defined. Indeed, we have 


ak y= — re vk is° — r- 
—— = h = ——- -_——- -- h 
Jy- oF r? d2- or r? 
whence 
i 
» ° ° ° h ° ° . . 
A function of the forny —— is also harmonie for each fined 


lr—ruy| 
ro at every puint whose radius vector ris distinet from = rg. Conse- 
quently, any linear combination of the form 


nm 
kj 
>» [vr fe 
Pol 
isa harmonic function (for © or,;, i - 1, 2, ..., m) which can be 


inlerpreted as the potential function of the hefd of gravitation (the 
electrostatic field) produced by a system of material points (point 
charges) located al the points with radius vectors r, (i = 1. 2. 
..., ). The field of gravitation produced by a mass continuously 
distributed in spaee with volume density pe (z, y, z) can be obtained 
by performing the passage to the limit in the above expression from 
the system of mass points to a continuous mass distribution. The rigo- 
rous mathematical justilication of such a passage to the linit, which 
looks qnite natural from the point of view of phliysics, would involve 
integrafs dependent on paramelers (see Chapter 10). We shall not 
present such a proof here beeause these questions fall outside the 
framework of our course and are considered in the textbooks an 
mathematical plrysics. 


fcercises 

1. Write down the expressions for the potential function of the 
field of gravitation produced by a mass continuously distributed 
In space with density am (zr. ye. 3). 
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2. Find the potential of the electrostatic field produced by an 


infinite thread carrying a uniformly distributed eharge. [ts this 
potential a harmonic function? 


$7. EXPHESSING FIELD OPERATIONS 
IN CURVILINEAR ORTHOGONAL COORDINATES 


1. Statement of the Problem. Such quantities as the gradient. 
divergence, rotation etc. of a field are widely apphed in’ various 
problems of theorelical and mathematical physics. In many cases 
it appears necessary Lo express these quantities not only in Cartesian 
coordinates, as has been done in $$ 3-6. but also tn curvilinear 
coordinate systems. For instance, if we deal with a spherically sym- 
metric lield, i.e. if. at every point in space, there is a scalar or vector 
quantity dependent only on the distance from the point to the 
origin of coordinates. it is clear that all the formulas related to 
such a field are essentially simplified if we write them in spherical 
coordinates instead of Cartesian ones. Of course. in) various pro- 
blems some other coordinate syslems may prove to be more con- 
venient. 

Here we shall derive the formulas for the gradient. divergence. 
rotation and Laplace’s operator in general curvilinear orthogonal 
coordinates and also consider the special cases of sphericaland cylin- 
drical coordinates. 


2. Curvilinear Orthogonal Coordinates in) Space. Suppose we are 
given a curvilinear coordinate system™*® gy). qo. G3 in space and let 
the formulas counecting g,. ga and q3 with the Cartesian coordinates 
c,y aud s be of the form 


L= =U. gor Gi. UH Udy. qa Ga). 2 = 2 lq. Ga. Ga) (6.33) 


We shall confine ourselves to the simplest case of orthogonal 
coordinate systens which are particularly tmportant for practical 
applications. A curvilinear courdinate system is said to be ortho- 
gonal if at each point the three coordinate curves passing through 
the point form right angles with each other. i.e. the tangents to 


* The notion of curvilinear coordinates was discussed fia Chapter 2. We 
shall suppose that the functions expressing curvilinear eoordinates in terins 
of Carlesian ones satisfy the conditions cmunerated in § 4 of Chapter 2. We 
shall change the notation introduced in Chapter 2 and designate the earvilinear 
coordinates by the single le(ler g with the subseripis t. 2 and 3 so that the 
formulas take svminetric form. Similarly. for the same reasou. the com- 
fonents of a veetar field A Qwith cespeet to the coordinate systeaa ip quest tan) 
will le Lee beaddend Cn ns cS ry) 


JUS MUEYVTVIPLE INTRGRALS, FIFILD THEORY AND SERIES 


the curves are mutually orthogonal at the point. In particular. the 
Spherical and the cylindrical coordinate systems in space whieh are 
widely used in various problems also possess the orthogonality 
property. 

First of all. let us tind the expressions fur the clements of length, 
area and volume in orthogonal coordinates. For this purpose we 
cousider an infinitesimal curvilinear parallelepiped cut out otf space 
by three pairs of coordinate surfaces corresponding. respectively. to 
the values g,;. gy + day. ga. go — ayo and qy- gg -- dds of the coor- 
dinates gy. go. and q, (See Fig. 6.13). 

Consider the edge VAf, of the parallelepiped. The point V/ las 
the curvilinear coordinates (q,. qe. q2) and the point /, has the 
coordinates (q,; -'- dgy, ga. G2). Denoting the Cartesian coordinates 
of the point WJ as 7. y, 2and those of the point 17, asa2 + dr. y +. dy, 
Z dz we can write the expression 


V dz? —- dy? -- dz? 


for the length 7, of the vector W.1/,. Yhe coordinates z, y and 3s 
are functions of a single parameter g, along the edge WAS, since 
go and g, are constant on VWA/,. Consequently. in this case we have 


uae oY Uz 
dr==-—dgy,. dyu——dady,. ds=— de 
da, 1 Y Tits /\ Onl fs 


ane 


e ae ay = ¢ Oz \2 
cl ae | aa) . a) aa ed ay; 
similarly, for the lengths di, and al, of the edges JV. and 
ATF, we derive the expressions 


/{ Gx \- dy 
dla = | ( dis ( aa } 


fo ea a ee 
, WZ \e~ ay - 4 
dly = | (- (=) +( d 
3 | Cq3 ds ‘ 


Introducing the notation 


aud 


y= \’ ( uz 


aa | dag | * \ aaa On 


we can rewrite the formulas for dé,, dl. and dl, as follows: 


ay — fT. dla. Th. — GT. da. al. == Hl,das (5.555) 


Cue. 6. FLELD THEORY 269 


The quantities H,, HM. and H, are referred to as seale_ faetors 
(Lame’s*® coeflicienis) associaled with the curvilinear coordinates 
Gi, Yo, V3. A coordinate curve along which only one of the parameters 
Gi. Jz OV Gg Varies can be thought of as a curve on which the scale of 
the corresponding parameter g; (i = 1, 2 or 3) is marked. The 
multiplication by the factors //,, /f. and //, transforms infinitesimal 
increments of the parameters q,, go and q3 into the corresponding 
increments of the parameters /,. 2, and Z3 which are the arc lengths 
of the coordinate curves. 

I3y the hypothesis. (he coordinate system being orthogonal, the 
area do, of the face WAIN, M3 of the parallelepiped is equal to the 
product of dls by dl3. i.e. 


da, = Il, yg dg dq, 


and similarly the areas do. and do, of the other two faces are expres- 
sed as 


do, = H, Il, dg, dq, and do, — IT, If, dy, dge (6.36) 
Finally, the volume of the infinitesimal parallelepiped is equal to 
dv = dl, dl, dl3 = IT, Il, Ha dy, dq. dq; (6.37) 


Let us introduce. at each point AY. the orthonormal basis (i.e. 
one whose base vectors are mutually orthogonal and have unit 


earn 


Fig. 6.12 M 


lengths) determined by the three unit vectors e,. e.. e3 tangent tc 
the coordinate curves passing through the point Al. It should he 
noted that, unlike a Cartesian coordinate system specified by three 
constant (both in direction and magnitude) unit vectors i, j and k 
the coordinate system determined by the basis e,, e., @3 may vary 
from point to point in the general case. that is the vectors e,. e. 
and ¢, are functions of the coerdinates q,. qoand q3. But this does 
not prevent us from resolving an arbitrary vector given al any 
point Woas a linear cumbination of the corresponding unit vector: 
€;, @2 and es. Tlence, every vector held can be (locally) resolved 


* Lame, Gabriel 1795-4870). a French scientect 
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Inlo components along the directions of the vectors e,. e. and e, 
at each point J/. 


3. Cylindrical and Spherical Coordinates. Let us compute the 
scale factors for the cylindrical and spherical coordinate systems 
Which are the most important special cases of curvilinear orthogonal 
coordinates. 

Cylindrical coordinates r, yg, 2 are connected with Cartesian 
coordinates xz, y, < by the formulas 


z=rcosg, yoersing. s=s 


“ fge \2 | vy \- “Uz ye? 
— jp aes -4 peel ie j— fF _ 
My l ( Ap ) Tv ( dy } ( ag ) 


= Vrsiv (Pe, rt cos=y =r 


ns VE) > (a) +B) VI 


Jaking into account the geometric significance of the scale factors 
ify, He, Hy, we can directly derive formulas (6.38) without differen- 
lialtion. Indeed, consider an infinitesimal parallelepiped bounded 
hy the three pairs of the coordinate surfaces corresponding to the 
values rand ¢-- dr. gq and q@ -- dg, 2 and z + dz of the cylindrical 


(6.38) 


3 


— 


Fie, 6.14 


ceoordinates r. q, 2 (Fig. 6.14). The lengths d/,, dl. and dla of the 

edges 143, AC and AD of the parallelepiped are respectively equal 

to dr, rdp and dz, which immediately implies formulas (6.38). 
Similarly, for the spherical coordinates determined by the relations 


z=ocosqsin 0), y=popsingsin 0, 2s = cos 6 


we find. by differentiating the formulas, the equalities 
HWoe=1, He=p, Wy =p sin 0 (8.39) 


This result can again he obtained directly from Fig. 6.15 siucee the 
lengths dt, dl. and di, of the edges AB. AC and AD of the paratlele- 
piped bounded by the coordinate surfaces speeihed hy the values 
pando ; do, qq and g 4- dq, UO and O -! dO of the spherical coor- 
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(dinates 9, g, 9 are respectively equal to 
do, p dO and o sin 0 dg 
whence formulas (6.39) immediately follow. 


4, Gradient. Let us find the expression of the gradient in curvi- 
linear orthogonal coordinates. As is known, the projection of the 
gradient of a scalar function U = UY (g,, ge, g3) on an arbitrary 


Fig. tito 


axis coincides with the derivative of G along the direction of the 
axis. Consequently, to compute the components of the vector grad f- 
with respect to the basis e,, €., e¢3 we must find the derivatives 
of & along the directions specilied by these vectors. Let AU be the 
difference between the values of the function ©’ at the points JW, 
and Af. Then 

AC \O 1 @t! 


eracd {7 e,) = him =: liny —-= 
' i tyr 4 gyno edgy FE ot 


Similarly, the other two components of the gradient are equal to 


1 way tt 
fle Ut}o Ld Od 
Ilence, we finally obtain 
au . to al 1 ali 


; ! 

7 a eae mA aE ——— |. ——- —-— ¢' (40) 
grad & We oa, e1+ i oe > + ie Gan? (11.401) 
d. Divergence. \We now proceed to calculate the divergence of 
a vector field A in coordinates q,, Ge, g3. The expression of div A 


at a point AY was defined in § 2 by the formula 


. ; | ' 
oe ee ra | An 
div a ay 3 da 


Consequently, we can computo div A at an arbitrary point WV 
by evaluating the ratio of the flux of the vector A through the surface 
of an infinitesimal parallelepiped shown in Fig. 6.13 to the volume 
dv of the parallelepiped. Let Ay, <4, and A, be the components 
(coordinates, or projections) of the vector A in the basis e,, es. e3, 
1.e. det 

A = “Aye, + Aowe, -! Age, 


To begin with, we find the flux of the vector A through the two 
faces perpendicular to the edge MaAl,. The outer normal to the faee 
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MAI.N,Af3 coincides with the vector —e, because the vector e, 
goes in the direclion of the increase of the coordinale g, whereas 
the outer normal to this face is in the opposite direction. Ilence. 
the flux of the vector A through this face is given, to within infini- 
tesimnals of order higher than the first relative to the quantity dq» dq3, 
by the expression 


(A, —e,) da, = —A,HI.H, dgeo daqy (6.41) 


Where the values of .1,, 47, and /f, are Laken at the point (gy. ge. Gs)- 

The face WyNaNV.NV.. opposite to the face WA/2N, A 3. differs from 
the latter in the value of the coordinate g, which is now equal to 
qd; -- dg, instead af g,. Consequently, the quantity .1,/f,//5 takes, 
on the face WyNyNVN., the value which differs from that on the face 
MMAN.M, by the increment 


0 
(AM alls) de 


Furthermore, the outer normal to the face 7,V3,N Ne is in the direc- 
tion of the vector e,. Therefore the flux of the vector A through the 
face JyV3NN. is equal to 


AHH 4 4- or (AH ols) dq, | dqo das (6.42) 


Adding together expressions (6.41) and (6.42) we find that the flux 
of the vector field A through the two opposite faces JA/.1/,N,A7, 
and J/,NyNN.w is equal to 


a 


Fe (Ayfloll,) dq, dge daz 


the List expression being correct to within infinitesimals of higher 
order relative to dv = H,H.H, dq, dg2 dqy. 

Similarly, taking the other twu pairs of opposite faces we find 
the following expressions of the flux: 


O (And/ 3/14) 


vq dq, de dq: and O(A3f1 ff 9) 


2) 
gy | AN a2 dys 
Adding up the three quantities thus found, dividing the sum by 
dv and passing to the limit as 2 — M we finally obtain the formula 
1 f Matt) OAM IT), ACAI SIE 2) 
TIPUE cee ae ar amar) ale 
4. Rotation. As was shown in § 4, the projection (rot A), of 
the rotation of a vector fieid A on the axis specified by an arbitrary 
lixed vector n at a point Mf is expressed by the formula 


{ A, dd 
(rot A), = lim ——— 


¥— Al 


(6.43) 


div A = > 
Ody 7— Jo 
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where 2 is a surface perpendicular to the vector n at the point A/, c 
being the area and Z the boundary of 2. Thus, we can find the pro- 
jection of rot A on the axis of the vector e, by computing the ratio 
of the circulation of A over the contour A{M],N,M,M (shown in 
Fig. 6.13) to the area o,. Let us present the circulation as the sum 
of the four terms corresponding to the line segments MAf,. M.N,. 
NiM,, MsM and compute each sumimand separately. We _ first 
tuke Mf.\/.. The projection of the vector A on the line segment AZ AM, 
is equal to A, and consequently the line integral of the projection 
along the path J/Af, is given, to within infinitesimals of order of 
smallness higher than the first relative to the length of AZ AL,, by the 
ex pression 


to dl, —_ All, dg» ((i.44) 


where the valnes of the quantities <1, and HH, are taken al the point 
(fs. Go. Gy). Fhe integral over N,Al, differs from the above expres- 
sion in the third coordinate. which assumes on WV,A/, the value 
Ga -- dq, (instead of the value gs taken on VWA/,), and in the direc- 
tion of integration since the direction of the line seginent VM, 
is opposite to that of the vector e,. Therefore the tnlegral of the 
projection of A on V,zM, over the path WV,.V, is equal to 


: 7 a gee 
= | Ally +a — (Aslf2) dqs | dqs (6.43) 


Similarly. for the integrals taken along A4.V, and A/3,1\/ we obtain 
the corresponding expressions 


q : : 
Ayla -r a (4,443) age ! dq3 (6.46) 

2 
und 

— Alls dis (6.47) 
Adding together expressions (6.44), (6.45), (6.46), and (6.47) we 
find that the circnJation of the vector A over the contour A/AloN, AL3M 
is equal to 
_ 2AM a9, dg, a(Aatt ats aie 
Ug 

the last expression being correct to ane infinitesimals of higher 
order relative lo dg, dgg. Dividing this expression by /1,+f, dq. dq3, 
i.e. by the area of the face AZAMIZN, Aq. and passing to the limit as 
> —> Mo owe see that the component (rot. A), of the vector rot A 
in the direction of the base vector e; is equal lo 


{ 0 (Aglf 4) 0(A2/f2))] > 2 
eiM-g ponents 
The other two components are computed analogously: 
Wie care ck A(AGHy) — A(Ag he -_ 
(rol A). = HoH, ;ae ay (t). 485) 


18—0824 
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(rot A), = War a ae (0.485) 


Finally we can write the resultant expression of the rotation in cur- 
vilinear orthogonal coordinates 1, gs, 43° 


— O(A3tl3) — @(aAgll2)) 1 AM) Alas) 
saa a 7 jeter | J43 on J 


[O(Aglfo) oy nv 
is Thyit, Ti \ Oq) 
7. Laplace’s Operator. Poe on the expressions of grad Ll’ 
and div A, we ean write the following formula for Laplace's 
operator in curvilinear orthogonal coordinates q;, go, ¢3: 


° ‘ { a } 
AU =: div grad | a on (“2 We 
i 


Hf llolts Oy Ug 
et ( H3ly au , 9 ( HH ytls <.) | (U.49) 
' O92 Hl, dq, } ' os Ily oqn } J — 


To memorize this formula note that the scale factors /7,, ff, and 
ff, entering into the denominators of the expressions written ip 


r 
front of the derivatives = (¢ = 1, 2, 3) are due to the gradient. 


the factors M,//,, (f,H, and H,/f, in the numerators are generated 
by the expressions of the areas of the faces (which have been taken 


when computing the fluxes) and the factor — has appeared 
pally 


when we have divided the resultant flux across the faces by the 
volume of the inlnitesimal parallelepiped. 

8. Basic Field Operations in Cylindrical and Spherical Coordinates. 
In See. 35 we found the scale factors fur the cylindrical and spherical 
coordinates. To write down the formulas expressing the gradient, 
divergence, rotation and Laplactan operator it these coordinates 
we must only substitute the corresponding scale factors into the 
general formulas obtained in Sees. 4-7. This yields the following 
results: 

(a) In cylindrical coordinates we have 


rr soe ft aa . oo ‘ 
£ == oa 7a rn Ce Tt On 
. 1aA(rA 1 OA DA. 
p Vz 
1 ad, Ody ft AN, OA, Y\ 
a (> r ap oz an arr dr -)eq 
— 6 1 8(rAy) 1 @A, 
te (— or... oF Oo” ad 
0 ou | tt oer rT oe 
ise Pe Desa reg ie eseeibecie 
AU “op — a ( — | r> aq? ghee 
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where e;, eg and e, designate, respectively. the vectors e;, ¢, and e3 
corresponding to the cylindrical coordinates r, g, z and A,, Ag 
and Al, are the projections of A on ¢,, ¢g and e,. 

(b) In spherical coordinates we obtain 


1 aU OU 
grad U== eo + p “Jd eg + — aint op Coy, 
liv A = Rt _ 1 afsin tg) 1 Ag 
a p2 dp psin VY ag psin® op’ 
re eee. po sinQ®) = @Ap as ( 1 ep OO Fen - 
Fetes O46 ye 
Pp op p ov ee 

= Q »y JU 1 Q eu l aU 
ad ra Op (p ) “le e?sinO ov (sin 0 ) -- p2sin?@ dg? 


where e,, €9, ¢, denote the base vectors of the spherical coordinate 
system and Aj, Ag, Ag are Lhe corresponding projections of A. 
In some problems related to the Laplacian operator, besides the 
whole expression of AU in spherical coordinates, we encounter its 
parl of the form 
{ °F (si 6 ay , { au 
po sind 00 AQ) 92 sin? 0 eg? 
involving only the derivatives with respect to the “angular” variables 
@ and @q. 


Nole. In § 7 we systematically used such terms as “an infinilesimal 
parallelepiped”, “an element of volume” and the like. 1t is clear that 
here, aS in many olher sinilar cases, the real sense of this termi- 
nulogy is that we first take the corresponding geometrical and phy- 
sical objects of finite sizes and then perform the passage to the limit 
making the sizes tend to zero. We believe that the reader can easily 
perform all the passages to the limit we are speaking about and 
which have not been written in full in the foregoing sections. 


§ 8. VARIABLE FIELDS IN CONTINCOUS MEDIA 


So far, in studying various helds we investigated the dependence 
of the corresponding quantities (scalar or vector) an the spatial coor- 
dinates. Hlere we are going to consider some questions related to 
the dependence of fields on time. 

{. Partial and Total Time Derivatives. Let us consider a fluid 
motion whose velocity depends not only on the coordinates at each 
point but also on time. Suppose there isa variable quantity «p related 
to a fluid flow, for inslance, temperature, pressure etc. The variation 


15+ 
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of the quantity can be studied by means of two different approaches: 
we can investigate its variation at a given point, i.e. for some fixed 
values of x. y and z, or consider the values of the quantity connected 
with a certain fluid particle whose coordinates are time-variable. 
For example, if we deal with the temperature of a flow of fluid we 
can measure it with a thermometer fixed at a certain point or with 
one going downstream with the fluid. 

The variation in time of a quantity @ (AJ, t) at a fixed point V 
is characterized by the partial derivative (also termed explicit partial 
deriva tive) 

JD _  Oo(M, t+Ath—o (A, 2) = 

ra = bes a (6.50) 
expressing the local rate of change of q, the coordinates zr. y and z 
of the point A/ being regarded as constant parameters when compu- 
ting (6.50). 

The time-variation of the quantity @(M, ¢) connected with 
a certain particle of tluid is specified by the éotal partial derivative 
(particle derivative) of ¢ (M, ¢) with respect to ¢ which is defined 
as follows. 

Let a particle be at a point AZ al moment é¢ and at a point As’ 
at moment ¢ + At. The total partial derivative of @ with respect lo ¢ 
is the limit 

dy: 


ot — dim a MSE BCL (G51) 


At+0 At 

To establish the connection between the partial and total time 
derivatives we note that when computing the total derivative we 
must consider the coordinates 2, y and z of the point AI to be func- 
tions of ¢ whose derivatives with respect to ¢ are the components 
of the velocily of the fluid flow at the point: 


Oe as eo aay d2 _ 
| iE di dt” 


Therefore we must differentiate g = g (z, y, 2, t) as a composite 
function of ¢, which results in 


oO”: 


dp _— op 1 99 vw 
=o Ge YT Gy Yu Ge UF 


dt 
that is 
d d 
ora = —- 4-(v, grad @) ((1.-92) 


The notions of a partial and a total derivative with respect to lime 
can be analoyously introduced for an arbitrary vector quantity 
A (M, 2) connected with a moving fluid. ‘These derivatives are deter- 
mined by the formulas 
Ny ACM, LAN — AM, 9D (6.53) 
vl Ai-+0 At 
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and 
! . A(M, t--A)-- ACM, t oe 
Lae Thr a a ae OL (6.94) 
dt At-—0 At 


which are similar to formulas (6.50) and (6.51). The relationship 
between the derivatives is given by the formula 


dX OA OA | GA vA > 
a, eae rr i. en M 7 Se : re es a 


which is obtained hy differentiating A (z, y, 2, 4) as a composite 
funclion of ¢. Equalities (6.52) and (6.55) can be conveniently re- 
written in the form 


ae Re (e 5 

aE Ay +(v, V) @ (6.56) 
and 

dA OA . 

ger AY V)A (0.57) 
where the expression (v, VY) is understood as the operator 


0 0 d 
Vn Ge Tv ay TUE ae 


i.e. as the (formal) scalar product of the velocity vector v by the 
symbolic vector V. 

The expressions (v, V) ¢@ and (v, V) A entering into formulas 
(6.56) and (6.57) are convective terms because they are connected with 
convection of the particles. They only appear when we deal with 
a moving medium. 

AS an example, let us consider the acceleration of the particles 
of a moving liquid. It can be obtained as the total (particle) deri- 
vative of the velocity with respect to time. Taking advantage of 
formula (6.56) we derive 

Oe pie (6.58) 


or, in the coordinate notation, 


dvx Jv, OV OVx ‘ OVy 
di ~—s at + Ux OT + Vy dy ' “2 ez ' 
OE Bip ge, 
dt =6orcot— 6 ' hae ld} YY oy | Foz? 
dv, dv, _ dv, : av, Av, 
dt at Ux dX Ty vy | Ue UZ 


2. Eulerian Equations of Motion of Ideal Liquid. Let us apply 
the notions of partial and total time derivatives to obtaining the 
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equations of motion of an ideal liquid. We shal! consider the so-called 
Eulerian specification of fluid motion playing an important role 
in hydrodynamics. 

Take a volume @ bounded by a surface 2 lying inside a moving 
liquid. An element of area do of the surface is acted upon by a force 
produced by the pressure. This force is directed along the normal n 
to do* and is equal to —pn do. (Ifere n is the unit vector in the 
direction of the outer normal to © and p is the pressure, a scalar 
quantity.) The resultant force F acting upon the whole surface > 
Is expressed in the form 


F = — | | pndo (6.59) 


where, as before, the integral of the vector 
pn = pcos (n, 2) i + pceos (n, y) j -]- pcos (n, 2) k 


is understood as a vector whose components are 


\ | pcos(n, x) do, \§ pcos(u, y)do and jj peos(n, 2) doa (0.60) 


e 
wv \ 


Surface integral (6.59) can be reduced to the corresponding volume 
integral over @2 by applying the Ostrogradsky theorem to each com- 
ponent (6.60) of the integral (which, as has been mentioned, is a 
vector). Uhis yields 


— \\ pmiinnd SS) Fedo j \ \ SP dw 


=D 


= 


—k | | | oe do = —\\ \ grad pdo 


hs 


and consequently an element of volume dw of the liquid is subjected 
to the force 
—grad p dw 


On the other hand, if p (AM, ¢) is the mass density of the liquid 
at an arbitrary point \J at moment ¢ and w is the acceleration of 
a particle passing through the point A7, the quantity wp (A/, 1) dm 
is the product of the mass contained in the volume dw by the accele- 
ration and hence, by Newton’s second law, we obtain the equality 


wodw = —prad p dw 


* We suppose that the liquid is idea? which means that tts viscosity factor 
is considered to be equal to zero. Therefore the force acting upon an infinitesimal! 
arent placed inside the liquid is only produced by pressure and is directed per- 
POMUICUEUTS bye thee abet. 
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1.c. 
wo = —grad p (6.61) 


This very equation yields an Eulerian description of motion of 
an ideal liquid.* Ilere w is understood asthe acceleration of a particle 
dv 
at 
with respect to time ¢. Using the expressions for the components of 
the acceleration found in Sec. 1 we can rewrile equation (6.61) in 
coordinate form: 


of liquid, that is as the total derivative vw = of the velocity v 


Uv. Ot Ov “a OD 

( an + x res 1 “¢y au = z a Jp= aE TS : 
Cv, Uy Ivy Ju Cp 

( = Vx > [7 Uy ~ 4+ y, Jo=——, 
dt or Oy dz vy 
Avy Ov, Ovz Ov, op 

( gt 1 Ux Oz $y dy | * @z )p Os 


3. Derivative with Respect to Time of an Integral Over a Fluid 
Volume. Let us consider a volume @ of a moving continuous medium. 
We shall refer to Q as a fluid volume if il constantly consists of the 
same particles of the fluid. A fluid yolume thus may move and change 
its shape in the process of motion. Consider the integral 


J= \ \ \ ¢ du (6.62) 


Q 


of a scalar function q (7, ¢) taken over such a volume. We shall 
compule the derivative of this integral with respect to time. 

In performing the computation we must take into account that 
the variation of integral (6.62) in time is specified by two factors. 
namely by the variation of the integrand connected with the incre- 
ment of time ¢ and by the change of the shape and position of the 
spatial domain QQ the integral is taken over.** 

If the volume © were invariable the function gm would gain the 


: oO : . > : 
increment — di in time dé and integral (6.62) would acquire the 


* The minus sign on the right-hand side of equation (6.64) has an obvious 
physical significance. namely it indicates that the acceleration of every particle 
of liquid is in the direction of decrease of the pressure, i.e. opposite to the 
yradient of p. 

** Expression (6.62) is the so-called integral dependent on a parameter, the 
parameter heing ¢. (in (6.62) hoth the integrand and the domaia of integration 
depend on ¢.) ‘fhe fundamentals of the theory of inleyrals involving a para- 
meter will be presented in Chapter 10. llere, without resorting to the general 
theory, we shall only consider the question of finding the derivative of integral 
(6.62) with respect to time. which is tmportant for various vhvsieal annlications. 
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a Sf) Sha 


Now consider the increment of integral (6.62) produced by the 
variation of the domain Q. Let 2% designate the surface bounding 
the volume © at moment ¢t. The variation of the volume {92 during 
lime interval from ¢ lo ¢ + dt is obviously due to the fact that some 
particles of the fluid flow into or out of the volume © through the 
surface 2. The volume of the fluid flowing out through an element 
do of the surface © during time dt is equal to v, dé do where uv, 
is the projection of the velocity of the fluid on the outer normal 
to do. This variation of the volume gives, to integral (6.62), the 
increment 


increment 


qu, di do 


The resultant increment of integral (6.62) due to the variation of 
the volume @ in time dé is equal to 


dt \\ (Vv, do 
z 


Thus, the total increment of integral (6.62) during time period dt 
is equal to 


dj =di \\\ = mal du) + di \) YU, do 
“2 


and, cunsequently, we have 


ys 
ad 


Transforming the second summand on the right-hand side by the 
Ostroyradsk y ee we obtain 


14 ip dw == \ VI | P+ div (yy) | dw) (0.64) 
Finally, taking advantage of the equality 
div (gv) = @ div v + (vy, grad yy) 


(see formula (6.29)) and applying expression (6.52) for the total 
derivalive we receive the resulting formula 


A iffed=f{S(recws)do 668 
«2 $2 


In particular, if div v = 0, i.e. if we consider a motion of an 
incompressible liguid without sources and sinks, formula (6.65) 
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takes a simpler form 


Note. The problem of differentiating an integral taken over ; 
fluid volume is analogous to the following one-dimensional problen 
(which we shall again deal with in Chapter 10): given an integra 


bit) 
J (i) = \ (p(x, i)dz 
a(t) 


it is required to find the derivative of J(¢) with respect to ¢. Kegar 
ding J (#) as a composite function of ¢ (dependent on ¢ because bot! 
ihe integrand and the limits of integration a(t) and b(t) involve ¢ 
we easily find that 


b(t) 
r= | Shears ¢ (6, 00 M—9 a, Ha 
a(t) 
u(t) 
Ilere again J‘(t) is a sum of two terms (| o dx and [g (b, t) b’ — 
a(t) 


a (a, t)a')) , the former being duc to the variation of the integranc 


and the latter to the change of the interval of integration. 

We have studicd the integral of a scalar function over a fluic 
volume. Similar techniques can be applied to studying an integra 
ofa vector function A (V7. ¢. The same arguments yield the following 
expression for the derivative of such an integral with respect lo ¢ 


< NN) A du = \\) | sie 4+ A div v | dw (0.66) 


The above discussion concerns integration over a volume of fluid 
But in hydrodynamics and some other divisions of physics we alse 
deal with surfaces and curves formed of particles of fluid whicl 
change their position in space and their shape in accordance witl 
the motion of the particles. Surface and line integrals o. 
functions over such fluid surfaces and curves are again expressions 
whose dependence on time is specified by two factors, i.e. by the 
variation. in lime, of the domains of integration and by that of thre 
integrands. Using arguments similar to those applicd lo investi. 
gating integrals (6.62) and (6.66) we can easily establish the corres: 
ponding formulas for differentiating these surface and line integrals 
With respect to time. 
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4. Application to Deriving Equation of Continuity. Formula (6.63) 
immediately implies the equation of continuity obLlained in § 3. 
Sec. 5. Indeed, let p (V, ¢) be the density of a moving liquid (which 
may be compressible in the general case). The mass of the liquid 
contained in a volume @ is equal to 


i{foas 


If 62 is a fluid volume which is thought of as consisting of the same 
particles of the fluid in the process of motion, the mass it contains 
remains constant. Consequently, by formula (6.64), we have 


al \\ p doy = \\i E= div (pv) | doy =0 
2 


The volume © being taken quite arbitrarily, we thus obtain the 
relation 


“~ 
Ow 


ra] ‘ 
2 4-div (pv) =0 


which is the cquation of continuity. 


‘Tensors 


—~] 


The investigation of phenomena in natural and engineering sciences 
involves various mathematical quantities. The distinction between 
these quantities lies in their analytic expressions and the laws of 
transformation of the expressions when the coordinate system is 
changed. 

From the point of view of mathematics, the simplest physical 
quantities are scalars (such as the mass of a body, the volume of 
a body, the length of a vector elc.) which are invariant with respect 
to the transformations of coordinates. Every scalar quantity is 
characterized, in any coordinate System, by a single numerical 
value independent of the choice of the coordinate system. 

The vector quantities, e.g. velocity, acceleration, force etc., 
are of a more complicated mathematical nature. A vector quantity 
is specified, in the three-dimensional space, by a triple of numbers 
with respect to each coordinate basis, namely by thethree projections 
of the veclor on the coordinate axes,which are also referred to as the 
coordinates (or components) of the vector. When a coordinate basis 
is replaced by another one the components of a vector are transformed 
according to a special law. 

Still more complicated quantities, from the point of view of the 
laws of their transformation, are the so-called tensors which. ju 
certain particular cases, are analogous to linear operators applied 
lo vectors (the notion of a littear operator is discussed in Sec. 1 
of § 2 in the present chapter). 

As an example of such a quantity, let us consider the so-called 
conductivity tensor claracterizing electric properties of an aniso- 
tropic conductor. In an isotropic medium the current density vector 
j and the electric intensity vector E are collinear. that 1s connected 
by a relation 

j= cE (7.1) 


where 9 >0O is a scalar factor known as the specific conductivity 
of the medium. But in the general case of an anisolropic body the 
vectors j and E are no longer collinear and therefore the factor o 
should be regarded as a Jinear operator transforming the vector I: 
into the veetor j. Phis operator is referred to as the conductivity 
tensor. 
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If we choose an arbitrary fixed basis e,, @5, e31in space and resolve 
the vectors j and E with respect to the basis we can write 
y= Mer t+ J2€2 + Ja€y (7.2) 
EL Eye, - FE .e5 + E4e3 


and then replace relation (7.1) by the equivalent system of three 
scalar equalities 


3 
jJ;_— >» Crili, | ies ee 3 (7.1°) 
i=1 

Thus, the conductivity tensor ¢o is specified, in every basis e,, Co, e3. 
by the nine numbers 0,;, *, i = 1, 2, 3, termed the components 

of the tensor o relative to this basis. 
The delinition of the notion of tensor should obviously include the 
rule for transforming its components when the basis is changed. 
In $$ 1-9 we shall only restrict ourselves to the orthonormal 
bases (i.e. the ones consisting of mutually orthogonal unit vectors) 
and their transformations connected with the notion of an orthogonal 
affine tensor. In § 10 we shall briefly discuss the general tensors. 


§ t. ORTHOGONAL AFFINE TENSOR 


1. Transformation of Orthonormal Bases. Let us consider two 
arbitrary orthonormal bases e;, €5, ez; and e;, e,. ¢) ina three-dimen- 
sional Euclidean space. The bases being orthonormal, we have the 
following relations for their sealar products: 


QO for isk 

{ for i=k 
§;, is called the Kronecker* delta). We shall conditionally refer 
e A, 

LO @y, Co, &y as the “old” basis and to ej, ¢), @, as the “new” one. 


Resolving the base vectors of the new basis with respect to the 
old basis we obtain the equalities 


c, = hy, 4- Hy 22 + 4363 


(ei, CK) = Sits (Ci, €;) — Sia: Bin : (7.3) 


Cy = AyO1 + Heo T+ A203 (7.4) 
c, = Az i Oy ~{- Lays - 3303 


or, in the contracted notation, 
3 
~4q . ; ry v -— s 
ej= > Aj jC j, i=l, ue 3 (7.4°) 
j=! 


* Kronecker. Leopold (1823-1891), a German mathematician. 
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The matrix 
Aiy Ayn Ay 
| es | = eer H22 es (7.9) 
“31 X32 133 


is called the transformation matrix fram the old basis e,, e2, e; 
io the new basis ¢,, ©), @3. 

Let us investigate the properties of this matrix. Multiplying 
scalarly the veclor e| = @1e, + @jo@o — @j,e3 ( = 1, 2, 3) by the 


vector ©; = @j,e, + Gp2e, + ajoe3 G = 1, 2, 3) we receive 
Q for j-x«i 

ae 7.6 
1 for j=i ean 


Ilence, the sum of the squares of the elements of every row of 
the matrix |] @,; || is equal Lo unity and the sui of the products of 
the corresponding elements of two different rows is equal to zero.* 
Next, computing the scalar products of expression (7.4’) by e, 
(ik = 1, 2, 3) we obtain** 


(cj, Cy) = Bins t, k = ‘ 2: 3 (7.7) 


Aish jr Lie jo hist ja = Oi = 


We now proceed to find the expressions for the elements of the 
inverse Of matrix (7.5). For this purpose we expand the base vectors 
of the old basis e,, e2, e, with respect to the new basis and thus derive 

Cy = Brie, + Piety i Bayes 
Co = Paes + Based | Bose; (7.8) 
C4 = Asie) -|- Boots “7 Bases 
vr, in the abbreviated notation, 
a 
en = BS Bn 3 (7 .8°) 
" 


J= 
The matrix 


Bir Bio Bas 
| Bir lj] Bet Bee Bes (7.9) 
Bas B32 Bas 


is apparently the inverse of matrix (7.5). Performing scalar multi- 
plication of expression (7.8’) by ee, (é = 1, 2, 3) we obtain 


(ej, C)) a Bais l, le = 1, ae 3 (7.10) 


* A matrix |] ej; i] four which relations (7.6) hold is called orthogonal. 
Thus, a transformation matrix from one orthonormal basis to another is an 
orthogonal matrix. 


é 
** We obviously have fii == fez, eo.) = eas Ie! i Co i S 


= am §¢ 
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Comparing formulas (7.7) and (7.10) we find the following rela- 
lionship between the elements of matrices (7.5) and (7.9): 


Lin = Bia (i, k = 1, 2; 3) (7.11) 


Thus, matrix (7.9), the inverse of matrix (7.5), is the transpose 
of matrix (7.5). It follows that the columns of an orthogonal matrix 
possess the same properties as its rows (see formula (7.6)) since the 
inverse of matrix (7.9) is the transformation matrix from the ortho- 
normal basis cj, @,, e, to the orthonormal basis e,. e2, e3; and hence 
it is an orthogonal matrix. 


2. Definition of Orthegonal Affine Tensor. Ju constructing the 
formal theory of tensors it appears expedient to include the invariant. 
scalar quantities and vectors into the class of tensors. Thus, a scalar 
quantity L invariant with respect to the transformations from one 
orthonormal basis to another is called an orthogonal affine tensor 
of rank zero. 

Such quantities as temperature, mass, the length of a vector etc. 
are examples of orthogonal affine tensors of rank zero. On the other 
hand, although the projection of a vector on the ith (é = 1, 2, 3) 
coordinate axis (i.e. the axis determined by the ith base vector e,;) 
is specified by a single number in each basis e,, 2. e3, it changes 
in a certain manner when the basis is replaced and thus it is not 
a tensor of rank zero. 

To include the vectors into the class of tensors we define them as 
tensors of rank (order) one. 


Definition 4, Leta quantity L be determined, in every orthonormal 
basis, by a triple of numbers, say by numbers L,, Lo, L3 tn a basis 
C), C4, C3. by numbers Li. Ly. £5 in a basis ej, ¢3, e, ete. Suppose that 
under lhe transformation from an arbitrary orthonormal basis ¢,, 
Cy, €3 lo any other orthonormal hasis ce. e.. e, these numbers undergo 
the transformation determined by the formulas 

3 
~ oN , - 
Lim 1 tink (i= 1, 2; 3) (7.12) 
where || a;, || is the transformation matrix from the basis ¢;, Ca, €3 
fo the basis e|, e,, e,. Then the quantity L is said to be anorthogonal 
affine tensor of rank (order) one and is denoted by the symbol 
(L;), de. L= (L;j). 

The numbers £;, i- 1, 2, 3, are referred to as the compenentis 
(coordinates) of the tensor L, relative to the basis e,, @., «3, the 
numbers Li, & - 1, 2, 3, as the components in the basis e;, e.. e; 
etc. 

Let us prove that every vector is an orthogonal affine tensor of 
rank (order) one. Indeed. every vector x is determined by a triple 
ofoumbers in each orthonormal basis e,, e., @3. these numbers being 
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its coordinates relative to the basis, i.e. its projections on the cor- 
responding coordinate axes. Besides, when the orthonormal basis 
is changed the coordinates of the vector x are transformed according 
to formulas of type (7.12). For, if we resolve x with respect to two 
bases e,, @,, ¢3 and e,, e;, e, we obtain 


N = DyCy —- Gog + XgC3 = Te, + Ze, + THe; (7.13) 


Multiplying scalarly equality (7.13) by ej (@ = 1, 2, 3) we find, 
with the help of formulas (7.3) and (7.7), that 
3 
Lj = Lid 4 Linde + Ligs = >’ Wintn, i--1,2.5 (7.14) 


— 
-_ 


lorinulas (7.14) being of type (7.12), we thus see that every vector x 
is in fact an orthogonal affine tensor of rank one. 


Note 7. [t is obvious that, conversely, every orthogonal affine 
lensor of rank one can be interpreted as a vector. 


Note 2. Since the inverse of the matrix || @;; [[ is its transpose, 
relations (7.14) imply that 


gi ™ aj}, i=1,2,3 (7.14’) 


We now proceed to define a tensor of second rank. 


Definition 2. Leta quantity lL. be determined by nine numbers in 
every orthonormal hasis, these numbers being L;;, i. fj = 1, 2, 3, ina 
basis ¢), Co, 3, Lij, ti, j = 1, 2, 3. in another basis ¢), ef, e) ete. 
Suppose that when an arbitrary orthonormal basis e,, eo. ©. is frans- 
jormed tu any other orthonormal basis e), e,, ©, these numbers are 
changed according to the formulas 

3 3 
hij = > bs Qin® nlLmn>» d, J= i Ds 3 (7.19) 
m={ n=! 
where ||a;,; || is tke transformation matriz from the basis e,, e,, 3 
to the basis e|, @, ej. Then the quantity Lis called anorthogonal 
affine teusov of secon rank (order) and is denoted by the sym- 
bol (L;;), te. L = (4,5). 

The numbers 4;;, é, 7 = 1, 2, 3, are referred to as the components 
af the tensor Lin the basis e,, ¢2, e3, the numbers Lj;, i, j== 1, 2, 3, 
as its components in the basis e), ¢), e, etc. 

In §§ 2-9 we shall dwell in more detail on the properties of the 
orthogonal affine tensers of second rank and on examples of such 
tensors. 

Now we give the definition of an orthogonal affine tensor of an 
arbitrary rank (order) p > 1. 
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Definition 3, Let us be given a quantity L which is specified by a 
collection of 3° numbers Lii,...ij, ts = 1, 2, 3, s=1, 2, ..., p 


in every orthonormal basis e,, Cs, ©3. Lf these numbers are transforined 
according to the formulas 
3 
, fo \" ae : . oh Pa 
Ligig.s ftp = OD hisjhings + - Cini, Lisa... dp (7.10) 
3192... 2p! 

when an arbitrary basis €,, Co, €3 ls transformed to any other orthonor- 
mal basis e;. @3, €, by means of a transformation matriz || a;; ||, the 


quantity L is called an or eg Ee affine tensor of rant p 


and is denoted by the nine (Lis — i)» that is L= = (hi, 1 Pewee mE 
The numbers Li. yittip are called he components of the tensor [, 
relative to the an C,, Co, 3, the numbers Lii, ip. -- 4, are its com- 


ponents in the basis ej, e), e, ete. 


Note /. The definition of an orthogonal affine tensor of order p 
(p == 1) can also be given in the following equivalent form. 

\Ve say that we are given an orthogonal affine tensor of rank 
p = 1 (denoted as bi i, oe i.) if to every orthonormal! basis ey, C5, e3 
there correspond 3? numbers hii, ee en ee ee es ee 


oo r] 
.. Pp, Which change in accord with the formulas 


e 6 ? 


1 ie 
Linus eo ip) = a & 2 Lisi Zigie feo) Cini pLizie . ye Un (7.1 ‘) 
Jiv2...I pl 
when an arbitrary orthonormal basis e,, e,, e, is transformed to 
another orthonormal basis ¢), «, ¢; by means of a transformation 
malrix || a;; Ul. 
We shall sometimes apply the latter form of definition to the 
case p = 1 and also to the case p = Z. 


Note 2. Delmitions 1, 2 aud 3 have been given for a three-dimen- 
sional space. But they can be rephrased in a completely analogous 
manner for an A-dimensional space whose orthonormal bases 
Cr, Ca, 2. 65 Oni ©, Oh, «~~, en elc. contain N mutually orthogonal 
unit vectors, the transformation from a basis e,, @5, .-., Cy to 
another basis e), ¢), ..., enw being performed by the formulas 


c= he jCj, be 2D. acne d¥ 


where the transformation matrix ||@,;; || is of order MN. 


§ 2. CONNECTION BETWEEN TENSORS OF SECOND RANK 
AND LINEAR OPERATORS 


{. Linear Operator as a Tensor of Second Rank. ‘To begin with, 
weremind the reader that a linear operator or a linear vector function 


CU. 7. THNSORS 2st 


is a function 
y = L (x) 


which associates, wilh every veclor x, a vector yin Such a way that 
the relation 


L (Cyx, -f Coxe) = CL (x,) -+ CLL (x,) (7.18) 


are fullilled for any x, and xz and any constants C, and C4. 

The components (coordinates) of a linear operator L in a basis 
@1, €g. ¢3 are the coefficients £,, appearing in the resolutions of the 
images L (e,). L (e.) and L (e3) of the base vectors ¢;, e. and ¢: 
relative to this basis: 


L (e,) = Lye, + Loe rr Lye3 
L (e.) oe fiyot, -{- Lao€o +1. Ly. 4 (7.19) 
I (@3) = Ly3e; 4- Lege, + L333 
These formulas can be put down, in the abbreviated notation, us 
3 
I, (e;) = ba Lijeh, i =e 1, 2, 3 (7.20) 
{ 


k= 


Let us scalarly multiply both sides of equality (7.20) by the 
vector e; (i = 1, 2, 3). Then, based on relations (7.3), we obtain 


Li j aes (e;, L (e,;)), l, J = i Pap 3 (7.21) 


Similarly, fue the components of the operator L in another basis 
©, e;, e, we have 


Li; = (ei, L (ej), tt, fF = 1, 2, 3 (7.22) 
Substituting the expressions 
ss 3 
m= | n=] 


into formulas (7.22) we reccive the relations 


3 3 
hij = (€;, L (¢;)) —_ (( pS Lim€m)s (x jn (e,)) os 


ad 


J a 
a) Y 
= -: \ LAim&jn (Cm, IF (€n)) —= > himbjnLinns 
m=i1n=1 m=iIn=1 


i, j=1, 2,3 (7.24) 


Formulas (7.24) coincide with formulas (7.15) and consequently we 
have proved that every linear operator L is an orthogonal affine 
tensor of second rank. 


19—0824 
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Z. Tensor of Second Rank as a Linear Operator. An orthogonal 
affine tensor (Z,;) of rank two can be interpreted as a linear operator 
applied to the vectors of a Euclidean space. To show this we take 
an orthogonal affine tensor of second rank (L;;) ina three-dimensional 
space and define an operator y = L (x) by assuming that its appli- 
cation to the base vectors e,, e,, e3 of an arbitrary orthonormal basis 
is described by formulas (7.19) and that the expression L (x) (where 
KX == Ze; + ToC, + rze@3 IS an arbitrary vector) is specified by the 
formula 


3 
L(x) = pa ziL (€4) (7.29) 


Thus, we have associated, with every orthogonal tensor (Z;;) 
of second rank, a certain vector function (operator) y = L(x). 
Now we are going to prove that the operator thus defined is infact 


3 
linear, i.e. satishes condition (7.18). Let x = Dy Tie and y = 


3 
: 
= >, y,¢;; then we have 


a 
' 4 


Cx +C.zy = y 21 (Citi + Crys) Ci 


Consequently, by virtue of atlas (7.25), we obtain (substituting 
Cx -+Cey for x into (7.25)) the relation 
3 
L (C,x 4+-Coy) = == ay (C235 + Coyi) I, (c;) = 


3 


3 
al, 2 xjl (e;) + C2 x yil (e1) =C,L (x) + Cob (y) 
=j I= 


which coincides with (7.18). Hence, the Hnearity of the operator 
has been proved. 

It can be easily shown that the linear operator L defined above 
by means of the tensor (Z;,;) does not depend on the choice of the 
basis ¢;, €2z, e3. In other words, if instead of the components L,, 
of the tensor in the basis ¢,. €2, e3 we take its components Lj, in 
another basis e;), e), ec) and denne a linear operator L’ by means of 
the relations 

3 Z 
L’ i= 2 Lek (6=1,2,3),  L'(x)= DS zih’ (ei) (7.25') 
3 
where x= N) zjej we shall have the identity 
i=1 


7 L’ (x) = L(x) (7.26) 


fur each Veolur x. 
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Indeed, — na of the relations 
3 


’ 3 ; 
Lij-= > y Cnty bri, Li= >: Ayilj, CK = > Ape; 
hot i=1 j=1 i=1 


and formulas (7.19), (7.29) _ is 20°’) we obtain 


3 
L (x) i 2 aL (e;) = 2+. > Lnji@, = 
= 
3 3 3 3 3 
— >, 5} vA } > Gin; pLri) et = >, z > Li ;e; — 
j=1 {=1 a=} i=1 j=1 i=1 
3 
= 2 x3L’ (e}) = 1 (x) (7.27) 


which is what we set oul to prove. 

We have thus shown that the operators L’ and L coincide and 
consequently relations (7.19) and (7.25) establish a one-to-one cor- 
respondence between orthogonal affine tensors (L;;) of rank two 
and the linear operators L associated with them. The linear operator 
L can be identified with the corresponding tensor (L;,;), and hence 
we can consider an orthogonal affine tensor of second rank as being 
a linear operator. This interpretation of an orthogonal affine tensor 
of second rank is widely used in physics. Namely, in this manner 
we interpret the conductivity tensor mentioned at the heginning of 
the present chapter. The inertia tensor introduced in mechanics 
and the stress tensor considered in the theory of elasticity (the latter 
tensor will be treated in § 5*) are also underslood in this way. But 
there is another interpretation of a tensor of second rank which proves 
to be useful iu various applications. This new approach to the notion 
of tensor is discussed in § 3. 


§ 3. CONNECTION BETWEEN TENSORS 
AND [INVARIANT MULTILINEAR FORMS 


{. TTensors of Rank One and Invariant Linear Forms. Let us be 
given, in every coordinate system, a triple of numbers a,, 
a,, 23 Suppose that when one coordinate system is transformed 


* The reader will see in § 5 that the interpretation of the stress tensor is 
connected with the notion of the adjoint operator. Yf, tnstead cf relations (7.20) 
and (7.25) specifying the linear epee L corresponding to a tensor (Z;;), 


we take the formulas L* (e;) = > cintx, F =A, 2, 3, and L* (x) = 


kot 


ft 


2 
1’ ° . : ° 
om ~ r,U* (e;) (x= », xje;) we arrive at the Hvear operator L* which is the 


i 


ad ‘oint of L. 
19* 
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to another these numbers change in such a way that the linear 
form G42, —— Q@,Z_ -'- @a%4 (where 2z,, FZ. and 73 are the coordinates 
of an arbitrary vector x) remains invariant. Then it turns out that 
the quantities a; (i = 1, 2. 3) form a tensor of rank one. Indeed, 
let an arbitrary vector x be resolved aS x = 2,€y -:- Toe€y -+ F3C,q 
relative toa basis e,, @.. e; in which the coefficients of a given linear 
form are ay. Go. ay. and let the same vector x be expressed in the 
form x = Ze, Te, 4- Tye, in another basis e;. e,, e, for which 
the coefficients of the linear form are a,. a, and a. The linear form 
being regarded as invariant, we thus ‘have the equality 


Qik, @jX, -> Gir, = ayT, -[- AgXo -| Agr (7.28) 


for every vector x. Let us substitute the expression of z, in terms 
3 


. di e y 
Of zi (i.e. z, = pe inti) into the right-hand side of equality (7.28). 
i= 
This results in 
3 3 3 3 3 
ie | “ 2 ™ 
N Q,z, = >: Gh Yi Gin Ti = af > indy) Zi 
i=1 Roi ie l i=!) k=1 


The quantities 2}, 2) and x, being quile arbitrary here, we can write 
the relation 


) @inar (7.29) 


ket 
which is what we set out lo prove. 


2. Tensors vl Rank Two and Invariant Bilinear Forms. We can 
similarly prove that (he coefficients of an invariant bilinear form 


3 
MS QigXiyy (7.30) 
i, j=1 
(where 2, and y;. i = 1, 2. 3, are, respectively, the coordinates of 


variable vectors x and y) constitute a tensor of second rank. In 
fact. let the bilinear form be expressed as (7.30) in a basis e@;. 5, @5 
and as 


3 
1 ” s ° 6 
Sy xi y} (7.351) 
i, =! 
in another basis ej, ce}. ej. We suppose the form to be invariant, and 
consequently 
3 3 
~~. ? Sd ¢ | 
~ Aji yji= ~ GmnImYUn (7.32) 
i, j=l m, n=1 


for any two vectors x and y. Substituling the expressions 
3 3 
\ ° ° spe 
Tm = > Linyti, Yn = gs Lyn; (7, OS Ls ae 3) (7.3.3) 


ia | 
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of the old coordinates of the vectors x and ¥ (i.e. their coordinates 
relative to the basis e,. ¢., €3) in terms of the new coordinates (in 
the basis ¢), e,, 4) into the right-hand side of equality (7.32) we 
deduce the Pee 


7. e @ s q P J , 
e ijt 4 = os amn (> Limzi ) (> Ajn y;) a 
t, j=1 M , n=l i=} j= 1 
x, 3 
= SCX aint inanin) zi} (7.34 


i, j=! m, n=) 


The arbitrariness of z;) and?y; (i -- 1, 2, 3) suggests that 
3 
Qi; >: Cim&ja@mn (7.39 
m, n=1 
Which is what we set out to prove. 
Note 1. quality (7.30) can be proved by considering only vector 
of unit length. Indeed, putting 


1 fora -:i 1 for f=) , 
=| : i 2, 33 yj= : ~ T=, es 

QO for is ig QO for j= jp 
(7.36 

we derive from equality (7.34) the relation 
a 
Livi — ‘ , SiomA jonTmn (to, io7= ly 2, o) 
m, pos! 


Furthermore, by equality (7.36), the vectors 


Zi Ci and = y-- s Yje; 
= 1 

are of unit length uekaiies the basis ¢)|, ¢,, ¢; 18 orthonormal (x 
have agreed to restrict ourselves to such bases). Consequently, 
a bilinear form is invariant on unil sphere, that is on conditio 
that its values are poses only for the vectors of unit lengtl 
its coeflicients a;; (i, 7 = 1, 2, 3) constitute an orthogonal aft 
tensor of second rank. 

\ bilinear form is said to be symmetric if its coefficient matri 
is symmetric, that is if @;; -- @a;,, i, fj = 1, 2, 3. (By virtue . 
relation (7.35), we ean assert that if @;; =: @;; at least in one orth. 
normal basis the matrix {{a@,; {| remains symmetric for any oth: 
orthonormal basis.) Putting y = x jin a symmetric bilinear for 
we obtain the so-called quadratic form 


y — os 
ce be FY | (4. 


i. yl 
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A symmetric bilinear form is uniquely specihed by the quadratic 
form generated by it when we put x = y. Actually, if we substitute 
the coordinates of the vector x + y for those of an arbitrary vector x 
(where y is also an arbitrary vector) into formula (7.37) we obtain 


3 3 

2 Gi; (tit yi) (aj t+yj;)= Dd) aijzizyt+ D) angyryy t+ 
j=!1 i, j=1 i, j=1 

3 3 

2 Qt jLiYjir_ 23 iit) = 


i, 3=1 1, = 


sa 2 QijTiyy 2a Qijyiys 2 ; > Qizxiy ; (7.38) 
i,i= i,j= JsJ= 


since a;;—=a;;. Consequently, we receive the equality 
3 
>> Qijtiys = 


i, j=1 


3 
=z{ > aij (zi 4° Yi \(zjrys)— >, Qi zri Li 3 aiyiys} (7.39) 
i, j=t i,j=1 = 


which is what we sel out to prove. 

It follows that the coefficients of an invariant quadratic form 
constitute an orthogonal affine tensor of second rank. Indeed, they 
coincide with the coefficients of the corresponding invariant sym- 
metric bilinear form for whicli we have already proved Uhal Lhe 
collection of its coefficients is an orthogonal affine tensor of second 
rank. 


Note 2. On the basis of Note 1 we conclude that the coefficients 
3 


Qi; (Qi; = 4); it, fj = 1, 2, 3) of a quadratic form 2 0; 5X {Xj 
,7=1 

which is defined and invariant on unit sphere constitute ao orthogo- 

nal affine tensor of second rank. 


3. Tensors of Arbitrary Rank » and Invariant Multilinear Forms. 
Let vectors &, &, ..., Ep be resolved with respect to a basis 
1, Ca, € 3- 


Gj = Ses ie Sy2le + Bjs€a, j = i 2s - 0, PP 


Suppose that, for every basis e;, 5, 3, there is a system of coeffi- 
cients 4;,;....;, (where i, = 14, 2, 3, s=1, 2,..., p). Then 


Pr 
the function 


a 


3 
> Qijise.. i pSiisS2in 2 nin 
th ta, ae | tpl 
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is said to be a multilinear form. As in the case of an invariant bili- 
near form, it can be easily proved that the collection of the coeffi- 
cients of an invariant multilinear form of an arbitrary order p > 1 
is an orthogonal affine tensor of rank p. 


§ 4. STRAIN TENSOR 


Consider a deformable physical body whose arbitrary point is 
specified by its position vector (radius vector) r = z,e, -+ 22¢, + 
+ z,e, in a coordinate system O2,773. If the radius vector of a 
point M is equal to r we have OM = r. |n this case we shall! write 
M(r). 

Suppose the body is subjected to a deformation in which a point 
M (r) is displaced by a vector u, that is passes to the new position 
M'(r + u) (see,Fig. 7.1). The deformation is specified by the field 


Fig. 7.1 


of displacements uo == uwye, + Wat. -- Uge,. Let us consider a point 
M,(r-— dr) lying close to the point Af(r). After the body has 
been deformed this point occupies the position M;(r 4- dr + u + 
+ du). The deformation of the body in the vicinity of the point 
M(t), can be characterized by the variations of the lengths of all 
the line segments MM, (i =1, 2, 3, ...) starting from this point, 
their end points M,, M,, ... lying in a sufficiently small neigh- 
bourhood of the point M(r). 

Let us investigate the variation of the Iength of the line segment 
MM, due to the deformation of the body. The length of the segment 
Nf M, in its original position is equal to |{dr|. The segment will 
occupy, after the deformation, the position of the line segment 
M’M;, whose iength is equal to |dr + du|. As a measure of change 
of the length of the segment MM,, we shall take the quantity 


= (WM — MM) =+ (r+ du)?— ar’) = 4 (2dudr + du} = 


= Yxixs dz; + Vxgx2 BL + Paxs dz; ++ yo ax, dz_ +- 
ar ZY x ix3 az, dx 3+ 2Vxexs ax. dz; 
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Where Yx;x; (i, fj = 1, 2, 3) are some coefficients and dz; (i = 
= 1, 2. 3) are the components of dr. This expression is a quadratic 
form in the variables dz,, dz, and dz,. The construction of this 
form implies that it is invariant. Consequently, ils coefficients con- 
stitute a tensor of rank two which is characterized by the matrix 


Vayxr  Yxaxe = Pax 
Yxox, Vxexe Vxeax 3 (7.40) 
Yxax: Yxaxe Vxox3 

The tensor thus formed is called the strain tensor. 

Suppose that the deformation is so small that the squares and 
the products of the derivalives of u,, uw, and uw, with respect to Zz, 
z, and z3 are negligibly small compared with the first-order terms. 
Then the matrix of the strain tensor can be written in the form 


Ou y By ( City at Outs t ( du; en Ou. ) 

Ux, 2 OF Or, 2 \ @zy | Oxy 
J ln On 1 Ol, l dus UUs 
=a fs < ==: ‘ 41 
es ( Ox, | VXo UXo 2 (= as UIa ) (7 4 ) 
1 ( lh Guy 1 ¢ Wg Otto ) Ott 
es ary ; OTs x { OL : Ox5 OX 


§ 9. STRESS TENSOR 


1. Definition of Stress Tensor. Suppose we have an clastic body 
whieh has been deformed. Let us mentally draw an elementary plane 
surface of area o through a point 1/7 of the body and erect at AF 
a unit normal vector n to one of the two sides of the surface (see 
Fig. 7.2). If we divide the resultant elastic force Fig (applied to the 
chosen side of the surface clement) by the area OG we obtain the 


__ Ping 


so-called average (mean) stress (p.)5- = on the elementary aren 


Oo with normal n drawn through the point Av. Passing to the limit 
as 0 is contracted toward the point Af we arrive at the (fetal) stress 
pb, at the point AZ on an elementary area with normal n: 


t xs 
Pr me a (7.42) 


Changing the direction of the normal n. that is turning the area 
o about the point JV it is drawn through, we obtain different values 
of the vector p, at the same point jA/. Thus, a state of stress of an 
elastic body at a given point A/ cannot be completely characterized 
by a single vector. Bul it turns out that to obtain an exhaustive 
description of such a state it 18 sufficient to determine the stresses 
on three mutually perpendicular plane sections passing through 
the point 7 because this makes it possible to find the stress at the 
point Af on an area (passing through AZ) of arbitrary orientation. 
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Let us establish the result stated above. Denote by px,, px. and 
Px, the stresses at the point AZ on three elementary areas whose 
normals go in the positive directions of the coordinate axes Oz,, 
Oz, and Ox,. In other words, Px, is the stress on the area with unit 
normal e;, == 1, 2, 3, where e; is the base vector of the 
axis Oz; (Fig. 7.3). Consider a tetrahedron with one vertex at the 
point Jf and the edges AYA, MB and MC parallel to the axes Oz,, 
Ox, and Ox,g. The outer normal n, to the face ALAC of the tetrahed- 
ron and the veclor e., are in the opposite directions. Hence, the 


Fig. 7.2 Fie. 7.3 


stress on the area JSAC is equal to —p,,. Similarly, the stress on 
the face BMC whose outer normal is ny = —e,; is equal to —p,,, 
and the stress on the area AVAB corresponding to the outer normal 
No = —ezis equal to p,,. Let us designate by p, the stress on the 
area ABC with outer normal n and form the equation expressing 
Newton's second law for the tetrahedron AMZABC: 


i dv 
p= Oh G- = Opa—O COS (N, Xy) Pxi— 
j » , od 
— Cos (Nn, Ze) Pxg— 6 COS (N, 23) Px3 + oy ahol (7.49) 


Hlere oh is the acceleration, o is the area of the face ABC, h is the 


altitude of the tetrahedron (if the face ABC is taken as its base), 
oO is the volume mass density, F the volume force per unif. mass (in 


: ! ; 
particular, it may be the gravity force), the quantity = oh is the 


volume of the telrahedron AJABC and the quantities G cos (n, x,), 
Oo cos (n, zr.) and cos (n, 3) are, respectively, the areas of the 
faces AIBC, ATAC and MAB. If we suppose that the acceleration 
and the volume force f remain bounded; when o is made to tend 
to zero, then dividing equality (7.43) by O we oblain, in the limit, 
the relation 


Q=p. — pry cos (n,m) — po ens fw xr.) Ri PAS, 2 


298 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


Consequently, 
Pr = Px, COS (nN, Z,) + Px, Cos (NM, Zz) -|- Px, cos (Nn, Zs) (7.44) 


Formula (7.44) expresses the stress p, on an area with an arbitrary 
normal n in terms of the stresses on the areas whose normals go 
along the coordinate axes. 


Let us resolve the vectors px,, px, and p,, along the base vectors 
€y, CQ. C3: 


Px, = Pires, + Prize + Pise3 
Dx, = Parr: + Pole + P23€3 (7.49) 
Px, = Pgi€1 = D322 4 Pyg@3 

If, for a given point AY, the matrix 


} 


Pu = Pse2 Pa 
| Pes T= Nl Po = P22 Pes (7.46) 
P31 P32 Pas 


is known, we can determine the stress on any area O passing through 
the point .W because the position of the area is specified by the 
direction of its normal n and formulas (7.44) and (7.45) make it 
possible to find p, if the vector n is given. Thus, a state of stress 
of an elastic body at a given point is completely characterized by 
matrix (7.46). 

Consider now the projection of the vector p, on the normal n. 
The physical significance of the quantity thus obtained suggests 
that it is independent of the choice of the coordinate system. To 
find the projection we scalarly multiply both sides of equality 
(7.44) by n and apply formulas (7.45). This yields the expression 


(Pa, n) = y pijcos (nu, x;)cos(n, Z;) (7.47) 


7,j=1 


and hence the sought-for quantity is given by a quadratic form 
defined on unit sphere. 

Hence. quadratic form (7.47) is invariant on unit sphere and 
therefore its coefficients p;; (i, 7 = 1, 2, 3) constitute an orthogonal 
affine tensor of second rank Il = (p;;) (see Note 2 in § 3). This is 
the so-called stress tensor. 


2. Stress Tensor as a Linear Operator. It is convenient to iiterpret 
the stress tensor as a linear operator transforming the unit normal 
n to an area into the vector p, (the total stress on the area). 

Let us take the resolution of the vector p,, with respect to the 
basis e,, €2, ¢,, Which is of the form 


¢ _—_ a) ees '; 7 a vy e 
Pro Pata T Pagle 7 Pn s&s 
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and substitute it into the left-hand side of equality (7.44) and simul- 
taneously substitute the expressions of the vectors px,, Px, and px, 
in terms of the same basis (see relations (7.45)) into the right-hand 
side of the equality. The resolution of p, with respect to the basis 
€;, 5, @3 being unique, we thus obtain the following system of three 
scalar equations: 

Pat = PiuCOS(D, 2) i Pe, COS (MD, Zz) + pg, Cos (Nn, Xs) 

Pn2-= Pig COS (D, 2) i P22 COS (M, Zz) + P32 CO38(N, Zs) (7.48) 

Pnz = P13 COS(N, 2) *- po, COS(M, Ze) —- P33 COS (NM, Zz) 
These equations express the above mentioned linear operator in 


the basis e,, e2, eg. The unit normal vector n to an area 9 1s expres- 
sed as 


n = ¢;, cos (n, 21) + e, cos (nm, 25) + e@3 C05 (n, £3) 
Presenting the vector nm as a row matrix of the form 
n = || cos (n, 2;), cos (n, 22), cos (n, Z3) |I 


we can write (see Appendix to Chapter 7) 
Pr = 0 II pay Il (7.49) 


where p, iS interpreted as a row matrix || Pay, Pao: Pn3 || and 
la; | is the matrix corresponding to the stress tensor II = (p;;) 
at the given point. When speaking about the multiplication of 
a matrix corresponding to a tensor by a vector we simply say that 
the leusur is multiplied by the vector.* Thus, to obtain the lotal 
stress al a point 7 on an area oO with unit normal n we must take 
the stress tensor I] = (p,;) at the point and multiply it on the left 
by the vector n: 

Pa =n (py) = nll (7.49) 


Of course, we can also represent the unit normal n as a column 
matrix 
cos (mn, 2) 
n= |]/cos (n, 22) 
cos (n, 23) | 
Pat 
Then p, (uaderstood as a column matrix |] Paz!) can be obtained 


Png | 
hy multiplying on the right the transpose of the matrix {| p;; || 


* More precisely, we speak here aboul the multiplication of a tensor (inter- 
pretal as a linear operator) by a vector mn the sense that the corresponding 
linear onerator ie annliad ta the verter, Sep aleo the cid vf this sue liva. 
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by the above vector n. This corresponds to the application of the 
adjoint operator (see footnote on page 291) associated with the ten- 
sor II to the vector (column matrix) n. 


§ 6. ALGEBRAIC OPERATIONS ON TENSORS 


If. Addition, Subtraction and Multiplication of Tensors. The ope- 
rations of addition and subtraction can be performed on tensors of 
the same rank. For instance, the sum of two tensors of second rank 
a,; and 0,; is the tensor c;; whose components are 


Cj = a;+ bi; t, f= 1, 2, 3 
and their difference is the tensor d;; -- @;; — 0;; (t, j = 1. 2. 3). 
[It can be easily shown that the quantities c,;; = a;; -! 6;; and 
dj; = a;; — bj; are transformed according to the rule of transfor- 


mation of tensors when the coordinate system is changed. The addi- 
tion and subtraction of two tensors of an arbitrary rank are defined 
similarly. 

The product of tensors (also spoken of as the outer product) can 
be defined for tensors of any rank. For example, the product of 
a tensor of rank two a,, by a tensor of rank three byanp is a Lenser of 
rank five whose components Cjjmnzp are defined by the relation 


e ; > — 'y 
Cijmap = 0:j;0mnp: b, J, mm, Mh, P= 1, 2, 3 


We can easily prove that the above quantities ¢;jmn, are transformed 
in accord with the rule of transformation of tensors when we 
pass from one coordinate system to another. The (outer) product 
of two tensors of arbilrary ranks is defined similarly. 

The product of «a tensor by a number can be considered a special 
case of the product of two tensors and is defined as follows: the 
product of a tensor a;;, by a number C is the tensor with the com- 
ponents 6;;, = Ca;,;,. The fact that the quantities 0;;, constitute 
a tensor can be easily verified. 


2. Multiplying Tensor by Vector, When studying the stress tensor 
(see relation (7.49) in § 5), we dealt with a special case of multi- 
plying a tensor of second rank (interpreted as a linear operator) 
by a vector. ITere we shall discuss this operation in the general form. 

A tensor (Z:;) can be multiplied by a vector x on Me left or on 
the right. i.e. we distinguish between the produets x (Z,;) and 
(L,,) x. But in both cases the result of the operation is a vector 
which is defined as follows. Let the matrix corresponding to the 
tensor (4;,;) in the coordinate system specified by a basis e1, 2. 
be equal to 

Ly, dyo2 Lis 
i Liz \= | ee ee 
iF 


(7.50) 
A 


ane | 4632 /.. 
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and let the resolution of x relative to the basis be of the form x = 
ab 
= >) 2x,e;. Then the vector 
ia: t 
y* = x (Z;;) (7.51) 


resulting from the multiplication on the left of the tensor (L;;) 
by the vector x is regarded as a row matrix || y*, yf. yf || whose 
components y*. y* and y* are determined in this basis by the rela- 
tion (see Appendix to Chapter 7) 


La, Lye £43] 
Wass Yor YStL=Ul 21, 2a, Zall || Lar 222 Leas (7.02) 
Ly, £32 begs 
The vector 
y = (;;) x (7.53) 


resulting from the multiplication on the right of (4;,) by x is given 


by the relation 
l| yy Eyy Lyp Lys] tl zs 
Yo || = || Lo, Log Logl)-|| Le (7.94) 
Y3 L3, Ls. bea T3 


specifying y = S) y,e; in the same basis cy. 2, e3. Relations (7.52) 
i=} 
and (7.94) can be written in the abridged notation 
y* =x | L,; | (7.52) 


and 
y= |lLi; || x (7.94") 


The vectors x and y* entering into the former relation are interpreted 
as row matrices and the vectors x and y in the latter relation as 
column miatrices.* 

3. Contraction. Contraction of an orthogonal affine tensor is the 
operation of putting one index equal to another and then summing 
with respect to that index. For instance, if we take a tensor of rank 
four Cijmn, Put i = 7 and sum witli respect to i we obtain the con- 
tracted tensor of second rank whose components are given by 
the equalities 

3 
ann = a Ciimn 
1 
The fact that the quantities @,, constitute a tensor of second rank 
can be easily proved. If we take a tensor of an even rank and perform 


* Relations (7.51) and (7.53) (or, which is the same, relations (7.52’) and 
(7.54')) determine two finear operators which are the adjoints of each olher 
(see footnote on page 291). 
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contraction operations on it as many times as possible we shall 
arrive at a Scalar, 1.e@. an invariant. 

For example, if the contraction is performed on the product a,b; 
of two tensors a; and U,; of rank one the resultant tensor will be the 
invariant scalar which is nothing but the scalar product of the 
vector a (with components a,, a, and a3) by the vector b (whose 
components are b,, 6, and ba): 


. 
= >) ajib 
i=:1 


4. Interchanging Indices. Let us consider the operation of inéer- 
changing indices for an important special case, namely for an ortho- 
gonal affine tensor of second rank (Z;;). Taking an arbitrary ortho- 
normal basis ey, e2, €3 in which the components of the tensor are 
Lij (i, } — 2 2; 3) we put 


j= Lj, 


and thus arrive at the quantities Li}; (i, j = 1. 2, 3) specified in 
every orthonormal! basis. [t can be easily proved that ZL7; form an 
orthogonal affine tensor of second rank. The tensor (Z#;) constituted 
by the quantities Lf; (é, 7 = 1, 2, 3) is called the conjugate tensor 
of (L;;). The above “operation is similarly performed on a tensor 
of an arbitrary rank in which any two indices can be interchanged. 
The resultant tensor obviously has the same rank. 


3. Resolution of Tensor of Second Rank into Symmetric and 
Antisymmetric Parts. An orthogonal affine tensor of secand rank 
(L:;) is said to be symmetric if its matrix 

| Ly, Lyp Lys|| 
[Leg ll=|[ Ler Lez Les 
i Ly Lise je 
is Symmetric in each orthonormal basis, that is if in every such 
basis the relations L;; = L;; (i, j = 1, 2, 3) hold. 
A tensor of rank two (Z;;) is called antisymmetric (skew-symmetric) 


if the elements of the matrix || £;, || corresponding to it satisfy 
the conditions 


im every orthonormal basis. The latter relations suggest that} for 
an antisymmetric tensor (£;;) we always have /.,; = —L;;, i.e. 


2L;, = 0 and L;; = 0. 

Thus, a symmetric tensor of second rank is completely specified 
by Its SIX components {since Loy — Los, | — Ls, and Loos = ee 
for such a tensor) whereas an antisymmetric tensor is characterized 
hv jts three nondiaganal elements. 
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The vector product of two vectors a and b is a simple example of 
an antisymmetric tensor. Indeed, let the vectors a and b have the 
resolutions 


@ = AC, + 2202 + a3e, and b= bye, -+ bee, + bse; 


in a basis e;, Co, es. Then the vector product la, bl] can be written as 


€; ©€2 © 
(a, b]=Ja,; a, a3/= 
by b2 by 
= (agb3 — ab) ey -} (430; — aybs) €2 + (a0, —- A201) €3 (7.99) 


Taking advantage of the fact that the vectors a and b are tensors 
of rank one we can easily show that the nine quantities L;; = u;0; 

— a,b; (i, j = 1, 2, 3) form a tensor of second rank. This tensor 
is obviously antisymmetric because we have L,;; = a,b; — a;b; 

= —(a,;b; — ajb;) = —L;;. Consequently, the tensor is cormpendy 
specified by its three components (a,b, — a,b,). (a,b, — a,b.) and 
(a,b, — a,b,) entering into equality (7.55) 

It can be easily proved that if the matrix corresponding to a tensor 
of second rank (Z,;) is symmetric (antisymmetric) in one orthonor- 
mal basis it is also symmetric (antisymmetric) in any other ortho- 
normal basis. 

Finally, every tensor of second rank (Z;;) can be represented in 
the form of a sum of a symmetric tensor and an antisymmetric 
tensor, namely as 


Lij= > {Lis | Ljih}-b y (Liy— Ly} (7.56) 


where big Psi and att aL (i, 


j= 1, 2, 3) are the components 
of the symmetric a antisymmetric parts of (£,;) which are 
uniquely determined by the tensor (Z,,). 

In § 7 we shall consider an important example of resolution of 
an orthogonal affine tensor of second rank into the sum of its sym- 
metric and antisymmetric parts, namely we shall resolve the tensor 
of relative displacements into the corresponding symmetric tensor 
of pure deformation and antisymmetric fensor of rigid body rotation. 


§ 7. TENSOR OF RELATIVE DISPLACEMENTS 


Let us consider a state of strain of a physical body (see § 4). 
Suppose that U = U (r) = ey, (a1, Zo, 23) + eatle (21, Zo. 3) + 
i Oglts (24, Zo, Zz) is the displacement vector of a point specified 
by the radius vector r — 2,e,; 4+- Zoe, -- r3e5. Under the assumption 
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that the functions u,, uw and uy are differentiable we can write 


Ou Ou Ou 
duy=—— dx, --- — dz, -+ — dz, 
Or" UT a = Jiry 
Olly Ou» Oltn a ee 
dun = —— da, + dr. == —~ d. i.o8 
2 OL OFn v2 OX dts ( ? ) 
Cit Jil Au. 
dit, = — dr, -- —? drot-—2 dr, 
Ory, ULa - C04 . 


Passing from the Cartesian coordinates z;, Zo, 23 lo new coordinates 
3 


: ° ’ “ . . ° ’ 1 
xi, 3, 2, that is performing a substitution z; = “ a;,«£, where 
h=t 


lla;, l}is an orthogonal matrix. we can casily verify that the quan- 
tilies a , t, jf = 1, 2, 3, constitute an orthogonal affine tensor of 
rank two. This tensor is spoken of as the tensor of relative displa- 
cements (corresponding to the state of strain in question). Intro- 
dUl(r) 
dr 

(7.97) in the form of the equality 


au = (25) ae 


ducing the notation ( 


for this tensor we can rewrite formulas 


(7.58) 


dU(r) 
dr 
antisymmetric parts. Using the matrix notation we can write down 


Let us now resolve the tensor ( } into its symmetric and 


this resolution as 
| Oddy Die) Oty 
OX, OL» OF4 
| Ol Oth Otir | 
Or, OX» dry = 
OU, Iu; Os 
oer eg was 
Ou, 1 / ou Cu2 1 ¢ Ou, Ou 
Uz, = ( Oo O21, ) 2 ( OF ' Ox, 
= 1 ( Oly a Ou, Olly = ( Jus a ae 
~ || 2 \ dxzy | Or, OX, 2\ a7, OX. 
1 /¢ Guz du, 1 Aus Cito Oley 
= | Or; ' O24 x ( UX OZy V1 | 
| 0 — Ws (io 
+ | GW), (0) — WW), (7.99) 
— Oy (, 0 
where ©;, @, and @3 are the coordinates of the vector wm — @,c, -+ 


=- Wolo +: @,e, Whichis cqual to = rot U. 
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The tirst matrix on the right-hand side of equality (7.59) deter- 
mines a symmetric tensor D describing a pure deformation (without 
rotation) and the second matrix corresponds to an antisymmetric 
tensor © characterizing a rotation of the body as a whole (i.e. a 
rigid body rotation without deformation). Relation (7.58) can now 
be put down in the form 


dU=Ddr-+Qdr (7.60) 


Performing direct calculations we can easily show that 


Odr= E rot U, dr | 


and consequently . 
dU =D de+ E roLU, dr | (7.61) 


Concluding our discussion of a state of strain of a deformable 
phvsieal body we indicate the following two special cases concerning 
relative displacements dl of the points lying in the vicinity of 
a point rv: if the deformation is described by the displacement vec- 
tors U(r) we note that 

(1) in case roLU =O it follows from formula (7.61) that the 
relative displacements dU are due to a pure deformation; 

(2) if D = 0 (i.e. all the elements of the matrix corresponding 
to the tensor D are equal to zero) the relative displacements dU are 
due to a pure rolatton. 


38. TENSOR FIELD 


(. Tensor Field. Divergence of Tensor. If to each point Af belong- 
ing to a domain G of space titere corresponds a tensor (4.;;) we say 
that there is a tensor field (£,;)* defined in the domain G. lIere the 
components L;, of the tensor (£;;) are functions of the coordinates 
of the variable point wJ/7 (2, £5, 23). 

Characteristic examples of a tensor field are the field of a strain 
tensor and the field of a stress tensor describing a state of strain 
and a state of stress of an elastic body subjected to a deformation. 
Indeed. in the general case a state of strain and a state of stress 
of such a body vary from point to point and therefore the components 
of the corresponding tensors depend on the coordinates of the vari- 
uble point (7. oe. 73). 

Let us suppose that the components £;; of a tensor (L;;) have 
continuous partial «lerivatives of the first order with respect to 
X,, TT. and £3. 


* For deliniteness, we shall deal with tensor fields constituled by tensors 
of second rank. 


20—0824 
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Take the matrix 
} Ly Loto Las! 

Luigi Ley Lag Le; 

Ls: Lae Less 


whose elements are the components of the tensor (Z;;) and form the 
vectors 


(7.62) 


Ly = Lye, 4- LDypeg + Ly3e3 
Lip = Lye, -> Lae. +: Loge (7.63) 
L;3 = Lae, 4 Logo + Lag 3 


72 JL... al: : ; 
The vector — I ra a is called the divergence of the tensor 
Ty UN 3 


(L,;) and is ‘jesignated by the symbol div (£,;,): 


oL oe OL. OL; CLy, Olay Oba 
— oo a ae ee — F Ss hs a els 
div (44ij) = Ox; ' OX. * O43 ( Ox, a Oz. ' ON, “1 
1 OL yo a Pha ie O Lao ( Obits ‘_ dle a. OL33 Bin oes 
% ( Or; | JX» oe a = Ox a NX O23 ye 
= (div (Lij))1 @; + (div (Lij))2 e. — (div (Li;))s C3 (7.04) 


The above definition of the divergence of a tensor (Z;,) is formal. 
To justify the definition we must verify whether the divergence 
thus defined is a vector or, which is the same, whether the quantities 


(Gas a a LL onat) (Sa + Se 2) and (“8 : Dhirs ' a2) 
‘ U2, ‘o" cs : rae a . Uz, Ura JXy 


constitute a tensor of rank one. Thus, we must prove that. the quan- 
Litics 
OL£;. 


ax, 


Oho. 


lize 
TG, Ges 


OZ 


(div (Lij))s = , s=l,2,3 (7.65) 


are transformed like the components of a tensor of rank one when 
the basis is changed. Let us rewrite expression (7.65) in the form 


OLR s 
Or, 


3 
(div (Lij))s = > 


k=1 


and pass to a new coordinate system Oz,7,72,. In the new system 
we have 
3g 


aL’ 
(div (Lis) = ) GS = -> >, ohne me S78 pat, 23 (7.015) 


OL in 


m=i m= 2=21 


The passage from the old Cartesian coordivates to the new ones ix 
performed by means of an orthogonal matrix |l@,,, |]. But, as is 
knawn the inverse of an orthogonal matrix coincides with its trans 
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pose, and therefore we have 


3 
> Lmanim (7.67) 
t= 1 
According to the definition of a tensor of rank two we can write 
3 3 
Ley = by > Ani prLre, pA, 2. 3 (7.68) 
he=t (=I 


Substituting expressions (7.67) and (7.68) into formula (7.66) and 
taking into account that 
5 5 | for wk 
Linnhmk = = 
ye "0 for nk k 


7HL== | 


we obtain the relation 
3 3 3 3 


. . % Olay 
(lis (Li;)),. » » » Y) SmnZmnn& pt is 


ni=1 n= h=—1 C:- - 


3 3 
i 7) 
=> > ap | > 5 (> 5 Cnn en | ae ok Ht | = 
kee{f=1 a m=} 
3 3 3 3 L 
Ghent 2 OLR: 
ae al 3) ctu ( 3) ban 2 1) = San ( > ot) = 
ne Pte n—f i= 1 h-=1 
3 
= Soni (div (Ziy)e, pr=1, 2 3 
(==) 


which is what we set out to prove. 


2. ay Theorem for Tensor Field. Let the componetts 
Ly, t= 1, 2, 3. j= 1, 2, 3, of a tensor (L,,)) have continuous 
first-order partial derivatives in a bounded closed domain whose 
boundary Gg is a piecewise smooth surface. We shall additionally 
suppose that the domain { satisfies the conditions under which 
the Ostrogradsky theorem for vector functions holds. 

Denote the unit outer normal vector to the surface Gp by n and 
form, by analogy with relation (7.49’) specifying the product 
n (p;;), the vector n(4;;). Then we have the formula 


(\ n (Ai) do | \ | div (Liz) du (7.643) 
1 "Q 
In other words, the flux of a tensor (“,;) through a closed surface 
Gg is equal to the triple integral of the divergence of the tensor 
(Z,;) over the volume Q bounded by the surface. 
The Hux of a tensor (1,;;) through a suriace Gg is equal, by defini- 
tion, to the surface integral on the left-hand side of formula (7.69). 


lus 


3UIs MULTIPLE INTEGRALS, FIED. THEORY AND SERIES 


Formula (7.69) expresses the Ostrogradsky theorem for tensors. 

The proof of formula (7.69) reduces to applying the Ostrogradsky 
theorem for vectors established in Chapter 5 to each component 
Ly; cos (n. 2) = £2, cos (n, xz.) ~— Ly, cos (n. x3) (kK = 1, 2, 3) of 
the vector n (L;,): 


| (in (L;;)do=e, \ ear cos (n, 2)-}- Lo, cos(n, 22)4- L5; cos(n, 4r3)}do+ 


Co 09 


+e) \iLi COS (n, 4) =- Loe CUS (1, Ia) = Lz cos(n, x] da - 


52 
sa e,( {Lis COs (1, 21) -+ Log tos (Nn. 22) + L4,c08 (nm, £3)] do = 
Te 
6 \\j (div (Li;)), do res fi (div (Lis))2 dw + 
Q 2 


+e, iV (div (Lj;))3 do N\) (liv (Lis) do 


Thus formula (7.69) has been proved. 

3. Equations of Motion of a Continuous Medium. Let us apply 
Ostrogradsky formula (7.69) to deriving an equation of motion of 
a continuous medium. We mentally isolate an elementary domain 


Fie. 7.4 a 
f., 


7 
(22) occupied by a moving continuous inedium (Fig. 7.4). Denoting 
the surface bounding the domain (Q) as Og we can write down the 
equation expressing Newton's second law for the mass (distributed 
with density 9) carried by the domain (Q). We regard this mass of 
the moving medium as being concentrated at its centre of gravity, 


i.e. as a material point. Then the equation can be written in the 
form 


dy % . Pub et ot 
oo) —— = 9OF p, do (7.40) 
¥Q 
where 2 is the volume of the domain (Q), f is the volume force 


per unit mass and p, is the stress on an infinitesimal area do with 
unit normal vector n. 
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The surface integral on the right-hand side of equality (7.70) 
is equal to 


(pa do= ft ntido =(\ 4 div do 
\\p do Oe J) ) an 6) 


| div), do +e. | (div Me dw + 


"O Q 


tes | i (div I), dw (7.74) 


» va 
{) 


*—— 


where IT is the stress tensor. Applying the mean value theorem to 
each integral on the right-hand side of equality (7.71) we obtain 


\\ pn da = e,2 (div )¥-+ e,2 (div N)f 4-e,2 (div M)* — (7.72) 


ols) 


where (div TI),* (i = 1, 2, 3) is the value of (div M1), assumed 
at a point AJ* € (Q). Now substituting expression (7.72) into (7.70) 
and passing to the limit as (Q) -»> J/ (i.e. as the domain (Q) is con- 
tracted toward an arbitrary fixed point 17 € (Q) we derive the vector 
equation of motion of a continuous medium: 


pa - pf --div ll (7.73) 
Vector equation (7.73) can be rewritten in scalar form by _ pro- 


jecting its left-hand and right-hand sides on the coordinate aves. 
This yields the folluwing system of three sealat equations: 


dvy . OPry dps ODay 

Bs gh “2 fe ees Se eee ea 

eu lf ve Tr OX; ° OX 0 Was 

Paya. eo Ofe - Oa, iT re eae (7. (4) 


UL = JLo ie 0X3 


§ 9. PRINCIPAL ANES OF SYMMETRIC FENSOR 
OF SECOND RANK 


Let us take an orthogonal affine tensor (L;;) which we shall inter- 
pret as a linear operator (see Sec. 2 in § 2): 
y = L(y) (7.75) 


The eigenvectors aud eigenvalues of the linear operator L (x) are 
referred to as the ecigenreciers and cigenvalues of the tensor (,;;). 
We remind the reader that an eigenvector of a linear operator 1, (x) 
is defined as a nonzero vector x satisfying the relation 
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where A is a scalar factor. The number 2 is called an eigenvalue of 
the operator L {corresponding to the eigenvector x). 

Passing from the vector x to its coordinates x,, Z2 and x3 in a 
basis C1, Cy, @3, We can replace vector relation (7.76) by the equiva- 
Jent system of scalar equalities 


(Lip —A) ay — Ligre + Ly3r3 = 0 
Lay 2, ~- (Lg --h) Po Layty = 0 (7.77) 
Lyity-- L322 (433 — 7.) 83 =O 


Let us regard (7.77) as a system of equations in the unknowns 
Y,. X_ and x3. For this system to possess a nontrivial solulion, that 
is one for which z,, x, and x3 are not simultancously equal to zero, 
it is necessary and sufficient that the determinant of system (7.77) 


turn into zero. Hence, the eigenvalues A are determined bv the 
equation 


Ey 4% Ly Li; 
Lay Lice = he bios — Q (1.78) 
Lox Logo | —- A 


‘As igs well known, if (£,;) is a symmetric tensor, i.e. if its matrix 
is symmetric in every orthonormal basis. all the roots A,, A, and 
2. of equation (7.78) are real. In this case it is possible to construct 
a system of three unil eigenvectors e,, ¢, and e@3 associated with 
{he eigenvalues A,. 2. and A. such that they form an orthonormal 
basis in which the matrix of the operator L takes the diagonal form 


WE, 0 01 
lo on ol (7.79) 
}O 0 Lal 


The vectors e;, ¢, and e3 thus found specify the so-called prin- 
cipal axes of the tensor (£,;). As an example, we can mention the 
principal axes of the conductivity tensor of a monocrystal (that 
is a homogeneous anisotropic body) which are the crystallographic 
axes. The discussion of the properties of the principal axes of the 
inertia tensor, strain tensor and stress tensor can he found in courses 
of theoretical mechanics and mechanics of continua. 


§ 10. GENERAL TENSORS 


The notion of an orthogonal affine tensor discussed in the fore- 
going sections is connected with the transformations of orthogonal 
Cartesian coordinate systems and with the corresponding transfor- 


matinna nt thain nethanavemal haene 


Ce Oe a 2 ee 
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Were we shall give the general definition of a tensor which invol- 
ves all the possible Cartesian coordinate systems (including the 
Oblique ones) specified by the arbitrary bases. 


1. Reciprocal Bases. Let 
€C,, Co, 3 (7.50) 


be three arbitrary noncomplanar vectors forming a basis in space. 
For brevity. we shall denote such a basis by a single symbol ¢;. 
Consider the triple scalar product of the vectors e,, es. and e, 
which is equal to the volume V of the parallelepiped constructed 
on these vectors (i.e. the one whose coterminal edges coincide 
with the vectors e;, @. and e;): 


Vv’ =(e,, €2, €3) (7.81) 
The vectors e* (/ -=1, 2, 3) determined by the relations 
‘a, © | ‘ 3, C1, ¢€. 
el at ae gta! 2H , eee ™ 2) (7.82) 


coustitute a busis which is said to be reciprocal to e;. 

We can easily show that, conversely, the basis e; is reciprocal 
to the basis e”. Indeed, the volume of the parallelepiped whose 
edges are the vectors e* is equal to 


eee | w 28\ 3 [€2, Cal [@3, Cl [e,;. C2] 
es ) = ( V y Vv 


= 75 (ez, €3) | fes, e,|, [e;, ea} |} a 
= 7 (ee, e»] {e (€3€,€2) — ep (e,eres) } => $ (7.83) 


Therefore we have 


VV" =1 (7.84) 
thus 
feet ay] He Se Ke Sol | ht ey (7.85) 
and, similarity, 
ae | = ©, on (7.86) 
From relations (7.55) and (7.86) it follows that 


U for tt k 
(er, et) = 68 =| . (7.87) 
1 for isk 
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It should be noted that every orthonormal basis e;, C2, ¢, coincides 
with its reciprocal basis. 

2. Covariant and Contravariant Components of Vector. Let us 
take a basis e; and its reciprocal basis c' and write down the resolu- 
tions of. an arbilrary vector x with respect to the bases: 


3 3 
x= © xei= ™ zie, (7.88) 
== { i= { 

The coefficients entering into the resolution of the vector x relative 
to the given basis are called the contravariant components (contra- 
variant coordinates) of the vector x in this basis. Thus, the numbers 
x and 2; are, respectively, the contravariant components of the 
veclor x in the bases e,, eg, e3 and e!, 6%, e3. 

The covariant components of a vector x in a given busis are the 
scalar products of the vector by the base vectors of the reciprocal 
basis. 

Multiplying scalarly equalities (7.88) by e, (e”) and taking advan- 
lage of relations (7.87) we find that the covariant components of 
the vector x in the bases e!, e?, e* (e;. eg, 3) are respectively equal to 


9 


3 3 
(X, Cy)= Mai (e', Cn) = De riOn = Th (¢.S4) 
and 
3 3 - 
(x, ce") eis » ie (c,, e") = By pana 2 ah (7.00) 
i=l i=i 


Cunsequently, the covariant components of a vector im a give: 
basis are its contravariant components in the reciprocal basis. 

3. Summation Convention. In the theorv of tensors we usually 
follow a summation convention (duc to A. Kinstein*) which applies 
as follows: if a subscript and a superseript entering into an expres- 
sion are labelled by the same symbol, this symbol (index) is under- 
stood as denoting a summation with respect to that index over 
its range. 

In what follows the indices under consideration take on the values 
1, 2 and 3 and hence a summation, if necessary, is carried out wilh 
respecl to an index ranging from one to three. Por instance. applying 
this rule to the sums entering into formula (7.88) we can write 
down the resolutions of the vector x in the form 


x=aze', x = gle; (7.91) 


* Einstein. Albert (1879-1955), the great 20Uh century physicist, the creator 
of the theory of roelativite thare in Crrenmtane) 
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as E ee ’ > . F 
Similary, a bilinear form “ aj,r'z" is written as 
iA=t 
ajyxr (7.02) 
etc. 
4A. Transformation of Base Vectors. Let us consider the transfor- 
mation from an old basis e; to a new basis e;-. Using the summation 
convention we can write 
Cy = 4 Cj, i =f, 2. 3 (7.905) 


Where the coefficients «?, form the transformation matrix ||. |j 
from the old basis ec; to the new basis o;-, 1.e. 


ai fal ad. a2, x3. (7.94) 


It we consider the inverse transformation from the new basis 
e, to the old basis ¢; which is written as 


Cj, = al Gy (7.5) 


the matrix |jai |[| is obviously the inverse of the matrix |/q. |}. 
Actually, substituting the expression e; = aie, into the equality 


nares in. 7 (ie 
Ch = H) Cie (7.0) 
we obtain 


The resolution of each vector ce, (A = 1, 2. 3) with respect to 
the base vectors e,, e2 and e¢, being unique, we derive from formulas 
(¢.97) the relatious 

Q for isth 


or a 
acl, si = { 


(7.98) 


for ix=k 


which suggest that the matrices |[ai'[] and [| || are mutually 
inverse. 


o. Transformation of Covariant and Contravaziant Components of 
Vector. Let us first consider the transformation of the coutraveriant 
components of an arbitrary vector 


Xx Fe, =z ey (7.09) 
when a basis ¢; is Lransformed toa basis ey. Substituling the capres- 
sion e; == a,e. into formula (7.99) we see that 


x 22 vale; — zh ey 
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I3y the uniqueness of the resolution of the vector x in the basis 
Cyr. Cor, C37, WE CaN write . 
c= arr’ (7.100) 
Thus, the “new” contravariant courdinates z' are expressed in 
terms of the “old” contravariant coordinates 2° by means of the 
puttrix |l cg ff specifying the inverse transformation from the new 
buxis ey to the old basis e;*. This accounts for the term “contyra- 
vatiant components” which indicates that the expressions of e; 
in terms of e; and of 2° in terms of 2’ involve, respectively, the 
elements of the matrix |]; || and of its inverse. 
By analogy with (7.100), we obtain the relation 
heme Ad (7.401) 
Let us now proceed to investigate the transformation of the cova- 
rliamnt components z; of a vector x. We have 


Zi = (x, &)), Fee = (x, CH) (7.102) 
and consequently 
rye = (x, Cy) = (KX, GLO) - az; (7.103) 
Similarly, by analogy with (7.103) we obtain 
Lie Te (7.10%) 


Thus, the transformation of the covariant components of a veetor 
is performed by means of the same matrix as the transformation 
uw! the base vectors. The terms “covariaat components” indicated 
this coincidence of the matrices. 

§. General Definition of Tensor. As before, we shall denote the 
transformation matrix from an old basis e; to a new basis e; bv 

4 < . ° > 3, @ ° ‘ e 
| wi I] and the matrix of tire imverse transformation from the new 
basis ey to the old basis e; by || aj tf. 

Definition 1. A quantity A which ts specified in every basis e; (i= 
= 1, 2, 3) by means of 8”*7 numbers A we where the indices 
ts, Ss=d, 2,3, ..., p, and fy, 6 = 141, 2, ...-, 4, independvitty 
assume the values 1, 2 and 3 is culled a tensor of vail (orsier) 
p-l@g (p-fold corariant and g-folad contranartant) tf ihese 
numobers undergo the transformation determined by the formutas 


ff 6 ° é 6 0 are P 

Jade eee. Ja 21 12 tp BT 32 ; Jaize od, 394 nd = 
A133 > — 6 Ae ey. es 0 CL CL. OL ° 2 @ L722 deo if 7.105 

iztg se “t i; *s in 71°" 2 jaf itis ... ip ( ) 


* More precisely, formiudas (7.100) show that the coeificients eulering into 
the expressions of z* in terins of x? constitute a matrix which is the transpose 
af the inverse matrix j} @! ||. 
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when we pass from an arbitrary basis (e;, 2, ¢3) fo any other basis 
€y°, @o-, €3- Where || aj || is the transformation matrix from the 
basis Cy, @o, @3 to the basis ey, €2°, @3- and || a; || is its inverse matriz. 


The nurnbers er. are spoken of as the components of the 


tgte-: tt 
tensor A relative to the basis e;. The superscripts j,;. .... jg are 
called the contravariant indices of the tensor and the subscripts 
iy, .. +, dp are its covariant indices. 
There is an allcrnative form of definition of a tensor (equivalent 
to the above): 


Let, in every basis e,. 2, Cg, there be given a system of 3°** nunibers 


oa Ff. where the indices i,, s=1,2,..., p, and jp, t= 
= 1, 2° ..., g, independently assume the values 1, 2 and 3. If the 


passage to any other basis ey, @2°, @3° resulis in the transformation 
of these numbers according to formulas (7.103): 


: ae ae : ee nee . 

: ve t2 tThryiLyJ2 gia aye. ‘ Iq 

Aj: 2’ q@ = ql 16 er ees aa: Se > 8 »e Og Aiis | . tp 
"200° &p 'y #2 ee 


where || a;- || is the transformation matrix [rom the basis c,, €2, @3 
ie. 3 ; ¢ 

io the basis ey-. ¢2-, ey and | af || is the inverse of || ay || we say 

that we are given a tensor of rank p--q, p-fold covariant and g-fold 

contravariant (or covariant of rank p and contravartant of 

raveke q). 


haar 
. (a) The system of coefficients aj, ofan invariant bilinear form 
a ij ie 7 106 
f (x, ¥)= = Giyzint fayte = a. pie ‘y “, (4.106) 


(X= 2 te;, == z'ie;. y = yite;, == y2e,., 
iy=1, 2, 3; Q=1, 2, 3; Sls 2 by tls Ze 3) 


is a covariant tensor of second rank, i.e. having only covariant 
indices. 
Indeed, substituting the expressions 


Dihes aj. ot and y?2? = acy (7.107) 


into formula (7.106) we obtain an identity involving the coordinates 
of two arbitrary vectors x and y, which implies that 


» pple in: cz 
Ris a gd ad (4 ; 108) 
(ty) In partientar, if X ¥) 1s equal ta thy re) sca far product {x, y) 


of two vectors x — ye the collection of the coefficients Lisig OF 
the bilinear form 


Po ub a oo xrttyte 
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is termed a (funda mental) metric tensor or a covariant metric tensor. 
The elements of the inverse of the matrix [jy,,i,|| (denoted by the symbols 
gi’2) form a so-called contravariant metric tensor. 

By the symmetry properly of scalar product ({x, y) = (y, x)), 
the tensors g;; and g'’? are symmetric, that is we have, in every 
basis, the relations 7 7 

Bij = btis g'? = g” 

2. The elements Lj of the matrix of a linear operator IL deter- 

mined by the relations 


L (¢;) = Lie; i= 4, 2, 3 (7.109) 


constitute a tensor (of second order) covariant of rank one and con- 
travariant of rank one. For, in’ the new basis e;-, we have 


L (ey) = Li-ey (7.110) 
(in the other hand, we have 
L (e;-) = L (at.e:) = &}.L (e;) =a Lia ey (7.111) 


Comparing (7.110) with (7.411), by the uniqueness of resolution 
of every vector L (e;) with respect to the basis ej-, we obtain 


Li = aye} L} (7.112) 


The covariant components z; of a vector x conslitute a covariant 
eaneni of tank one, and the SonteAcapiaul coordinates z* of x form 
a contravariant tensor of rank one. 


7. Operations on Tensors. In the general case the operations an 
tensors are defined in the same manner as for the orthogonal 
affine tensors. Phe operations of addition and subtraction are natu- 
rally detined only for the tensors of the same rank having the same 
number p of covariant indices and the same number q of contra- 
variant indices. Phe contraction is applied only to mixed tensors 
(i.e. having both contravariant and covariant indices) by putting 
One contravariant index equal to a covariant index and summing 
with respect to that index 

There are also some other operations such as raising or lowering 
indices by means of multiplying the fundamental (covariant) metric 
tensor or the eontravariant metric tensor by @ given tensor 7 and 
then contracting the product by putting a covariant (contravariant) 
Index of 8ij (a? ") equal to a contravariant (covariant) index of 7 
and summing with respect to that index ete. 


8. Some Further Generalizations. Furtber generalizations are con- 
neeted with the introduction of curvilinear coordinates. Vhis gives 
rise to same new gvlions such as covariant and contravariant diftte- 
renutiation of a tensor and others. For the general theory of tensors 
re i) nS tha roadder lar [4 4\. 110] yin 114). 
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APPENDIX ‘TO CHAPTER 7 
ON MULTIPLICATION OF MATRICES 


\We remind the reader that the product ?-Q of two rectangular 
matrices P and QY is only defined for the case when the number of 
columns in the first factor equals the number of rows in the second 
factor. If 


Pu Piz «++ Pin Gia Giz wes Ot 
Pp = Po; Poe --+ Pan and O= fai 922 +++ Gas 
Pm Pm vee Pnin Gnj dn2 a= 2 dns 
are such matrices their product is the matrix 
Pig Tyr «es Tin 
R= For Fea +++ Fan 
Pony Fino o + @ rimn 
whose element r;; (é = 1, 2, ..., m, jul, 2, ..., n) belonging 


to the ith row and the jth column is determined by the formula 


Th 
rip Dy Piri 
v=! 

[Ilence, if we interpret the elements of the 2th row of 7 as the 
coordinates of an n-dimensional vector and the elements of the jth 
column of O as the coordinates of another n-dimensional vector 
we can say that rj; is equal to the scalar product of the ith row of 
the first factor by the jth column of the second factor. 

Let us take two vectors x and y and represent them as the colunin 
matrices 


' 
| 24 Yy | 
X= |/a5 ]] and y=, “a 
X3 | Y3 


where 2,, Xo, 3 and Yy, Yo, ¥3 are the coordinates of x aud y in 
a given basis. If {| £;; |] is a matrix of the form 


Li, Lie Ly; | 

L= Loa Loe logy 

Ls t32 Las 

then, by definition, the equality y = Lx is equivalent to the relation 
Yi | Lag Lys' | | 

Yo || = | Las Lz Logg “|| Le ({) 
Il Ys | fost Lega Legg |] |l oy 
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After the muttiplication of the matrices on the right-hand side 
of (1) has been performed we obtain 


og 
! ~ Lyn 
| {ty 
U4 3 
Yo - 2; cont, (2) 
kh== 1 
| Y3 3 
a ign kk ! 
— | 


which is equivalent to the three scalar equalities 
Yy == Ly: 0y-- Liete Lists 
Yo = Loy ty -r Lopte + Lo3rs (3) 
Yg = Lyd, +- LyeX2e + L332 
As lias been said, relation (1) (or equivalent relations (2) and 
(3)) is the definition of the multiplication (on the right) of a matrix 
by a vector. 
We can similarly take Lwo veetors x and y* and represent them 
as the row matrices 


x == || x,, Zo, =z; || and y* = || Yt> Yoo ¥3 Ml 
Then an equality of the form 
Lip Lye Lys] 
La Lo. Lag 
131 Ly Lag 
Can be rewritten as ais 


Po 


|| ae Y2, Ys }= |] x, Iq, Ly i|° 


Fad 


3 3 : 
I y7, Y25 y3 I| = || = Loiy tty z LitoX 1, ba Li3te | 
i-f i= i 


> ar 


after the multiplication of the matrices on the right-hand side has 
been performed. fhe latter relation is equivalent to the three scalar 
equalities 

yf = Lit, !- Lote + Lars 

y2 = Lyory-b fi29Xe -'- | Oe (9) 


x 


3 = Lyaay 2 Laste + Lig3hy 
In the contracted notation equality (1) is written in the form 
y 22 1X (6) 


and equality (4) in the form 


y*¥ = xb (/) 
where Lois multinlied by x on the teft. 


& Funetional 
Sequences 
and Series 


[n this chapter we shall study sequences and series (referred to 
as functional sequences and series) whose members are functions. 

In practical applications we often try to expand a given function 
ina functional series whose terms are functions which are in a certain 
sense simpler than the given function. Such an expansion facilitates 
{he investigation of the function, the computation of its values 
and the integration. Functional series are also used in the theory 
of differential equations and other divisions of mathematics and 
its applications. 

In investigating the properties of functional series and sequences 
we introduce various types of convergence. Among them, waetform 
convergence and convergence in the mean are of particular importance. 


§ 1. UNIFORM CONVERGENCE. 
TESTS FOR USTPORM CONVERGENCE 


1. Convergence and Uniform Convergence. Let us consider a 
sequeuce of functions 


hi (Z), fo (7), . 79 t,, (x), oe © (S.1) 


defined on a closed interval a gx < b.* Hi an arbitrary fixed value 
Z) Ela. 6] is substituted for the current variable 2 functional sequ- 
ence (8.1) turns into a wuumerical sequence of the form 


be (Bo). Fa ho)s. & oe me Se ely, © (3.2) 


Functional sequence (8.1) is said to be convergent at a point 2, 
if number sequence (8.2) ts convergent. Functional sequence (8.1) 
is said to be divergent at a point xv if sequence (8.2) is divergent. 


ce 


* Instead of a closed interval a <q 7 < & we can take any other set X of 


values of x. for instance, a’ rch aS ret ho aeter thas eee 
ax<rcotw, —weo rt -}+50 etc. In what follows we shall stipilala the 


eases when such a replacemeat of a closed interval fa. 6] bv an arhitrary set 
is inadmissible, 
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Accordinyly, in the former case Z) is called a point of convergence 
of sequence (8.1) and iu the latter case a point of divergence.* 

If a functional sequence converges at each point z€ fla, b] we 
uy that it converges on the interval {a, b]. If a sequence {/, (2)}, 
n= 1, 2, ..., converges on fa, b] there exists a certain limit 
lin f, (x) (which in the general case can vary from point to point) 


Tt—+ 1 

aleach point z of the interval fa, 6]. Therefore this limit is a fune- 
tion f (2) defined on la, 6). The function f (z) is called the limit 
ol functional sequence (8.1) and we write 


fn (x) + f (@) aS N-» — 00 
or 
lim fa (z) = f(z) on Ifa, 8] (8.3) 


N=—9°oo 


\WWe can now formulate the following 


Definition 1.A functional sequence {fy (2)} issaid to be conver- 
gent toa function jf (x) on the interval la, b| if for each fixed valite 
z€la, 6] the number sequence {, (x), m= 1. 2, .... converges to 
the number f (x), that is if for every & >> U and every x € la, b\ there 
is @ number N == N (e, z)** (dependent on e and, generally speaking, 
on zx) such that 


lf, (x) —f (x) |< ce for every n> WN (e, Z) (S.4) 


Among the convergent functional sequences the so-called ui- 
formly convergent sequences are essentially important. 


Definition 2. A functional sequence ({, (z)} iscalled taniforméy 
convergent on aninterval [a, b| toafunction f(x) if, giverany & >V, 
there exists a number N = WN (€)*** (dependent on ¢ but independent 
Of x) such that the difference between f, (x) aud f (x) satisfies the con- 
dition 

lf, (4) —f (xe) |< es for every n> N (e) (8.5) 


for all x € la, bl simultaneously. 
his delinition can be restated in an equivalent form: 


* The set of all the points of convergence of funetional sequence (8.1) is 
referred to as the domain (or region) of convergence of the sequence. The domain 
of convergence of a functional sequence can be an arbitrary set of any compler 
stricture. It may coincide with the whole x-axis (as in the case af the sequence 
i, (zx) = Tt 8 <2 +o, n= 1, 2, ..., convergent on the entire z-axis 
lo the function § (z) =0) or be an empty set contaming no points (e.g. for the 
sequence f/f) (z) = (—1)", ~oocr<l-it-ew, at, 2, ..., which diverges 
at every point x € (—oo, +00)). 

** The number NV (e, z) may not be an intever. 

*** The nunither NV (ce) is not necessarily an integer. 
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Definition 2', A functional sequence {f, (x)} is said to converge 
uniformly to a function f (x) on an interval [a, b\| if 
sup) [fn (2) —f @) [> 90 for n+ +c (3.9°) 
aaxxb 
thai is if the least upper bound of | fp (x) — f (xz) | (spoken of as the 
maxcinewne dertation of the function fa(z) from the 
frunetion f(z) on the interval la, b\) tends ta zero as n—~ oc. 
Indeed, if condition (8.5’) is fullitled then for every ¢ >> 0 there 
is WN (e) such that for any rn > N (e) the inequality 
su [fn (2) —f (xz) |<e 


> 


QSx's 
holds for all x € la, b&b]. But, by the definition of the least upper 
bound, we have 


[fn (%) — 7 @) |< sup [/, (4) —/ @) | 


_ s 


asx-shb 


for all z€la, b|. Vherefore relations (8.5) are also fullfilled. 
Conversely, if relations (8.5) take place we have 
sup [fn (zt) —f(l<e 
a xb 
for every a > NV (¢), which implies (8.5’) since ¢ > 0 has been chosen 
quite arbitrarily. 
Uniform convergence of a sequence {f/, (x)} to a function f (zx) 
on (a, 6) will be designated by the symbol relation 


fn {z) = f(z) on fa, 8b] (8.0) 


The notion of uniform convergence admits of a simple geometric 
interpretation. Relation (8.5°) means that the least upper bound 
of tte deviation of the graph of the function y = f, (x) from that 


‘ 


Fig. 8.1 5 
of the function y = f (x) on the interval fa. 6) tends tu zero as 
n—~ + oo. In other words, if we envelope the graph of the function 
y —= f(z) by an “e-strip” (shown in Fig. 8.1) determined by the 
relations | 

P(e) —-—e!'€Xyssu)yir'’e €2 750 (3.7) 
21-0824 
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then, beginning with a sufficiently large #, the graphs of all the 
functions y = f, (z) entirely lie within the e-strip enveloping the 
graph of the limit function f (2). 


Lxam ples 

1. The sequence 7, (x) = ss sin uz couverges to f(z) = OU as 
n—» + co on the entire z-axis —oco << x4 < —oo. Here the conver- 
gence is uniform because | fn (x) — f (x) | = - {sina xs fe < ek 
for - rT, —0O <C £<l --- oc, simultaneously provided m > WV (e) = 
~ Ee 


rn 


2. The sequence f, (z) = z" converges, as 2—» -; 0c. on the 
interval O< x < I to the function f (z) determined by the relations 


O for O< r< il 
Ljp= 
I (2) 1 for r=! 
But here the convergence is nonuniform. For, if we take O << &< | 
and O«@mx<c! the Inequality | f, (7) — f (4) |] = 2" <e holds 
: : - lne ‘ = tne 
only when r=>WN(e, x) = Pee and oN (e, z) = > 
if x—-» 1 — O for every fixed ce € (0, 1). Consequently, for every « 
taken from the interval 0 < ¢ <2 1 there is no finite NW (e) inde- 
pendent of zx such that the inequality | /, (2) — f (@) | -- 2" <e 


—» -|-0o 


S 


hig. §.2 o 


holds for every 2 > N (e) and for all z belonging te the hall- 
apen interval US 7< 1. If we replace the segment O -: zl g f 
by a smaller segment 0 << x2 << 1 — 6 with au arbitrarily small 6, 
Us Axi, the sequence f/, (xz) -: cz" converges uniformly to its 
limit’ f (v7) = O on this smaller interval. Indeed. we have 

In In 


ae or ene Fe ee 
N (e, zr) = —— <i (€) =. arse for O-cla<i -& 
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and therefore [fn (z)—f(z){|=a2"<ce for all xE€[0, 1—61 when 


nov () = Fy qs: 


From the geometrical point of view this example can be inter- 
preted as follows. In Fig. 8.2 we see the graphs of several functions 
fn (z) belonging to the sequence and the graph of the limiting fune- 
tion f (zx), the latter being shown in the heavy line. The graph of 
f (x) consists of the half-scg@ment O< 2 <¢ 1 (with the end point 
x = 1 excluded) of the z-axis and an isolated point with the coor- 
dinates (f, 1). Let us envelope the graph of the limit function by 
an “e-strip’., Ome <td. The graph of every function f, (2) = 2" 
starts from the origin of coordinates and its right end point lies 
at the point (J, 1). Therefore the function f, (7) = 2" being con- 
tinuous, its graph must leave the “e-strip” at a point 2.0 < z7< |, 
Ifence, the sequence f, (@) -- 2", 2 = 1, 2, ..., converges nonuni- 


a] 


formly on the interval O< x» < 1. 
3. Phe functional sequence f/, (2) = = arc lamar, ~o ar< 
<i -} 00, n=l, 2, 3, ..., converges to the function 
—{ for —weczr<c Vl 
{(z)=sgna= Q for «=O 
- {| for OS r< -: c 


but the sequence docs not converge uniformly which can be easily 


established by the geometric method applied in the foregoing 
example. 


4. The sequence of functions 7, (2) = fae Wes We” gets 
converges to the function f(r) = O on the positive raxis 0 gxr< 


<_ -! oo. To find out whether the sequence is uniformly convergent 
to its limit on the half-line O< r< -}| co we shall cheek up the 
validity of relation (8.5'). Thus, we must verifvif sup | 7, (zj— 
oe 0-2 N< + oo 
— f (x) | > OU for 2 —»> -}-0o0. ‘Jo this end we evaluate the maximum 
2NX ee ” 
of gy, (4) = 1 f, (e) — f(x) |= 7,22 «OM the positive half of 
x-axis. We have 
(1 +n2r*)?n —Zar-Qn2r 1 — nr? 


a. (2) = ——_———— = Dp, 
{' ( (1 -- 4x7) af (1 -, n2c2)2 


o » s : 1 
and hence pa(z}=0 for 1—n°r* —0, tc. for z_= eo Conse- 
d 


quently, 


| n 
Ve actos _ ee 


21* 
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Therefore the sequence does not converge uniformly. In this example 
nonuniform convergence is due to the fact that the maximum value 
of fp (x) which is equal to unity cvincides with the maximum deviation 
of the graph of f, (x) from the graph of f (z) on the interval U .z 


a 


s— X< +o, the point of maximum z, = - moving to the left 
as N-»+ oo (see Fig. 8.3). 


Fig. 8.3 o 


The notions introduced for the functioual sequences can be easily 
transferred to the functional series of the form 


oo 


a th (LX) = uy (Zr) t+ yp (x) +... foun (Zz)... (3.8) 


where the functions uw, (2) are defined on a certain set, for instance, 
on a closed interval [a, bl. 


Definition 1,. A functional series (8.8) is said to be comvergent 
if the sequence of its partial sums 


Pe 


Sr (x)= “up (2)y Ges Ty. Sy aes (8.9) 
hk=1 
CONvEr ges. 
The limit 
S(z) = lim S, (2) (8.10) 
N—>-+- 00 


of the partial sums is called the seem of series (8.8). If series (8.8) 

converges and its sum is equal to S (2) we write 
S (zr) = > Up (2) (8. Hl) 

k=1 

Definition 2,. A convergent functional series (8.11) is said to con- 
verge uniformly to its sum S (x) on an enterval fa, bl if the sequ- 
ence of the corresponding partial sums 8S, (xz) is uniformly convergent to 
the sum S (x)"on (a, b). i.e. if for every © => 0 there exists N == N (é) 
such that the difference between S,, (2) and S (2) satisfies the inequality 


oo 


[S(z)—S,(2)[=] No ous(xi] ce (R12) 
k--n-+ | 
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for all x€ a, bj simultaneously when n> WN (ek) or, in other words, if 


sup |S (r)—Sn(z)|= sup |] >) ur(z)| +0 asn+ +o (8.12°) 
G22X25 axx: 6 kh==n-+1 

Examples of uniformly (nonuniformly) convergent functional 
series can be easily constructed on the basis of uniformly (nonuni- 
formly) convergent sequences. For, if we are given a functional 
sequence 

fiAD)s fe Be eae Ja @)y ees (8.13) 
we can take the series 
f(z) 4A he (2) — hy @)) + Us @) — fhe @I4+-.. 
> lin (4) — fn-r @I +... (S. 14) 
for which ($.13) is the sequence of its purtial sums. Therefore, if 
sequence (8.13) converges uniforinly (nonunitorimly) then, according 
to Detinitiou 2,, series (8.14) is uniformly (nonuniformly) convergent. 

It should be noted thal, conversely, uniform (nonuniform) von- 
vergence of series (8.14) implies, by virtue of Delinition 2,, uniform 
(nonuniform) convergence of sequence (8.13). 

The following two assertions are an immediate consequence of 
the definition of uniform convergence: 

(1) The sum of a finite number of uniformly convergent sequences 
(series) is a uniformly convergent sequence (series). 

(2) Tf all the terms of a uniformly convergent sequence (series) are 
multiplied by a bounded function q (z) (in particular, by a constant) 
this does not affect the character of ils convervence which remains 
uniform. 

The assertions are easily proved. For instance, the second one is 
proved as follows. Let f, (z) = f(z) on la, bl and lel C. O0<C< 
<_-+oo he a constant such that |q (cz) |< C for all z € la, Ol. 
Suppose we are given an arbitrary eo o> 0). Ry the uniform conyver- 
eciice of f, (x) to f(z), we can find NV (e) such that | f, (z) — f(z) | < 


<a for all z€la, 6] simultaneously when x» > N (e). But for 
such values of n => N (ce) we then have 
l¢@i(—-—e¢@f@l=—le@lliA@—-/f/aml< 
E 
< C+ — & 
for all x € {a, 6] and hence g (2) f, (z) = y (2) f (), as n-- oo, 
on the interval {a, b|. Regarding f, (xz) as being the arth partial 
sum of a uniformly convergent functional series and f (x) as the 


sun) of this series we thus conclude that the assertion is valid for 
the uniformly convergent serics as well. 


2. Tests for Uniform Convergence. If the limit f (z) of Functional 
sequence (8.13) is known its uniform convergence can be tested on 
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the basis of Definitions 2 and 2; or by means of the corresponding 
geometric interpretation as if was done when investigating exam- 
ples 1-4. 

But it sometimes turns expedient to reduce the question of uni- 
form convergence of functional sequence (8.13) to testing uniform 
convergence of corresponding functional series (8.44) for which the 
sequence in question is the sequence of partial sums. Such a reduc- 
tion may be useful because there are various tests for uniform con- 
vergence of serics convenient for practical application. 

One of the simplest and most commonly used tests of this kind 
is the so-called Weierstrass* Af-test based on comparing a given 
functional series with a number series having nonnegative terms. 


A number series 


-.- 30 


SA SA ose (8.15) 
k=1 


with nonnegative terms is said to bea dominant series for a fun- 
ctional series 
+=™ 
: 
Dun (2) = ty (2) uaz) pee una) eee (8.16) 


on an interval asxi- xb if the inequalities 
lu, (z) |S A,, 0k = 1, 2... (8.17) 


hold for all x € la, b) simultaneously. Serics (8.16) is then spoken of 
as @ dominated sevies. 


Weierstrass’ M-test. Jf, for functional series (8.16) defined on an 
interval |a, b|, there exists a convergent dominant series of type (8.16) 
the functional series is uniformly convergent on fa, UI. 


Proof, Let an arbilrary ¢ >Q be given. Dominant series (8.15) 
being convergent, we have the inequality 


for all sufficiently large nm. By relations (8.17), for all such m the 
inequalities 


-'-20 eo 00 
| MS u@l|< SM tuawi< SNS M<e (8.18) 
=It—-{ k=n-+1 hka-nti 


* Weierstrass, Karl Theodor Wilhelm (1815-1897), a prominent German 
matheomalician. 
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hold for all z€ fa, bj] simultaneously. Jnequalities (8.18) indicate 
that series (8.16) is uniformly convergent and thus Weierstrass’ 
test has been proved. 


Fram ples 
$90 
: sinnmz . : 
!. The series > —— Is uniformly convergent on the entire 
= 1 ; ; 
a-axis —o<ax<-+ co because it can be dominated by the con- 


_— 
1 


vergent positive series >) —y since we have 


n=l 
si L 
— Ss for —~-wclrct+ ao 
+00 
Consider the series a — on the positive half of the 


n= | 
gaxis O<¢2<-}-oo. Applying the well known techniques of diffe- 
1 


- >. Consequently, 


rential calculus we find max 


O:2xn< j-20 1 nt? 2 
+00 
7 a 4 
ce STG for Uc r< {-o0. The series ae —- being conver- 


= 
gent, we thus conclude, by Weierstrass’ Lest, that the series 


T . ee . 
S' ——_—_ uniformly converges on the positive z-axis 0-2 x <i -!- 


_ ] de 


t= | 
3. There is no convergent dominant number series for the 
—1)r : — {jn 1 
series by ewe <xr< too, since max A | ee andl he 
rt rt Uo x00 Z +32 v2 
—~, 


series 34 — (the so-called harmonic series) is divergent. But, by 


Leibniz’*. test (e.g. see [8], Chapter 13, § 5, inequality (13.80)), 
the inequality 

tN (=1 1 1 

> z-[k SS ae 


k—=n 


holds for every z€([0, +00] and consequently the definition of 
uniform convergence of a functional series (see relation (8.12)) 


* Leithniz, Gotthried Wilhelm (1646-1716), the great German philosopher 
and mathematictas. 
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-l. 90 
nee Ae ep: SAI ae 7 
implies that the series >, ay converges uniformly on the entire 


re 
positive half of the z-axis O <q 7 < 4c. This example shows that 
Weierstrass’ test provides only: a Sufficient condition for a functional 
series to be uniformly convergent but not a necessary one. 

Now let us proceed to formulate the basic (Cauchy) criterion for 
uniform convergence which plays an important theoretical role 
because, unlike Weierstrass’ test, it gives us a necessary and suffi- 
cient condition for uniform convergence and enables us to establish 
more subtle sufficient conditions (compared with Weierstrass’ test). 


Cauchy ’s* Test (for Uniform Convergence of dSeqiuen- 
ce). For a functional sequence {f, (x)} to be uniformly convergent lo a 
function f (z) on an interval [a, 6) it is necessary and sufficient that 
for every & >() there exist N = N (e) such that for each n => N (é) 
and all p >0O the inequality 


l fran (2) — fa (ze) |<Ce (8.19) 


should hold for all zx € la, b] simultaneously. 


Proof. Necessity. Let f, (xz) f (x) on la, b). Then, given an 
arbitrary e¢ >>0O, there is MW (e) such that for all m ~ MN (e) and all 
p >» 0 the inequalities 


tin (x) —f(2)|< and | frip(2)—f(2)|< > 


holt for all «fe, bf. Therefore we have | fas, (7) — sn (£2) js 
| Iney (2) —F (2) | FI F(z) — fn (@) |< 4+ se for all n> N (0), 
wll pop and all z€ fa, 6}. 


Sufficieney. If inequality (8.19) is fulfilled for all 7 € la, Ob] it 
follows that for every fined xz € la, 6] the numerical sequence f, (z), 
m=1, 2, ..., is convergent because it is a Cauchy (fundamental) 
sequence. Hlence, the functional sequence /, (7), m= 1, 2, .. 
converges on the entire interval la, 6). Let the limit function be 
denoted by f (x). Passing to the limit in inequality (8.19) as p-+ 
— -+oo we find that 


lf, (x) — f(x) |<e 


for all » = WN (se) and for all z € [a, 5b] simultaneously. But this 
implies thal f, (z) ~ f (<2) on the interval [a, >) and Cauchy’s 
test has thus been proved. 


* Cauchy, Avenstin Louis (1789 4857), a famous French mathematician. 
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Applying Cauchy's test for uniform convergence of a sequence to 
the sequence of partial sums 


Sy (xz) = uy (2), Se (2) = Uy (x) + uy, (z), .... Sa (x) = 


= ty (z) + eo we ¢@ -{- Un (x), 7 @ 8 
+30 

of a functional series * ° u, (z) we arrive at 
k=} 


Cauchy's Test (for ECniform Convergence of a Series). 
A functional series 
oo 
.’ i] ( .3 6 
SY un (x) = ty (2) eg (2)... ban (2) -F (8.20) 


is uniformly convergent on an interval la, b\ if and only if for every 
e “>0 there exists N = N (e) such that for each n => WN (+) and all 
p =>O the inequality 
sae 
| Snsep(z)— Sn (2) =| = Un (2) | =| Uyay (T)—... — Ungy (7) | <Ce 
ko=n+! 
(5.21) 
is simultaneously fulfilled for all zx € la, 6}. 
On the basis of Cauchy’s test we can establish the following 
Ahel’s* Test Gor Uniform Convergence of a Series), 
If the partial sums of a series 


4-70 
ae Mn (a) uy (ec) Ua (ape... HUA (Z) rr... (S22) 
are uniformly haunded on an interval fa, b). i.c. if there is a consiant 
CeO C<— +o0, such that 
va 
| Sn (2) | =| es un(xr)|<C forn 1, 2.... (8.233) 
A= 
for all x € [a, 6), and i} 
a, (r), %s (x), --- a, (z), -.- (8.24) 


is a monotone nonincreasing functional sequence uniformly convergent 


to zero on the interval fa, b), the series 
siti 
Note (2) uy (2) (S225) 


uniformly converges on ta, Ol. 


* Abel, Niels Henrik (1802-1824), a famous Norwegian mathematician — 
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Before proving Abel's test let us consider an example of its apphi- 
cation. 


~X 
; : stn Ave . 
4. We take the series >» > Which can be regarded as the 
k=} 
result of multiplying the terms of the series 
“ sinkaz =sinw -sin 20+... 4+sinke +... (5.26) 
a? | 
hy the members of the sequence 
| l 1 ’ 
1, rear 3? ee ey ? o 26 (22 7) 
We have the inequality 
[Sn (al < (eS 2a. JS Ly: Ze oa) 


for the partial suins of series (8.26) (e.g. see [8], Chapter 19, § 9) 
and consequently the inequalities 


[Sn (x) |< | i const< OO. We ely Ze. ees 


Sin 


el” 


simultaneously hold for all zx satisfying the conditions 
anata asker s(2Qn , Ira-—a UOCacta, 
Se). Seals Sey, eee (8,25) 


Since (8.27) is a monotone decreasing number sequence converging 
to zero it can be thought of as a uniformly convergent functional 
sequence Satisfying the conditions enumerated in Abel's theorem. 
Thus, on every interval determined by cenditions (8.28) the series 


sin he 
3! ~~ satisfies the requirements of Abel’s test and hence the 
ft -: 
series is uniformly convergent on the interval. 


Proof of Abel’s test. To accomplish the proof we shall show that 
under the above assumplions series (8.25) salishes the condition 
of Canchy’s test for uniform convergence. We have 


Anezilens | ee An, 24n, 2 als Seer Cra plnap 
= Any) [Sat = Syl + &nye [Sas — Snail oi 
eo + -- Cnep (Si. p ae Daigiaall = — hing tn 


= (nas == thn.) Snot aS 


é 
al (hn, p-1 = nsp) Snap -t i Lng ponep (S.25)) 
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Making use of the inequalities a; (7) @a.(7) >... Sa, (x) S 
SS Eni, (xz) SS... and the relation |S, (@) |< C (fulfilled for 


all a = 1, 2, ..-. and all z€la. bi) we deduce from equality 
(8.29) the relation 


| yw nys 3 “te oie ae Lnepllnap | = 
SS C {(Sn41 = (Cnt — hn+2) si (An: 9 ~ n+3) ek ea 
- TT (Anen-s —— Anep) ae Lnept = 20 hy 44 < 2C 8p +l 


where €,.; = Sup One, (2) > 0 as 2+ OO, Which holds for 


aoOx 
all p 7» OQ and for ail zx €la. b] simultaneously. Elenee, under the 
asstim plions given in Abel’s test, series (8.25) satisfies the condition 
of Caucliv’s test. 


§ 2. PROPERTIES OF UNIFORMLY CONVERGENT 
FUNCTIONAL SEQUEXCES AND SERIES 

{. Continuity and Uniform Convergence. 

Theovem Sit. (A) If a sequence of continuous functions f, (2), 
fo (az), .. «5 fn (2), . .. uniformly converges on an interval fe. 6) 
to a function f (x) the limit function is also continuous on fa, b|. 

(LD) Jf all the terms of a series 

4-30 
S(r)- “un (2) (8.50) 

c—] 
are continuous functions on an interval |a, b) and the series is uniformly 
convergent on la, hb) its sum S (x) is alse continuous on the interval. 


Proof. (A) Take an arbitrary point z € fa, b] and let (w# 4+. hk) € 
Ela. bl. We shall establish the continuity of f(x) at the point 2. 
For this purpose we estimate the difference f (c + #) — f (x). Sup- 
pose we are given an arbitrary ¢ 2>Q. Let us show that for all the 
values of ft sufficiently small in their moduli the modulus of the 
difference is smaller than s. We have 

lf(z@+h)—fiplel/@ ih)—fi (fe +h) 1+ 
+ Ifa Ge +h) — dn @) 1 th (fe) — 7 &) | (8.31) 
Taking a sufficiently large rn we obtain, by the uniform convergence 
of f, (x) to f(z) on [a, bl, the inequalities 
[| f(e+-h)—fa(z th) [<> for all @ !A)Ela, 9] (8.32) 
ana 


li (7) —fn (i<t fur all x€f[a, bl (8.33) 


We now tix the above-chosen value of 2 and consider the term 
lf, (2 -r bh) — f, (x) | entering into the right-hand side of inequality 


332 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


(8.31). Since f, (x) is a continuous function, there is 6 = 6 (e) >U 
such that for all # satisfying the inequality | hk |< & (€) we have 


lfn (ex +h) —f, I< = (8.34) 


But then, by virtue of (8.32), (8.33) and (8.34), we derive from 
(8.31) the relation | / (z + h) — f (z) | <¢ © valid for all ? satisfying 
the condition | |< 6 (e), which means that f (z) is continuous 
at the point z arbitrarily chosen on the interval (2, bj. Hence, f (x) 
is continuous at each point x €la, &], that is the function f (z) 
is continuous on [a, bd). 

It should be noted that if z is an end point of the interval [a, 8] 
then z can be given only a nonnegative increment if z =a and 
only a nonpositive one if z = b, and thus the above argument indi- 
cates that f (x) is continuous on the left at z = b and on the right 
at z= a. 


7 | + oo 


(B) Every partial sum S, (z) = »! u, (xz) of the series * uy, (z) 
n=) ' 


— 
EB ewe 


being a continuous function as a sum of a finite number of continuous 
functions for any nm = 1, 2, 3, ..., we see that S (z) is continuous 
because, by the hypothesis, the series is uniformly convergent and 
hence §, (x)= S (x) on [a, b] which implies, by (A), the continuity 
of S (x). The theorem has thus been proved. 

The condition of uniform convergence is only sufficient but not 
necessary for the limit of a sequence of continuous functions to be 
continuous. To illustrate this we can take example 4 in Sec. 1 of 

JAX 

| -—7z- 
n-— 1, 2, ..., whose members are continuous functions. As was 
shown, the sequence converges nonuniformly to the continuous 
function f (xz) = O on the positive part of the z-axis OG Sz << +00. 

But there is a special class of sequences and series for which uni- 
lorm convergence, as was proved by Dini*, is equivalent to con- 
tinuity of the limit of the sequence or of the sum of the series. 


$ 1 in which we {considered the sequence f, (z) = 


9 


LTheoremS.1' (Dini’s Theorem on Uniform Convergence). 
(A) If a sequence of continuous functions f,(z),n=1, 2, ... , defined 
on la, b)** is nondecreasing, that is f, (xz) <f.(z)<..- <fn (zx) K.-- 
on la, b). and if f, (z) converges to a continuous function f (x) the 
convergence is unijorm on [a, bi. 


* Dini. Ulisse (1845-1918). an Italian mathematician. 

** The condition that [a, 6] is a bounded and closed interval is essentially 
used in the proof of this theorem which also remains true if [e, b} is replaced 
by an arbitrary bounded closed set X. 
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(B) If the sum of a series S (xz) = > Uy (xz) with nonnegative 
h 


continuous terms defined in an interval [a, b| is continuous on la, 0b. 
the series is uniformly convergent on the interval. 


Proof. (A) Let us show that for any ¢ >0O there is n such that 
OAR, (2) =f @) —fr )<e (8.33) 


for all x € {a, db] simultaneously. Then, the seyuence &, (z), rn = 
= 1, 2, ..., being obviously monotone, that is 


Ry, (xz) 2 R,(z) DS... BR, (x) mS... (8.36) 


relation (8.35) must also hold for all sufficiently large n, which 
implies the uniform convergence. 

We shall prove the above assertion by contradiction. Suppose that 
for acertain ¢, ~>0O there is no such m. Then for each n = 1, 2, ... 
there is z, € la, b] such that 


R, (Za)  £o (8.37) 
Applying the Bolzano*-Weierstrass theorem to the sequence of the 
points 2,, Zo, ---, Zn, ..- belonging to the interval [a, bl we 
can assert that there is a subsequence Inys Inj - + -1 Ln 


convergent to a point z, € la, bj. The function R, (x) = f i ws 
— f, (x) (the difference of two continuous functions) is continuous 
and therefore we can write, for every fixed m, the relation 

lim Ryn (Zn,) — en (Zo) 


n R +o 


But for every m and any sufficiently large k we have rn, =m and 
consequently, by virtue of (8.36) and (8.37), we obtain 


Passing to the limit in the last inequality as n,—» +00 we see 
that AR,, (to) = €> for any m. But this contradicts the relation 
lim &,, (Zo) = 0 implied by the convergence of fm (x) to f (zx) 


P—> 00 


at the point Zo. 


(B) The partial sums S, (z) = > u, (z), m,= 1, 2, ..., with 


nonnevative continuous terms u, (x) form a nondecreasing sequence 
of continuous functions convergent, by the hypothesis, to a con- 
tinuous function S (z). Therefore, by (A), the sequence converges 
uniformly and thus the series is also uniformly convergent. 


*Bolzano, Bernard (1781-1848). an Jtalian mathe aticigs, 
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2. Passage to Limit Under the Sign of Integration and Termwise 
Integration of a Series. If 


lim | fa (@)dt= \ [him fn (€)] a (3.38,) 
RAO xo Tl—» 30 

or 
[{Su@ a= > fuga (8.382) 
xg Ru=f kR=1 xp 


we Say, accordingly, thal it is permissible zo pass to the limit under 
mg 


the integral sign in the integral \ f, (&) dé or that the series 
. +o 
~ wo 


S) ox, (z) admits termwise (term-by-term) integration from rq lo z. 


=z 1 

Relation (8.38,) can be regarded as a generalization of Lhe theorem 
on an inlegral of a sum to the case of an infinite number of sum- 
mands. 


- Ww 


Replacing the functional sequence {f, (z)} by a series “uy (z) 
k 


= it 


for which it serves as the sequence of partial sums or, conversely, 


={-90 


replacing the series ‘“, wu, (z) by the sequence of its partial sums 
h=! 


we cul easily transform relation (8.38,) to the form (8.32.) and 
(8.38,) to (8.38). 

Ifence. when investigating conditions for relation (8.38,) to be 
valid we incidentally obtain the answer to the question of validity 
nf relation (8.38.) and vice versa. It should be noted that, for rela- 
tions (8.38,) and (8.38,) to be true, the existence of the integrals 
and convergence of the corresponding sequences and Series are not 
sufficient. This can be confirmed by the examples considered at 
the end of the present section. For these relations to hold, an addi- 
tional condition should be imposed. It turns out that such a sufficient 
condition is (1) uniform convergence (this will be proved below) 
or (2) convergence in the mean (which will be shown in § 6 of the 
present chapter). 


Theorem 8.2. (A) If a sequence of continuous functions {fy (zx) } 
uniformly converges on an interval (a, b) to a function f (z), i.e. 


fr (z) + f(z) on Ia, b) (8.39) 


D9 
the scgttence of integrals ({ f, (2) dz} uniformly converges (as a sequence 


w 
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of functions dependent on x) on the interval [a, b) to the integral 
ma 


\ f (2) dz, i.e. 


vo 


{ fn (z) dz ae \ j (z) a: (8.40) 
for any Xo € la, 6]. 
(B) If a series | 
S (x)= %. ty (2) (3.41) 
A= i 


whose terms are coniinuous onan interval [a, b\ is uniformly convergent 
on the interval we have the relation 


4 


—_— 
ED 


j S (z)dz= x J lun (2) ds (8.42) 


which means that series (8.41) can be integrated term-by-term within 
the limits from x to x for any x» and x belonging to the interval [a, 6] 
and the series on the right-hand side of (8.42) uniformly converges 
(with respect to x) on the interval [a, bl] for any x9 Ela, Ob}. 


Proof. (A) Let there be given an arbitrary ¢ >Q. Take WV (e) 
such that the inequality 


| fn (x) — f (x) | << —— 


holds for all zeéla, b|) simultaneously when a2 > N (se). the 

choice of N (2) being possible by relation (8.34). According to. 

Theorem 8.1, the function f (x7) is continuous as a Hit of a uni- 

formly convergent Sequence of continuous functions. Therefore the 
x 


(8.43) 


Soa 


integral \ f (z) dz exists for any 2» and x belonging to [a, b]. Let 


Ld 
x0 


us estimate the difference In (2) dz — wae )dz. By (8.43). we 


~ 
ies 


have, for every 2 >WN (e), "the inequality 


| { fn (2) — $rtae| =| Jered < 


ATT) 


< Vin Q—/E)fdz<|e—m[ po <e (3.44) 
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which implies (8.40). It follows from relation (8.40) that 


lim \ fats) az= (2 dz for 2, Ela, 4 (8.45) 
n—»-++ co . 
Xo xO 
Thus, if a sequence of continuous functions {/, (2) }is uniformly 


convergent on [a, 6] it is allowable to take the dh behind the 


integral sign in the integral ( f, (z) dz for any 2» and =z belonging 


‘po 
to la, oj. 
‘ 
(13) The partial sum 8S, (z) = ba w, (x) is continuous for every 
m=i1.2,...asasum ofa Anite eee of continuous functions. 


By the hypothesis, we have 
S, (x) 3 S (x) on la, 5) 
Then, by (A), we conclude that 


x x 
\ Sx (z) ds \ Sa) dz on [a, | 
x) XU 
Ubserve that 
zx x V1 n x 
J n(s)dz= ) >) un(z)de= Dd) Sun (edi (S43) 
‘ xo k= 1 h=1 x9 
aud therefore relation (6.40) can be rewritlen as 
{ > Ju) dz \ = \ Sea on fa, 4) (3.47) 
k=1 x9 xg 


where the expression in the curly brackets is the mth partial sum 
of series (8.42). Consequently, equality (8.42) is true and the series 
on its right-hand side is uniformly convergent on [a, UJ, which is 
what we sect out to prove. 

Note. ‘The theorem also remains true when the funetions /, (z), 

= 1, 2, ..., may have discontinuities but are integrable. In such 
a case the function f (x) is also integrable and relation (8.40) is 
fulfilled provided that {/, (z)} converges uniformly. 

The condition of uniform convergence is only sufficient but not 
necessary for a series to admit term-by-term integration and for the 
passage to the limit under the sign of integration to be permissible. 
For instance, the sequence /, (z) = 2" converges nonuniformly on 
dhe anterval OS 2<1 to its limit 


QO for QO ee 
red =f yee ny 
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But at the same time 

x x x 

, : gnel yn 

\ fn (s)\d3 = \: c=——— = | {(2) a: for n—»+ 0 

¥ Xo | a) 
and any Z» and zx belonging to the closed interval 10. 1}. On the 
other hand. there are cases when a nonuniformly convergent sequence 
of integrable functious /, (x) converges to ifs limit in such a way 


that lim /, (2) dz = l f(z) ds. For example, we have, for 


NW-> 
Va 


uw —> —oo, fhe relation 


f, (x) = Anzite-ex! _, fiz) =0, -wctr<t +c 
but 
l 


] 

a -» . ( : 
4 & 
) 


v 


3. Passage to Limit Under the Sign of Differentiation and Term. 
wise DifYerentiation of a Series. If 


lim f(a) = { him fa (r)} (8.43) 
te —— Oo wt=>-) OO 
or 
Pas P ied 
) ta (2 = oe Ny (x) (8.49) 
{= k= 


we say, accordingly. that il is permissible to pass to the limit under 


mee 
the differentiation sign or thal the serics >) u;, (z) can he differentiated 
a | 
lerm-bhu-tecm., 

Relations (8.48) and (8.49) are equivalent in the same sense as 
relations (8.38,) aud (8.36,). 

Formula (8.49) can be regarded as a generalization of the rule 
for iain a sum {o ‘the ¢ ease Of an intinite mumber of sum- 
mands. 

lt turns owl that the condition of existence of the derivatives 
and convergence of the corresponding sequences antl serses is not 
sufficient for relations (8.48) and (8.49) to be valid and that some 
additional requirements should be imposed to guarantee the vali- 
qily. Sufficient conditions of this kind are given by 


Theorem Sot CN) Tf a sequence of continuously differentiable 
fnuctions® {f,, (x)} oe fo f(r) an fa, bl. ice. 


f, (ry > f(r). 7 Ela. hl (S40) 


* NN fametion @ (ois sud te be contianousls dilerenttable sf itis ditterentiabl: 
and ows ecerivative ds oa continnons finelien 


oye 


—ite 4 
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and the sequence {f}, (x)} of their derivatives is uniformly convergent 
to a function qg (x) on [a, bl, i.e. 

f(z), (xz), .- .. fa), --- = plz) on fa, db) (8.514) 
the function f (x) is also differentiable on la, 6) and 

f’ (zt) = 9 (%) = pire fn (z) (8.52) 
flence, under these conditions, it is permissible to pass to the limit 
under the differentiation sign. 
(B) If @ series 


--an 


S (4) = = Un (2) (5.53) 

with continuously differentiable terms converges on |a, b] and the series 
-+ co 

(xz) = % Uk (2) (8.54) 
k= 


whose terms are the derivatives of u, (x), k = 1, 2, ..., converges 
uniformly on {a, b] the sum S (z) of the former series is differentiable 
on the interval |a, b]) and the equality 
~}-0o 
S' (2) =0 (2) = Sui (a) (2.55) 
is fulfilled at each point of the interval. Thus, under the above 
assim ptions, series (8.53) can be differentiated termwise. 


Proof. (A) By the hypothesis, the derivatives fi (z) being conti- 
nuous functions and the convergence being uniform on la, 5] 
(f;, (z) = — (r)), we conclude. on the basis of Theorem &.2, that 


lim | fa (2) dz= \ q (z) dz (8.56) 
n—-»-+ oo oe Xo 
1.e. 
lim (fn (z)—Jn (el = | (2) dz (8.57) 
TR—> -}-00 x 


Passing to the limit in the left-hand side of equality (8.57) we 


obtain 
x 


f (x) —F (xo) = | @ (2) dz 


. 


BS 


and consequently 


f(z) =f (xo) + | (2) a (8.58) 


Xo 
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Hence we see that the function f (x) is differentiable because it is 
x § 


equal to the sum of the constant f (9) and the integral { q (z) dz 


aoe x4 
which are differentiable functions. Now differentiating both sides 
of equality (8.58) with respect to xz we receive 


f’ (x) = 9 (z) = Jim fn (Z) 


(B) Putting S, (z) On u, (x) we can write, by the hypothesis. 
=i 
S, (x) — S (x) on fa, b) 
and 
S;, (xz) So (z) on [a, 5] 


wT 


NX) 


and the function S, (x) = >, up, (xz) is continuous on [a, 6] for 


k= 
every nm = 1.2, ... . Consequently, by (A). S (z) is a differentiable 
function on the interval [a, 6) and the relation 
+-00 
S' (z)= (2) = &, us (2) 

holds everywhere on [a, 6], which is what we set out to prove. 

If a sequence of derivatives converges nonuniformly equality (8.52) 
is not necessarily fulfilled. For instance. we have 


fa (2) — An (nz VWF M) - 


> f(z)=O for n-+4-00, —wocr<-lo 


but at the same time 


i 
lim f,(0)= Jim (—=— 
Beas In ( N—r-t-00 V n2zx2 -{- 1 
4. Term-by-Term Passage to Limit in Functional Sequences and 
Series. Generally speaking, the well known theorem on a limit 
of a sum is not true if the number of summands is infinite. Thus, 
for instance, every term entering into the series on the right-hand 
side of the equality 
2l = (—4)R+l | kur 
k=1 
(proved in § 2, Sec. 5 of Chapter 11) and the sum of this series tend 
lu a finite limit as x + 1 — Q. But if we formally apply the theorem 
ou a limit of a sum to the above series for z— 1 — 0 we arrive 
at an absurd equality ¢ = 0. 


LH (0) --0 


22* 
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But the theorem on a limit of a sum can be extended to the case 
of an infinite number of summands if some additional restrictions 
are imposed. Namely, we have 


Theorem SA. (A) Let a functional series 
—» 


S (x)= “un (x) — uy (2) Ha (7) bee en (a) te. (8.59) 


{-= 


converge uniformly ina neighbourhood of &@ point xq and lef 


lim uv, (z) =e, fork = 4, 2, ... (8.60) 
Vern 
a> 
’ , ’ . 
Then the nimber series ~ Cc, is convergent and 
h=] 
+- 3 72 
P a! 
lim “Mu, (z)= Y cr (8.61) 
X-+ rug hs! k= 1 


which means that in a uniformly convergent series it is permissible 
to perform a term-by-lerm passage to the limit. 

(13) ff a@ functional sequence f, (z), fo(x). .-.-, fn (x), .-. ts 
uniformly convergent in a neighbourhood of a point xy and for every n 
there exists a finite limit 


lim fy (2) = An 


xX UY 
the numerical sequence Ay, aa, ., oly, -..- is also convergent and 
lim slim f,, (rv) = Him lim f, (2) 
Vee hy Te 1 Ww T—y-|-20 KooNy 


Proof. Let an arbitrary © “> 0 be given. Series (8.59) being uni- 
formly convergent in a neighbourhood of zq. there is WV (Ce) such 
that for all 2 2 NM (e) and all p 2-0 the inequality 


holds for all z belonging to the neighbourhood. Passing to the limit 
in inequality (8.62). as r—~ 7, we obtain the thequality 


ee oe (8.63) 
which is valid for all vz 2>.V (e) and all p DO. Conseqnentiy the 


series Yc, is convergent. Now. making the index p in (8.62) and 


Ve 
(8.63) tem to iufnitv we derive the inequalities 
co te) my 


| NV ¢, | s< ep | “Noam, (r) |<< (8.054 
i. eS nd hoe | 


Cil. §& FUNCTIONAL SEQUENCES AND SERIES 341 


which are fulfilled for all 7 => N (e) and for all < belonging to the 
chosen neighbourhood of zp». Let us fix an arbitrary 2 => A (e€) and 
take 56 = 6 (e) such that the condition 


7 nN 
| = Up (2) — > cn|<e for U<o | a— xg] <6 (#) (3.05) 
k= h=1 


~—s 
== == 


holds. Then, for O< |[x—2)|[<c 6(€), we have. by virtue 
of (8.64) and (8.65), the relation 


+90 +29 n n 
1 1 2 V ‘ 
JX un 2) — cal <] San @e)— Yee [+ 
fo a i= 1 = | 
-l.oo -*- oC 
q ’ age 
=| SN au @|-Al SM cal<es-e+e-3e (5.66) 
k=n+ 1 kav ;- 1 


and hence part (A) of the theorem has been proved. 
(B) This part of the theorem follows from (A) if we take the 
series 


fy (x) = lf. (x) — fi (z)| ao 2.8 - fn (x) — Pao (x)| + coe 


whose partial sums form the sequence f, (2), fo (7), .. -, fa (x). - -., 
all the conditions of part (A) being fulfilled for this series. 


§ 3. POWER SERIES 
A funetional series of the form 


»> cya" -— Co -— e,a+ oe -j- eee — Cart — ef « (S.67) 


or of the form 
~{ fo @) 
1 ' ; >» . 
> Ch (x — 2)" —€Cg-: Cy (x —- 9) 1-7 C9 (z— T)° a ee 
hi=0 


ee ee oe ee (S158) 


where the coefficients ¢9, ¢,, .--. Cny -.. are constant numbers 
is called a power series. A simple change of variable of the form 
i a —— ie Xs reduces series (8.8) to (8.67). Therefore in what follows 
we shall restrict ourselves to the series of forme (8.67). The method 
of representing a function jn the form: of a power series or, jn other 
words. erpaitding a function into a power series, is widely applied 
both in theorelicald studies and in approximate calculations, These 
applications will be disenssed in more detail im § 5. Tlere we are 
core tO investigate the basic properties of power series. 


ft. Interval af Convergence of Power Series. Radius of Convergence, 
We shall first investigate the structure of the domain of conyergence 
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of a power series. In contrast to general series whose domain of 
convergence can he arbitrary sets of any complex structure, the 


To 


domain of convergence of a power series >: c,2z" is always an interval 
> k 


k=) 
of the z-axis which can be a closed interval, a half-closed (half-open- 
ed) interval or an open interval. This interval may also degenerate 
into a single point (z = Q) or coincide with the whole z-axis. Every 
+ oS 
power series >’ c,x* converges at the point z = 0 since at this 
k=0 
point it turns into a numerical series of the form 


Cote, O +e,0 +...+4¢,-0 4... = ep 


There are power series which converge only at the point xz = 0. 
gies 
For instance, the series 3, n!z"* is of this kind. Actually, for any 


m=0 
z+~0O we have 


bit (a+ 1)lfazjayt 


al|a |" ae ee 0 aa ee 


Tt —+-}- 00 


and consequently, by the well known D’Alembert’s** test, the series 
+o 


2, nix" is divergent for x #0. There are also power Series con- 
n= 
-++- oo 
e i rm 
vergent on the whole z-axis, for example, the series >| —- whose 


n=0 

couvergence can be easily established for any z, with the help of 
D'Alembert’s test. Now Iet us take an example of a power series 
with a domain of convergence which neither coincides with the 
entire z-axis nor degenerates into the point z =Q. Such is the 
series 1 -++-2 +27 +...+a2"+... (a geometric scrics) whose 
terms form a geometric progression with common ratio z. As is known, 
this series converges for | xz | << 1 and diverges for | z | 21. Thus, 
its domain of convergence is the finite (open) interval —1 << zr< 1 
with centre at the point x = 0. The following theorem indicates 
that the above result is a special case of a general property of power 
series. 


Theorem 8.5. If the domain of convergence of a power series 
ao 


c,x" neither degenerates into the point x =O nor coincides with 


> 
" 
vary 


* We remind the reader that, by definition, Of! = 1. 
** TD’ Alembert, Jean le Rond (1717-1783), a French philosopher and mathe- 


maticion 
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the entire x-axis there is a finite open interval (—R, R),O< R < +00 
{termed the interval of convergence of the power series) 
such that the series is absolutely convergent at each interior point of the 
interval and divergent at every point lying outside the closed interval 
{—F, R].* 

The proof of the theorem is based on the following 


Lemnca. If a power series 3 cxx" converges for x=a-«O it 
converges absolutely for every x satisfying the condition |z|<|q@|. 
Proojf of the lemma. The series S c,a" being convergent, it 
follows that c,a*—0O as en ee ee ee there exists A= 


= const < + oo such that |exa"|<A for all k=0,1, 2, .... Now 


let [x{/<ja|. If we put g= Tet re obviously have hataaed and 


hence lcna* | =| cna" | - =|' <Ag® for all k=O, 1, 2,.... But the 


TN 
series ‘. Ag" converges as a geometric series with the modulus of 
h=0 
its common ratio less than unity and consequently, according to 
the comparison test (e.g. see {8}, Chapter 13, § 2), the —_ 
a 
D2) |c,x"| is also convergent. This means that the series S ch" 
h=0 
e ‘absolutely convergent for the given zx and the lemma has thus 
been proved. 
Bo 
The lemma implies that if a power serics )) cee” converges 


k= 
for a value r=a%=O0 it converges absolutely on the interval 
-[-v0 
—|al/<(x<(Ja|. In particular, if the series S\ cnx" is convergent 
h=0 
on the whole z-axis it is absolutely convergent there. 

Proof of Theorem 8.5. Let us pul AR = sup {x’| where 2’ runs 
through the set of all the points of convergence of the series. We 
obviously have R <i +co because, if contrary, there would exist 
points uf convergence x’ with arbitrarily large moduli | zx’ | and 
hence the series would be absolutely convergent throughout the 


* As will be shown later, if (—R, RA) is the interval of convergence of 
+-99 
a power scries 2 c,x® the domain of convergence of the series may be the open 


interval (Re RB or the closed interval [—#, 2%] or one of the two half-opeu 
intervals (—R. RR] and [—R. 
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z-axis (by the above lemma). which contradicts the conditions of the 
theorem. The definition of the number # suggests that the series 
diverges for |x | => A. Let us prove that it converges absolutely for 
[zo | << &. Take an arbitrary z with | z |< R. By the definition 
of the least upper bound of a set of numbers, there is a point of 
convergence 2° such that |z [|< | 2° |< AR. But then the Iemma 
indicates that the series is absolutely convergent for this value of z. 
The theorem has been proved. 

The behaviour of a power series at an end point of its interval 
of couvergence is specitied by the individual peculiarities of the 
series. For jnstance. the series 


| er ce a i (a) 

xr: 7 rn 
De age vars +. ( 1)" a +... (1) 
x ce ait ; 
[ ; wt- Sg oe a aaa Bolg (c) 

and 

| er ce as mo I 
Pee ae a ee as (dl) 


have the common interval of convergence —1 <i z <1. Series (a) 
IS a goomelric series whose interval of convergence —Il < zx < 1 
has already been discussed and series (b), (c) and (d) are easily 
investigated by applying D’Alembert's test. Series (b) ((¢)) converges, 
by Leibniz’ test. at the end point z = 1 (2 = —1) of the interval 
and diverges at the other end point because it turns into the harmonic 
series for x -= 1 (2 -= —1). Series (d) is convergent (by Cauchy's 
integral test) at either end point of the interval of convergence. 


« é ’ 
Thus, if the domain of convergence of a power series ©) cpa 


is nol either the single point z = 0 or the whole z-axis there exists 
a uniquely specified namber 2, 0 << R << -+ 00, such that the domain 
of convergence of the power series is one of the four intervals 
(—f. BR) (HRA - RR) and [—R. RAR). The number # is referred 
to as the radius of convergence of the power series. 

IY oa power series is convergent only for xz —- 0 we put, by defini- 
tien, A= O and if it converges throughout the z-axis we write 
Ri -- =00, This convention makes it pessible to apply the notion 
of radius of convergence lo all power series. \ power serpes ana. 
consequentiv. its radius of convergence are completely specitied 
by the sequence of its coefficients co. Cy... ey Oye ee - Fheconetnid- 
iny theorems of this section provide some methods for nding the 
radius of convergence of a power series from its coefticients. 


GH. 8. FUNCTIONAL SEQUENCES AND SERIES $4 
Theovent 8.6,. Ff there exists a limit 


lim [24] _37) 7 Sa 


Tl—> -—a0c len | 
(finite or inhnite) the radius of convergence of the series 


— 
—— I ) . 
Dy ena is equal lo R= -- (ihe expression —- is understood as being 


kw I) 


eyual to zero for l= +00 and as being equal lo +oo ij f ). 
Proof. Applying D’Alembert’s test* to the series we tind that 


Cn. y [trl : c 
lim Uc a = |z{- lim Jee 


Tl-9-; 3% }en fir le N—> =~ 50 | n | mer 
ly? = 0 we have | z [-/? = 0 and hence the series converges absolu- 
lely for any z in this case, i.e. 2B == -+-oo. If 1 = +00 and « #0 
we have | 2 |-2 = --0c and thus the series diverges for any x2 = 0, 
1e. R=. Finally, if O << 1 << +; o© the series diverges in the case 
[lx | > 1 and converges absolutely in the case /[/z]< 1) and 


consequently 2 = a7 The theorem has been proved. 


The following theorent is proved after a mauner of Theorem 8.6, 
by applying Cauchy's root test. 


Theorem 8.6... [f there is a limit 


lim Ylenl=4, lo 


N-w-j- 00 
ae 
= ° . . . a ° \ 
(fntte or intinite) the radius of convergence of the series Sea" 
hk =D 


: J t . : 
is equal ta RR = ( where the expression “> us again undersivud ax 


being equal to sere for l= -|-co and as being equal to -- ow for 
Pat). 

Theorems 8.6, and 5.6, only apply when there is a limit (inite 
or iiufinile) lim Peeet lop dim y len | The follewing theo- 


Pym): - 61 tI lda--» -™ 


rem vields a more general result applicable to any power Series. 


* Wher D> Momberts lest is applied to a series which is not positive ane 
must dake the absolute values of its terms. The same refers to Cauchy < reat 
fest used for aravine Thearem & 6 
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Theorem 8.6, (the Cauchy-Hadamard* Theorem). The 
--co 


radius of convergence of an arbitrary power series \, c,x" is equal to 
R=— where l= fim }Jen| (S.G9) 

t Tt—>-++- 00 
where the expression - is put equal to zero in the case l= =- 00 


and t0 +o in the case 1—O. 


Nolte. The symbol lim  lenl denotes the limit superior of 
Th—»-+- co 

the sequence of nonnegative numbers |c;|, V [ce], Y |e |, ae 

ee Y [en|, .... If the sequence is unbounded we put, by delini- 


tion, lim ~/[cal= +o. In case it is bounded the limit superior 
N=-e--oo 


lim Y en] is equal to the maximum of the abscissas of the limit 


points of the sequence. 

Pruof of Theorem §.63. Only the following three cases are pos- 
sible here: (1) O<cl<+o0, (2) 1=0O and (3) l= +00. We shall 
separately consider each case. 


(1) Let Oml<—-+ co. We shall prove that R=— which is 
+90 


equivalent to the following two assertions: (a) the series > Cpx* 
k= 


converges for cvery z, satisfying the condition lnl<— and = (b) 
the series is divergent for any zz such that |= |>-- 

(a) Let | zx, en , ie. ll a,|<C1. Then, given a sufficiently sinall 
e>>!l), we have ({5-e)[z,;/=q<c1. The quantity i= lim wy len | 


m—-foo 
being equal to the maximum abscissa of the limit points of the 
sequence (—[cal}, the inequality 7/|/cn]|<ci+e holds beginning 
with a sufficiently large n. Consequently, for all such x we have 


Y leallul<U+elaf=y<t, ie. en|[al"<9" 
Therefore, by the comparison test, taking into account that the 


‘tne 
geometric series >) g” is convergent, we conclude that the serics 
=C 
+-00 . +0 
. 1 _ : =| 
> len| |, ]/" converges which means that the series >) Cnz? 
n=( n=0 


converges absolutely. 


# [Padiatr Jaranins Satemon (1865-1963), a noted French mathematician. 
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(b) Let |2.|> i.e. Z| z,|[>>1. Then for a sufficiently small 


€e, O<e<il. we can write (/—e)|2.[>1. The quantity /= 
= lim ’ [en | being the (maximum) abscissa of a limiting point 


of the sequence (V/ [en |}, there is an infinite sequence of indices 
rp S 
Ny <ONg oo... <omp, <t... such that y Cn, > (—e, that is 


Rp —<$<$<$<— my 
 [cn, || %2 [> (L—e) | x2 [> 1 and le, |] 22 | >>1. Thus, the 
necessary condition for convergence of a series (requiring that 
the general term of a convergent series should tend to zero) is 
-+}-c0 
violated for the series >) c,r® and hence it diverges. 
k=0 
(2) Let 2=0. We shall show that in this case R = + oo which 
+00 


is equivalent to the assertion that the series >) c,2" 


is convergent 


k=0 
for all xz, —oo<xr<+oo. Take a value x,~0. Since 1=O= 
= lim Cn| we have, beginning with a sufficiently large n, the 


Tl—+-—-90 
inequality Y Teal <p which shows that for all such nz we 
can write Oh Need gle and |¢n| | zo{” or Therefore, by vir- 


+-co 
tue of the comparison test, the series >) |en{|z|" converges and 
=) 
-{-00 - 
thus the series >) e,x” is absolutely convergent. 
n—0 
(3) Let. l= +00, i.e. let the number sequence ()/|[en|} be 
unbounded. We shal! prove that in this case R—QO which means 
-{-00 
that the series >) c,2" diverges for any x >> 0. Suppose that the 
| n=0 
as 
series ‘) cnz™ is convergent for a value x)= 0. Then, by the above 
TL = 
mentioned necessary condition for convergence of a series, we have 
cnx? —>0 as n+-+oo and, consequently, there is a number A, 
1<A<+oo, such that [e,z"])< A for all n=O, 1, 2, .... 
Therefore the inequality | cni|tl<y A <A holds for all 
1=0, I, 2,... and hence 7] enl <a which contradicts the 
__ 10 
hypothesis that the sequence |)/ |en{} is unbounded. The proof of 
Lhe theorem has thus been completed. 


Note. The Cauchy-IIadamard theorem provides an approach 
(other than the one applied in See. 3) fo praving the poesibtlity 
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of term-by-term differentialion and integration of a power series 
becanse, on the basis of formula (8.69), it can be easily verified that 
the series obtained from a given power series by integration or 
difierentiation has the same radius of convergence as the original 
series. 


2. On Uniform Convergence of a Power Series and Coutinuity 
of Its Sum. We have established that every power series is abso- 
lutely convergent at the interior points of ifs futerval of convergence. 
We now proceed to investigate the preperties of the power series 
concerning their uniform convergence. 

These properties are deseribed by the following 

bom 
Theovem &.7. Every power series ~ cc" converges uniformly 
k = 
on each closed subinterval strictly contained within its interval of con- 
verzence. 


Proof. Let —R <a az f < R where (—A, R) is the interval 
of convergence. We shall prove that the series is uniformly conver- 
gent on the closed interval la, Bl. Take a value zg = max (| |. [B). 
Xo € (—H. PR). Then we have the relation [2 |< J x | for all TE 
Ela. Bl. This implies the inequality |[e¢,2" |< ]ec,zrq J. Put the 


ao 
nuntber series % ¢,z" iS convergent and consequently, by Weier- 
m= 
-++ 00 + 
4 . TA 7 . 
xtrass’ test, the series “Soc,z" and “’ [¢,2”" | converge uniformly 


Tet m= 
on the interval [a, BJ. The theorem has been proved. 
Nole. A power series inay not be uniformly convergent on the 
entire interval of convergence. For example, the series 


= 


=—!lir-2z ee ae ae ee 


converges nonuniformly on its interval of convergence —1 <I z< I 
becanse the modulus of the difference between its sum and its 


, ] 
rth partial sium ar al P_—xr—7rr—... — x" can be made, 
Af 
for any fixed 2, to be arbitrarily large as 2— 1 — VU, and conse- 


quently, the absolute value of the difference cannot remain smatier 
than a finite number & 2> 0 for all z belonging to the interval — 1 << 
<r << l. 

Qn the other hand, the following theorem takes place: 


ton 
Theovemt Sit, Tf a power series 6,2" converges at the end 
A. 
poiet x= BR oof its interval af convergence (—R.R) it is uniformly 
Eat acted ue Wes eres. ey etry a J? 
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Proof. We shall show that under the assumption of the theorem 
the condition of Cauchy's test for uniform convergence is fultitled 
on the closed interval (0. A]. This will imply the uniform conver- 


gence of the series on ([O, 72. 
Let us jntroduce the notation 


Si, p= Cy yh? ir ay Seno a Cragtt  "s = I, 2, 
We obviously have 
Cy3 ft"! = Sn. 1 
(x) 


Ne? — CC 7 2 
Cy+oft as — Sa 2 . Sire fs ce 8 ey Crtplt +P — Sn, p — Sr. P-! 


“4s ‘Tr 


Let there be given ¢ 0. The number series ¥ ¢,R" being con- 
fe 22) 


vergent (by the hypothesis), Cauchy’s test for a convergeut number 
series Suggests thal there is NM (&) such that we have 


1Sn.,[<ce¢ for all A = 0, 1, 2, 3, ... (Pi) 
when 2 >> .V (e). Taking into account that (=)""< (=) ae Be tata 


.<(%)'<! for O< rei R and making use of (@) and (BP) we 


obtain 
ie. a med 1 = 
Cn ryt ! a” a Cny9t “| eee t Cnepr rh b= 


= Jena (Ey henge (ZY 


endl AS aS GY Gy 


Sel YG YS 
Pt uae a ee i me) al 
—F 4-18, ral] (=)" t-p—1l _ (=) | £18, | ( = ye ec 


5 ae ( mE? ronda r\nt3 
tig) =i) +e) ia) 4 
for \eekn ( royurn) f 
aon aaa 2 -¢ 

F p FN 
ler all vw t> NM (e), all p = 4. 2... . and simultancously for all 
x belonging to the interval O27 FR, which is what we set out 
lo prove. 


7A 
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Note 1. We have a Similar situation in case a series of the form 
>- 3 
Ss’ c,z" converges at the left end point of its interval of convergence 
k=0 
(—/t, R) or at both end points: in the former case the Series is uni- 
formly convergent on [—/?. 0] and in the latter it uniformly con- 
verges on [—A, R). 
-¢ -O 
Note 2. If a power series > c,z* diverges at the end point £ == 
k= 0 


of its interval of convergence (—/?, 7?) itcannot be uniformly con- 

vergent on the interval OSC z< AR. For, assuming the contrary, 

we would conclude, on the basis of the theorem on passing to limit 
+09 

in a uniformly convergent series, that the series ¥ c,t" converges 
k—0O 

at the end point z= R as well, which contradicts the original con- 

dition. 

The theorem below is a consequence of the theorems on uniform 
convergence of a power Series and of the fact that the terms of a power 
series are continuous functions. 


Theorem &S. The sum of @ power series 


-+co 
S (z) = ea Cro" (8.70) 


is continuous at every interior point of its interval of convergence .* 
Proof. fa point x lies in the interior of the interval of convergence 
(— 72, 22) of series (8.70) the point can be embedded in a closed 


Fie. 8.4 -R a GG « f R z 


ee es Saeed 


interval law Bl —R oa <i fh < AR, strictly contained within the 
inferval of convergenee (Fig. 8.4). Series (8.70) converging uniformly 
on the interval (a, BJ, its sum is a continuous function on this 
interval because the terms of the series are continuous on [a, Bl. 
IIence, the sum S (z) is continuous at the point x € la, Bl. The 
theorem has been proved. 

Note. If series (8.70) converges at an end point of its interval of 
convergence (--/?, 72) its sum is continuous at the end point. Tliis 
follows from the uniform couvergence of series (8.70) on the corres- 


ponding closed interval of the form [—#t, 0) or 10, 2] (see Theo- 
rem 8.7,). 


* Here and henceforward we assume that the interval of convergence of 
series (8.70) does not degenerate into the point xr = 0. 
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3. Differentiation and Integration of Power Series. 


Theorem 8.9. Power series (8.70) admits term-by-term diffcren- 
tiation at the interior points of its interval of convergence, that is its 
sum S (x) is differentiable, the relation 


S’ (x) mz he,x*—! (8.71) 


——as 


holds for each x €(—Rh, R) and differentiated series (8.71} has the 
same interval of convergence. 


Proof. Let R and ##’ designate, respectively, the radii of conver- 
gence of series (8.70) and (8.71). Let us first prove that 2° = &. 


If « €(—R’, RN’) the series ’ kfc, |[z |*-! is convergent and 


therefore the series k |e, || z \* is convergent as well. Con- 


Wee 


h 

-+-oo 

. ‘“ . 
sequently, by the comparison test, the series ™, le, {| az |* also 
0 


R- 
converges and hence x € (—#, &). Therefore R’ < R. Furthermore, 
ifz €(—A, AR) we can choose ro € (— A, A) such that the inequality 


[zo] > |2) (to ~* 0) is fulllled. The series >) ¢,2!  eonver- 


k=) 
ging, we have c,z!—+ 0 as k-+ -}.00. Hence, there is a constant 
At> QO such that [e,2% |< 1 for all kK =Q. 1, 2, .... This 
enables us to estimate the terms of series (8.71) as follows: 
{ x Ie— } AA = he = { ,- 
a i s|o,a* | -}| — —— hy | — So? 
| Aen x | lz] fe | cu K | > aa v = ( ) 
ao 
4 . ps E A A Jk —-1 
For |zj <j zo], i.e. j= | <1, the series Ra | conver- 
O 
h 


Tul “| 20 
ges, Which can be easily established on the basis of )—’Alembert's 
test. Indeed, for k-+-:. co we have 


htt A ‘= (1 4 
=—(1: =) 


"| xo | 
Now applying the comparison test we conclude, by relatian (8.72), 
that series (8.71) also converges for the given z, i.e. x € (--L£?", 2’). 
Consequently, A < KH’. This eesult (together with the above inequa- 
lity R’ <R) implies that AR’ = RA. 

Now we can make use of the fact that series (8.70) and (8.71) with 
continuous terms are uniformly convergent on every closed subinter- 
val strictly contained in the interior of their common interval of 
convergence (— FR, 2), which indicates that the condilions of Theo- 


x 
a) 


a 6 
at 


z 


x 
ed!) 


70 


Fats | 


A SY 
Txt ‘* 1) 
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rem 8.3 on termwise differentiation of a functional series are fulfilled 
whence it follows that Theorem, 8.9 is true. 
“f- 00 
Corollary, The sum of a power series § Coa Cha" possesses 
{=< 
the derivatives of all orders and 


Se") (2) - x A (K-11)... (A—un —Njecga"", n=l, 2, ... (8.78) 


fe ee 
Msesides, the radius of convergence of series (8.73) coincides with 
-i BW 
° e ; 1’ 
that of series S (xr) — » Cyr”. 
k=0 
The proof of the corollary is based on Theorem 8.9 which is con- 
seculively applied to differentialed series ($8.71), then to the series 
thus obtained and so on. 
Theorem S00. El is permissible io integrate a power sertes 


S (zr) = 2 Cha" (8.70) 


fermwise between any limits of integration lying within its interval 
of convergence. In particular, we have the relation 


. — ph 
5 (s) ds -- bs Ch ane , &E( -&, fh) (8.74) 
v Rh--=0 


Resides. the radii of convergence of the integrated series and series (8.70) 
coilcide. 


Proof. The terms of series (8.70) are continuous functions and 
hence the series can be integrated term-by-tern: on every interval 
of uniform convergence, Given an arbitrary point z € (—#. Za). 
we can embed il ina closed interval la. Si} strictly contained in the 
interval (—#?, /t). Furthermore, such an interval (a, B) can always 
be constructed so that it should coutatn the origin of coordinates. 
Llence, series (8.70) can in fact be integrated termwise. [in particular. 
inlegraling series (8.70) from UO to z on the corresponding interval 
of tvpe [. fil <= (—R. R) we derive equality (8-74) and thence the 
proof has been completed. 


Note. If series (8.70) converges at an end point of its interval 
of convergence (—/t. R) the limit of integration x2 in equality (8.74) 
can be made to coincide with that end) point because to this case 
series (S.70) is uniformly convergent on the corresponding closed 
intersal [| #2. O] or 10, &. 


A. Avithmetical Operations on Power Series. Let us) first) study 
the operations of addition. subtraction and multiplication. Consider 
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two series 


a) 
P(r) day), 4% -agr°— 1. @,X--... ba Anx" (x) 
i= 
aid 
g£ (x) 5 bo _ D2 ar bex? = Lo bya" oe a eo al b,2” (B) 
n= 


whose radii of convergence are, respectively, equal to Jt, >>0 and 


Ry O. Then 


f(z) eg (ay-- SN (nb bn) 2" for }a[<min (d?e, Ry) (y) 
2#=0 
and 
+ oo 
fGc) g(r) = ™ (aobn abn. 4-@nbo) 2” for |x|< min (Ra, ftp) (8) 
n= 


Relation (y) is an apparent consequence of the corresponding 
theorem on addition and subtraction of number series (e.g. see [S$], 
Chapter 13. § 4). Relation (6) follows from the theorem on multi- 
plication of absolutely convetgent mumber = series (e.g. see [8]. 
Chapter 13. § 4) sinee both series (2) and (f) are absolutely conver- 
gent for | az |< min (f,, &,). 

Finally, let us consider the operation of division. Tf #, >. 0. 
Ry, => U and by #U we can write, for sufficiently small values 
of | x J], a power series expansion of the quotient of series (~) and (3): 


Cy) i Fy? : Ast -; eee 4- ayant... 
by-; dye —ber--— 20. -j Gnet-yp... 


Sg, VI Opt Ss ee wks 
The coefficients co, ¢;, ---. Cn, ... Of the expansion can be successi- 
vely found by means of the recurrence formulas which are obtainec 
if wo perform the multiplication of the power serics on the right-hamnc 
side of the identity 


dy -|- Qo -}- age? +... S 


and compare the coefficients in like powers of 2 on the left-hanc 


-L 9 
and rieht-hand sides of the resulting relation. The series >» c,,2! 
; n=O 
can also be obtained by dividing the series @) -j- ayx '- @ox* -- .. 
by the series by | bye {- bez? -j- 2. . according to the same rule 


as those applied in dividing polynomials arranged in ascendim 
powers of the variable. We shall not present here the proofs of thes 
USSOPLLONS. 
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$4. EXPANDING FUNCTIONS IN POWER. Shlitks 
We say that a function f (z) can be expanded in a pacer series 


X 

: a 

cy, 2" on an interval (—r,r) if the sories is convergent on the 
ko 
interval and its sum is equal to f (x). i.e. 


faye © exe! (8.75) 


on the interval (—r, 7).* We suppose. of course. that the interval 
(—r, r) does not degenerate into a point. We have already discussed 
the importance of expansions of functions in power series and Junc- 
{tonal series of other types (see the beginning of the present chapter). 
At the end of § 4 we shall present some characteristic examples of 
applications of power series expansions for real values of the vari- 
able x. [In § 5 we shall consider some basic properties of power series 
in a Complex variable. 

f. Key Theorems on Expanding Functions in Power Series. Expand- 


ing elementary Functions. First of all we prove that a function f (x) 
cannot have two different expansions of form (8.73): 


Theorem StL. <<) power series 
f(z) = © ene* (S.76) 


convergent on an ielercal (—-lt. BR) (which dues nol degenerate itty 
a point) is Taylor's*®* series for ils sum f(r). that is the one 
hase corthecenis are determined hy Taylor's farnintlea 


fre ) ee 
2) po a. 8.77) 


: Kl? =A - 
Hence the coefficients of power series (8.76) are uniquely specified ty 
tis Sur. 

Proof. To prove the theorem we can make use of the corollary 
of the theorem on termwise differentiation of a power series. It follows 
that the sum f (z) of series (8.75) is infinitely differentiable and the 
equahity 


+ 0c 
{Oo (xyy= S kk 1... (Ron Deg", n=l, 2, 2... (8.78) 
Ron 
tN function f (2) whieh can be expanded in oa puawer series on an iailerval 


(—r. r) is said to he an analytic function of the variable z on that interval. 
#* Tayler, Brook (1685-1731), an English toathematician, 
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takes place. Putting x =O in (8.78) we obtain 


{™ (0) = nie, 
and, consequently, 
for (O) 


n\ 


ry — 


which is what we sel out to prove. Thus, if a function f (z) can be 
expanded into a power series convergent to the function this scries 
is Taylor's serics for the function. 

Now it appears natural to pose the question whether the converse 
asserlion is true. The problem can be stated as follows. Suppose 
a function f (z) is infinitely differentiable on an inlerval (—f, 7?) 
where /i + 0. We can formally construct the Taylor series for this 
function: 


7 (0})- af oe se. grat 42 eae el Sie rarer (5.79) 


Now, does series (8.79) converge on the interval (—f, &) and will 
its sum be equal lo the function f (z) in case it does? It turns out 
that in the general case the answer to the question is negalive whicle 
can he confirmed by the example of the function 


re = for «= 0 
{(2)= (8.80) 
0 for r=0O 


In fact, it can be easily verified that the function is infinitely diffe- 
rentiahble throughout the zanxis and that at the origin we have 


AO) =f O) =... =7 CO) = fe) (0) = ... = 0 (8.81) 


Consequently. all the coefficients of the Taylor series of the funclion 
are equal to zero. Thus, the Tavlor series converges cn the entire 
z-axis and ifs sum is identically equal fo vero whereas the function 
fakes on a zero value only at the origin. 


Theorem S.1'2. A function f (x) can be expanded in a power 
+o 
series “’ c,z" on an interval (-—R, R) if and only if the function f(z) 
k=-( 
possesses the derivatives of atl orders om the interval and HR, the 
reneaiuder after nu terms R, in Taylor's formula, 
; ‘ ' fom (9) ‘ 
f(x) -10)4 er... 4 Pes, (8.823 
tends to zero for every fined 2 E(—R, A) as n—-» oc. 
- & 
. a a) 
Proof. \fa function f (rv) can be expanded ina power serics Dee 
-« 
onat interval (-- FR, 22) it follows from the corollary of Thearam & 4 


238 


sol MULTIPLE INTEGRALS, FIELD TITEFORY AND SERIES 


that f (x) has the derivalives of all orders and hence, by Theorem 8.11, 


the equality f(z) = ™ c,2" can be rewritten in the form 
ic 
Cet) ye 
2) wb -*— eee — I — boa : 2 © e@ (8.83) 


Equality (8.83) suggests that the difference between the sum f (z) 
and the mth partial sum of series (8.83) tends to zero, as m—» +o, 
forallz €( -- A, 2). The difference being, by definition, the remaind- 
er FR, of Taylor's formula. the necessity has thus been proved. 
Conversely, if f (xz) possesses the derivatives of all orders on the 
interval (~#, A) and if #,, (the remainder in Taylor’s formula (8.82)) 
tends to zero as m-» --oo for every xz €(—f#t, R), we have 


fa —[10) -OP 2+... +22] 


for m-» --0oo and each z € (—#. A). Consequently, series (8.83) 
converges on the interval (—R, 2) and its suin is equal to f (2), 
Which is what we set out to prove. 

The following theorem yields some convenient sufficient conditions 
for a function to have a power series expansion. 


— 0 


Theoveu Sw13. Tf a function f (x) has the derivatives of all orders 
onan interval (( —R. R) and if there exists a positive constant M such 
that 


(f™ (r) | <M for n =0, 1, 2, ... and all x € (—R, R)° (8.84) 


that is if the family of the derivatives of all orders is uniformly bounded 
an the interval ( -R. R). the function f (2) can be expanded into 
a power series on (—R, R). 


Prooj. The derivatives of all orders existing for the function f(z) 
on the interval ( --&, 2), we can formally construct its Taylor series. 
Let us prove that the series converges to f (z). According to Theo- 
rem 8.12. for this purpose it is sufficient to show that the remainder 
in Taylor's formula (8.82) lends to zero, as m—» 4-00, for all ze€ 
€(—f, R). Applying Lagranye's form of the remainder for Taylor's 
theore*® we derive. on the basis of (8.84), the following inequality 
for f?,: 


AL Rn+1 


Looe) set ‘iat a = 
Ont a Tn 4-1)t X arcs 1)! for v-==O0, 1. ..., r€(—FR, RK) 


(9<C°O< 1) (8.85) 


* Lagrange. Joseph Louis (1736-1813), a famons French mathematician. 


For Lagrange’s form of the remainder for Taylor's theorem see. for instance, 
iQ) Chantor & § 9. 
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Making use of D'’Alembert’s test we can easily verify that the series 


+ 30 
ME LOEEE xg 1" wa 
ae pr 3s convergent. Therefore, by the necessary condition 
i. 
; VRari 
afd convergence of a series, we have aa O for n — +oo. 


Hence, by virtue of inequality (8.55), 7, tends to zero, as 7? -+ +0, 
for all z €(—f, RM), which is what we sel vul lo prove. 
Let us now proceed to consider some important examples ofexpand- 
_ functions in power series. i.e. in Taylor's series. 
kor the functions / (x) = sinz and f (xz) =cosz we have 
pe (x) | <.1foralln =0,1.2, ... andallz, —w oz < +00. 
Therefore either function can be expanded in its Taylor Series con- 
vergenl throughout the number axis. 


; on (0 
Computing Taylor's coefficients = I we obtain 
ba 2 rentl ae, 
sSINnz=x@2—->= 7 ~ + = -. (—1) Gacy: °* 
and 
2 y} 
COS @ - J maiiT Riek a — 1)" sat LL er 


VYhe derivatives of all orders of the function f (z) = e* satisfy 
the inequality | f> (7) | = e* <e"® on an arbitrary interval 
(—/ft, R). Consequently, the exponential function 7 (2) = e* is 
expanded in a power series on every interval (—f, #) of the z-axis, 
that is on the entire z-avis. 

Computing Taylor's coefficients we find 


r xO 
2x Sete test one 
ae a rr ale (ens oer gl a 


To invesligate the power series expansion of the function 
f(z) - In (i + z) it is advisable to apply the following technique. 
Differentiating with respect to z and expanding the derivative thus 
obtained in a geometric series we find 


f(z) =a07=! —~z+72*--e 5... for —laoor<l 


Now, integrating this equality term-by-term we receive. on the 
basis of Theorem 8.3. the formula 


Ce es ee for —lacx<t! (8.86) 


kixpansion (8.86) also remains valid for zx — 1. Indeed, by Leibniz’ 
test, series (8.86) converges for z = 1 and therefore its sum 


2 x's 


1 
d (.c) _ r—=+->4 ; 
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is continuous (see the note after Theorem 8.8) on the closed interval 
[G, 1]. Consequently, 
d 1 oa 4. 
Pn, - S(1) = ks ae Cae a « ee e 
The function f (z) = ln (4 + z) is also continuous on that interval 
and therefore In 2 = In (1 + 2) |xay-9. Rut, according to (8.86), 
we have the equality In (1 + 2) = S (z) for OS x<l. Hence, 


ln2 — lim In(l-—-2)— lim S(z)=S (1) =1—-54+4-7- 


ry 1-0 x~+ 1-0 
4. The function f (x) = arc tan z can be expanded in a power 
series by applying the same procedure. Thus, differentiating and 
expanding the derivative in a geometric series we get 


- | 
! (c= 7 = 1—2?-- zgt— zee... for —ier<cl 
Performing lermwise integration we find 
x x x 
are Lan a area ar aa ... for —1<ar<cl 
The validity of this expansion for the point 2 = 1 can be proved 
afler a manner of the above proof of the validity of the expansion 
I { t 
ln 2-. f—— + —-—++... 
zs 3 a 
Oo Letous formally write Taylor's forinula for the function f (2) = 
— (1 -- x)* where «@ is an arbitrary real number distinct from zero: 
» See aes 
Pi wae a3 
1) ( = 
‘h(a -1p(4@—2) oy , a KY M(H IY... (AAS I) = 
+ es BS ny | aan. (8.87) 


eee 
For a positive integral @ = nr all the terms of series (8.87) from 
the (zm + 41)th onwards turn into zero and thus we arrive at the 
well known Newlon binomial formula. Applying D’Alembert’'s test 
to the case a fon. n=O, i, 2, ..., we can easily show that the 
radius of convergence of series (8.87) is equal to unity. Consequently, 
outside the closed interval [—1.1], the function (1 }+ x)* (for 
a unequal to a positive integer) cannot be expanded into a power 


“Cv 
series of the form S) ¢,2", i.e. a series in positive integral powers 
k=O 


of 2. let ous prove that inside the interval the expansion 


=-% 
fe Se ; 3-4 o(a2—1) 9 _ “y a(x~—l)...(%—fA- 1) Rk 
(low)? 1 arp Ale al py) Se en, 
k=} 


(5.88) 
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is valid. According to Theorein 8.12, for this purpose it will suffice 
to show that the remainder in Taylor's formula for the function 
(1 j- zr)* tends to zero as nm > -+-oo for all z belonging to the interval 
(—1. 1). 
We shall make use of Cauchy's form of the remainder for Taylor's 
theoren.: 
(1 — (yn rurl 


R,, pt (07), Ow 0 I 
For the funetion () © s)* this results in 
teeoeac ld -— jl 
fi, 2b a (x—1)...(a—n) (1) O2)*"" = 
P(e —I)(%@—2)...(4-—m) [—-\r te % > Qi 
232 ee A A . [ (= rf, | [ax (1 : Ur) | (8.89) 
We consider the values 2 >—1 and thus gc tot 1. Conse- 


1—0 
i Ox 
(hermore, the quantity |Jexr|](14-02)* lies between the limits 
Jar|(l—]j)* and jac] (1+4]2|)* (independent of m) for all 
r€( -l. 1) beeause we have the inequality OO. Finally, 
(% We 2). (Ha) on 


quentiv, we have 0 < ( , as for all 2=1, 2, 3, .... Fur- 


Lhe factor is the wth term of ‘Faylor’s 


nu 
series for the function (1 + x)*! whose convergence for —1l< 
<r<cl is easily established by D’Alembert’s test. Therefore, 
for -- ber rec l, we conclude, by the necessary condition for con 


vergence of a series, that 
aia 1)...(a—n)_ 
re} a 


ner Q 

as joe --oo. Thus. the second and the third factors in the square 
brackets on the right-hand side of relation (8.89) are bounded for 
—Il<2xr—<_— 1 whereas the first factor tends to zero as 72 —» +o. 


Hlence, 2, —> 0 for every xz € (—1, 1) as n— 4-co. This completes 
the proof of the validity of expansion (8.88) on the interval (—1. 1). 


2. Some Applications of Power Series. 


(a) lpplying Porrer Series to Computing Approwri- 
mate Values of Frunectious. The series 


at ; rm 


e* [ 2-+- i <a - (SSH) 
< rs : ro re h ek a | 
“} rv ti—_— ee =*¢ soe Pera | ne So. ek - oi SY 
ee See a aah TY eye * oat) 
‘isnel 
a= x' rf ah ; 
COS L anes eee oe ee — f- Vk ae 2 3 
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can be used for computing the values of e*, sin 2 and cos x for any 
values of z with an arbitrary accuracy since relations (8.90)-(8.92) 
hold) throughout’ the z-axis for these functions. 

Taking partial sums of series (8.90)-(8.92) as approximate values 
of the corresponding functions we can easily estimate the error 
because. according to Leibniz’ test*, in the case of series (8.91) and 
(8.92) the error does not exceed (in Its absolute value) the modulus 
of the first discarded term. 

Although the series 


2 : A 
li (1 -- x) ee ares ._+(— Ira 2 0 (8.93) 
l<2r-<d 


for the logarithmic function is an alternating one il converges very 
slowly. For the values z >> 1 the series is divergent. To accelerate 
the convergence of the series and apply it to computing logarithins 
of numbers greater than unity we subtract the expansion 


= xz * 8 gps 
in (f{—2z) ee a ar Tn, is te (8.99 ) 
from expansion (8.93), This results in 
l--x . . x. ord 
In( j=) = 22 (144-54...) (S.94 ) 
Putting bg in (8.94) we obtain the formula 
In — =In(rn—!1)—Ina = 
ee ee ees ee. ee SYS 
~ Dnt ( T 3 (2n + 1) 5 (nsl) | Jo) (9.99) 


Series (8.95) converges sufficiently fast, which makes it’ possible 
to apply it to computing logarithms of natural numbers starting 
from the value Int = 0. 

The series for the arctangent 


3 1? 7 
are tan r= Z—- +--+ = es (8.96) 


can be used for computing the number a with an arbitrary 
accuracy. Namely, omen z=1 in (8.96) we obtain 

j 1 t evel 

>. {— =z ——s-s we, S07 

an ae (09.94) 

Since (8.97) is an alternaling pares the error arising when its sum 
is replaced by a partial sum can be easily estimated. 


4 


o ee eee te). Sean ier a: “So 
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The series 


vag we (RI (@ kD og 
(1 — x) = | >» kl & 
r= 

can be applied to extracting roots. For instance, 

| 1 
a a an 1 \3 1 ft 971,” ; 

0. 2 J4 1+-s=.2(14 7) =2[1+4-5-G(g) 4 --- 

,? } oy te oe a (ae tae amen ot ie J 


(8.98) 


Since (8.95) is an alternating series, the error of an approximation 
can be easily estimated. In particular. the sum of the terms written 
in full on the right-hand side of (8.98) yields an approximation of 


{he root correct to the nearest ten thousandth. 


(b) tpplyingy Power Services Lapansions to Computing 
Tategrals frerpressible in Terns of Blenentary Feavec- 
tiows. AS an example of such an application let us use series 
expansion (8.91) of the sine for computing the integral 

x 


. 
~ 


Siz= | ads dé (the sine integral): 


5 
0 
x : 
-. SING ar z xe : 
hot OY ee aes d “fay teaser Oo. 
\ © 5 3-3! ' 6.5! 7-7! ( ) 


[tshould be noted that the division of series (8.91) by zis permissible 
here for xz +0 and therefore we have 


SHI Z z* x4 
eee ee Ae (*) 
Putting a= -= 1 at the point x -: U we can retain equality (=) 


for x = Q. The expression on the right-hand side of (8.99) is an 
alternating series and hence the error of an approximation obtained 
by replacing ils sun by a partial sum can be easily estimated. 


(c) Applytegy Power Series to Tuiegrating Differeutial 
Mquatéons. Power series and series in fractional powers of an 
argument are widely applied for constructing solutions of differential 
equations and introducing new classes of functions. For greater 
detail concerning these questions the reader is referred to courses 
on differential equations, e.g. [5]. Here we shall restrict ourselves 
tooan clementary example. Suppose il is necessary to expand 

ov 
into a power series the funetion F(z) = aa e d—&. lt can be 


ih] 
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easily verified that A(z) satishes the differential equation 

I? (2) + 22k (xr) = 1 (6.100) 
with the initial condition F (0) = U. Let us try to find the solution 
‘of equation (8.100) satisfying the condition F# (Q) = 0 in the form 
of a power series 


-- 


f (x) ae = Cat’ — Com Cyt —- Coax” ee Crna I eee (8.101) 


tt== 


Substituting the series into equation (8.100) and equating the 
coefficients in the same powers of x on the left-hand and right-hand 
stdes of the resulling equality we obtain 


co = 1, (rv -- 2) e,4. + 2c, =U, m= 1, 2, ... (8.102) 


The initial condition F (0) = 0 implies 


eo 1) (S.10:3) 
By (8.102) and (8.103), it follows from (8.101) that 
: , an oe. he ms —- | pre fae porer oe 
F (4c) = e-*" ue FS oe (8.104) 


YT) a- -U 


Hlere we have first performed formal term-by-term differentiation 
of series (8.101) but now, as its cocflicients are known, we see that 
series (8.104) converges for allz. —oo <¢ x <t -{-c0, and consequently 
the termwise differentiation is in fact permissible for all the vadues 
of xz (see Theorem 8.9). 


Soo. POWER SERIES IN COMPLEX ARGUMENT 
A sequence of complex numbers 


oy = Dy -|- LY 4, lg = Lo -{- Uno, 2 8 04 on — In so tn, a es oe (A) 


is Said to be convergent to a complex number 29 = 2p) + (Yo as 


n—-» +oo if 
eg | V (tn — %)* -}- (Ya — Yo) > 0 for m—+-! co 


Therefore, for sequence (A) to converge to a number Z) = Lo — ify 
il is necessary and sufficient that 


r,,-» Za and y, — hy for w—r 4-00 
A series With complex terms 


: ow? 
’ 
Nan 
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where @, =a), — if, A=1. 2, ..., is called convergent if the 
sequence of its partial sums converges. 

The notions of absolute and conditional convergence as well as 
Cauchy’s necessary and = sufficient condilion for convergence, 
D’Alembert’s test and Cauchy's root test are easily extended to the 
Series with complex terms.* 

The domain of convergence of a power scrics 


9 ‘ 
os 


Co — C52 + C45" 1... rene a. -- (B) 


where ¢o9, Cy, --.-: ne... are complex numbers and z = x ~ iy 
is a complex variable is a circle (the circle of convergence) with 
centre at the point z = 0. The radius of this circle is the radius 
of convergence of series (B). The circle may degenerate into the 
point 2 = Q or expand over the whole plane of the variable z = 
= x2 —-+ iy. In the interior of the circle of convergence series (B) 
is absolulely convergent. These assertions follow from the lemma 
below. 


Lenauna. If power series (B) converges for z = a -& OQ it is absolu- 
trly convergent for every z satisfying the inequality |z|< | |, 
i.c. in the circle of radius |a{ with centre at the point z = 0.** 

In every circle concentric with the circle of convergence anid 
strictly contained in it the power series converges uniformly and 
its Sum is not only continuous but also infinitely differentiable. 

Proceeding from the power series expansions of the elementary 
functions of a real variable 


Se oe ee ee ee ee (8.105) 
3 2+] : 
sing=2— 3+ eee +(—1) aay t - (8.106) 
and 
? 9}; 
cos x= 1—F +e eb (= 1)" py + _ (8.107) 


we can define the elementary functions e*, cos z and sin z of a complex 
variable z which coincide, respectively, with e*, cos az and sin « 
for < = a7. We remind the reader that series (8.105)-(8.107) are 
convergent for all real values of z. Hence, by the above lemma, they 
canverge fer all complex values of z if z is substituted for z into 


* When applying D’Alembert's test and Cauchy s root test. to a Series whose 

terms are nat positive real numbers one should take the moduli of the terms. 

** This lemma is a generalization of the one proved for power series ina 

real argument x (see the proof of Theorem 8.5). The basic idea of the proof 
! 


renains the same far the comnlex argument 2 = z+ iu. 
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the series. Therefore, putting 


ealipzt¢at...¢4... (8.108) 
. =3 h g2h-1 
sin Z=-3—-a- +. -- +(—!) Qe if (S.109) 
aid 
=? ath : 
cosz=41— Sp... 4(—IY Gat: (8.110) 


We obtain the corresponding functions of the complex variable 
2= 2 -r ty defined for all z. By the above Iemma, the series thus 
obtained are absolutely convergent. Therefore it is permissible to 
perform the arithmetic operations of addition, subtraction and 
multiplication on them. This enables us to establish the following 
identities for the functions e, cos zand sin z of the complex variable z: 


pti. e=2 = etn (8.111) 

ancl 
cos? z + sin? z = 1 (8.112) 
Substituting iz for z into (8.108), grouping separately the terms 
containing and not containing é (after i? has been replaced by —1 


in all the terms) and making use of formulas (8.109) and (8.110) 
we arrive at Euler's formula 


ez? = cos z+ isinz (8.113) 


valid) for every complex z. Indeed, we have 


; \242 HES; Fiat F2-2 Pe poge 

i: . , i22 i3 jist oe PEE gy 

a a ee | 
z ~—..,, _ = rr ee ee Li(z-F 7 ae 
ta ( at Al a ey 


= coss-|-isins 


Relations (8.109) and (8.110) implying cos (—z) =cosz and 
sin (—z) = —sin z, we obtain (by substituting —z for z) the relation 


et = cos z — isinz (8.114) 
From relations (8.113) and (8.114) we derive 
iz ~iz ; iz p-iz be 
cogz=: fo and sin z= — ae (8.115) 
o mt 


The last formulas are also spoken of as Euler's formulas. 


* Equality (8.111) results from multiplying the power series for e*! and 


2 e ord YY yi . o 
e™? according to the rules that have been proved for a real argument but remain 
apnlicable in the ease of a camnlos arenment. as well, 
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[t follows from formulas (8.4115) that the functions cos z and sin z 
can assume arbitrarily large values in the complex plane. For 
inslance, putting 2 = —in where 7” is a natural number we obtain 

cos (— in) = ee eren co «for n—--— co 
But nevertheless formula (8.112) remains true in this case. 

Power serics in a complex argument make it possible ty introduce 
many other functions defined in domains lying in the complex plane 
euch as In (1 -- 2). arc tan 2 and the like. 

The theory of functions of a complex variable is one of the most 
important divisions of modern mathematics and is widely applied 
im mathematical physics. 

Functions of a complex variable enable us to elucidale many 
paradoxes of the theory of real funetions. For instance, the left-hand 
side of the equality 

ape i—at?+zt—rty... (*) 


is a bounded continuous function defined over the whole real axis 
whereas the series on the right hand side diverges for [az | > 1. 
But if we consider the equalily (*) for the complex values of x 
we see that the Ieft-hand side of the equality turns into infinity 
for x = i and hence the point z = i must lie on the circumference 
of the circle of convergence with centre at the origin. Indeed, if the 
point z = t were placed inside the circle of convergence the function 


es would be continuous at the point, which is impossible since 


if approaches infinity at this point. 
In $ 4 we cousidered the function 


. e for zAO 
{ (rt) = 
0 for x-:0 
which has derivatives of all the orders with respect to z at the origin 


but cannot be expanded into a series in nonnegative integral powers 
of z. This fact can be explained if we investigate the function 


Né 


1 
q(z)se * (340) 


under the assumplion that z can take on all the possible complex 

values. Substituting z= iy we obtain ¢ 7% = ew” — +oo for 
1 

y-» 0M whereas e *'-+Q for 2--+ 0. Consequently, the definition 

of this function cannot be extended to the origin so that the finetion 

should become continuous. Tf a power series convergent to gy (z) 
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on an interval —? <x < R existed the substitution of 2 for x 
would result in a power series converging to @ (z) in thecircle |z|]< 
< Rand the function ¢ (z) would be continuous and even diffe- 
rentiable with respect to z at the point z = 0, which contradicts the 
fact that it has adiscontinuity at that point. An exhaustive investi- 
gation of this example can only be performed by applying the theory 
of functions of a complex variable. 


§ 6. CONVERGENCE IN THE MEAN 


In some divisions of mathematics and its applications a measure 
of closeness of a function f (x) to a function g (x) is interpreted in 
an “integral” sense. In such an interpretation the functions may 
he regarded as being close to each other despite the fact that the 


Fig, 8.5 


QR eee ewww wm we oe 
< 


44 GS’ Ft 


absolute value of their difference f (z) — g (x) takes on large vaines 
at separate points. Usually the so-called mean square deviation 
is taken as such a measure, which leads to the notion of convergence 
in the mean. 


1. Mean Square Deviation and Convergence in the Mean. 


Definition 4. Given swo functions f (x) and g (x), the nonunega- 
tive quantily 


ow 


e?(f, = 1 |i (z)—2# (2) P dz* (8.116) 


a 


is called the waeean square deviation of the function f (x) from 
the function g(x) on the interval ta, b}. 


* In § 6 we suppose that all the functions umler consideration are integrable 
(in the ordinary sense) although most of the assertions and notivus introduced 
here also reinain valid for the square integrable (summable) functions (i.e. the 
ones for which the integrals of the squares of theiv moduli exist as proper or 
improper integrals). 
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We apparently have 
o? (f, g) = oF (2, f) 


The graphs of two functions f (x) and g (x) which are close to cach 
other in the sense of their mean square deviation may considerably 
diverge at separate points (see Fig. 8.5). 


Definition 2. A functional sequence 


fy (x), fe (xz). os ws fa UZ), es (8.117) 


issaid to be convergent in the mean Cin the mean square) 
to a function { (x) on an interval [a. bl tf 


s 


oO? (fa. f= \ [in (z)—f(2yPdz—>0 for n++tow =§ (8.118) 


2 amen 


This kind of convergence will be designated by the symbolic relation 


lim fa (xz) = f(z) on fa, bd) (S.119) 


Tl+-: +0 


Definition 3. A functional series 
Naty (2) (8.120) 


is said lo converge inthe mean (square) lo S (x) on an interval 
la, b) if the sequence uf its partial sins 


n 


Sfx) — ~ upn(r) nal, 2... (S.124) 
=] 


is convergent in the mean to S (xz) ot the itilerved [a, b], that is 


dy rn 
02 (S (xz), Sn(z)) = | | (z)— SD) un (2) dx—»Oasn—»} 00 (8.122) 
et h=] 


fn such a case we shall write 


-}- 90 
S (x)= ™ un(x) on fa, 5] (8.123) 
f; 


é 
-_-_ 
ee 


2. Cauchy-Bunyakovsky* fnequality. /f two functions f (x) and 
g(x) fulfill the above requirements on [a, b\ they satisfy the Cau- 


* Bunvakovsky, Victor Yakovlevich (1804-1889), a Russian mathematician. 
This ineqnality is also spoken of as Uhe Cauchy-Schwarz inequality although 
Bunyakovsky called attention to it earlier than Schwarz (in 1859). 
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ehay-hunyahoushy-Schicarz truequatity 


hr Ze ob ‘ ob 
\ fx) g (x) da] | (VP (ade. " \ gt (x)dx (8.124) 
Proof, Let us put 
t ts b 
= \ P(xad«x, B= \f(r)g(c)dzx and C= \ ge (zjydr (8.120) 
@ a Q 
and consider the twu cases which are possible here: (14) 4 = C = 0 


and (2) at least one of the nuwinbers A and C is different from zero. 
(1) i A=>C=0. ine. 


fr (a) dae == [ wt (a) de = 0 


il fallows, on the basis of the obvious inequality 


|i (2) g (2) [ss sf (c) i- #° (z)| 
Cdaaul 
b 


J@e@iidesy| | 


At 


b 
[PP (0) da \ go (a) de | (4 
lout we lave 


LF faded I< | | f(z) ¢(@)|de 


GB Cee 


ly 
und consequently & = J} j (x) g (x) dx = VU. Therefore inequality 


(8.124) is fulfilled in this case because its right-hand and left-hand 
sides are equal to zero. 


(2) For definiteness. let -1 2>0. Then we apply the following 
lLechnique. Taking a scalar parameter & we can write the relation 


[Af (x) + g (x) & 
whieh holds for all real values of the parameter. Thus, we have 
A?f? (x) i 2hf (x) g (x) -i- 8? (x) BO 


lntegrating the last inequality with respect to z from @ to 6 and 
mnaking use of notation (8.125) we conelude that the inequality 


Aj? + OBR 4+ C0 (8.126) 
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(in which -1 2) holds for all real values of A. Consequently the 
quadratic trinomial AdA* — 2BA -- C cannot have two distinct 
real roots 4, < A, because if avhacwine it could be represented in 
the form A (A — A,) (A — A.) and hence would assume negative 
values for A satisfying the condition A, <(4<ZA,, which contradicts 
inequality (8.126). But, as is well known, for a quadratic trinomial 
to have no distincl real roots it is necessary and sufficient that the 
discriminant of the trinomial be nonpositive: 


Be- AC <0 (8.127) 
Transposing the product AC to the right-hand side of the inequality 
and oxreeune “° syuare root of either side we obtain |B I< 
< VTA I-V | . Taking into account notation (8.125) we thus 
arrive al — pt a a inequality. 
3. Integration of Sequenees and Series Convergent in the Mean. 
Theorem 8.14, [ff a functional sequence f, (rz), fe (x). 


~ tn (x), .. . converges in the mean to a function f (x) on an interval 
la, bl] We have, for any x and x belonging to la, b). the relation 


lin { fn (e) dz= f(z)ds* (8.128) 


Tie — 70 a 
XO 


Moreover, for any 2 9€[a, 6}, the sequence { | In (x) dz} : 


xO 
n=1, 2, ... (regarded as a seyuence of functions dependent on 1) 
x 


uniformly converges to [ / (z) dz, i.e. 


\ fu (2)dzzz | f(2)dz on fa, B) (8.129) 


Proof. We have, by the hypothesis, the relation 
b 


p2(/, fn) = 17 (2)— fn ()J2dz—+0, for n->+00 (8.130) 


) 


To prove (8.129) (and, consequently, (8.128) as well) we shall 


estimate the integral | (f(s) —fn (2)] dz. For this purpose we rep- 


xo 


* We remind the reader that all the functions (including f, (z) and f (7), 
considered in § 6 are supposed to be integrable on [a@. 6] in the ordinary sense. 
See also footnote an page 366. 


724—O5824 
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resent the integrand as the product 
Lf (2) — fn (2)) = 1-[F (2) — fr (2)] 
and apply the Cauchy-Bunyakovsky inequality: 


- 


f 


i [f (2) —fn (2)] dz|< \/ 1? axe V/ | f(z)—fa (z) |? dz < 


<Viwa-V fis—me rar 


=Vb—aVp'(f, fr) (8-131) 


The right-hand side of inequality (8.131) being independent of z and 
tending to zero as m—» +00 (by relation (8.130)), we can write 


\ (f(z) =Jn (2)] dz 0 on [a, 5] 


XO 


which means that relation (8.129) is fulfilled. Thus, the proof of the 
theorem has been completed. 

If we take the modulus of the difference | f (z) — f/f, (z) | instead 
of f (xz) — f, (x) and put zy» =a and z = b inequality (8.131) is 
replaced by the relation 


WH) —fa(z)|dz<V b—a-V opr (f, fn) (8.132) 


Remy 


The integral on the left-hand side of (8.122) expresses the area lying 
hetween the graphs of /, (a) and f (x) and bounded on the left and 
on the right by the respective vertical straight lines x =a and 
= b. Hence, in case f, (x) converges in the mean to f (x) on the 
interval [a, 6) the area tends to zero since the mean square deviation 
o? (f, f2) approaches zero. But at the same time the maximum 
deviation of f, (x) from f(z) on fa, b], that is the quantity 
sup |/f, (z) — f(z) |, may infinitely increase since the values 
< 


ae=ixes 

of {,(z) and f (x) may considerably differ for any n at some separate 
points. For instance, the sequence f, (x) :-= e V 2nz e a 
converges in the mean to f (x) = 0 on the ‘closed interval OQ mz<il 
but 


max | fa (x) — f(2) |= fa (> 


A 


s/t = 


)= V sn —--- oo for n—--;- co 


Yn 
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Taking a series convergent in the mean we can apply Theo- 
rem 8.14, to the sequence of its partial sums and thus obtain the 
corresponding theorem concerning series: 

+ oo 

Theorem S.1do. If a functional series >) ux (x) with integrable 

hal 


terms converges in the mean to an integrable function S(x) on an 
interval [a, b] the relation 


(s(drm fu edrt... + funder... (8.133) 


holds for any 2) and =z belonging to [a, 6] and series (8.133) wuni- 
formly converges to its sum on |a, bj. 


Proof. By the hypothesis, S,(z) converges in the mean to S (z) 


on [a, b} (where S, (x)= >) ux (z)) and therefore, by Theorem 8.14,, 
h=1 


we have 
Sn (2) dz > S(z)dz on fa, ] (8.134) 
But . ° 
Sp “az 3 [un (a) ds 
Xo k= x9 


and consequently 
x 


v8 x 
i> \ Up (z) dz \ =| S(2)dz 
k=!1 x9 xo 
Iléuve, the sequence of partial sums of series (8.133) is uniformly 


x 

convergent to the function \ S (z)dz which is what we set out to 
xo 

prove. 


A. Connection Between Convergence in the Mean and Term-by-Term 
Differentiation of Sequences and Series. 


Theorem 8.15, If a sequence of continuously differentiable 
functions {f, (x)} is convergent in the mean to a function f (x) on an 
interval [a, bl and the sequence of the derivatives {f;, (x)} is convergent 
in the mean to a continuous function @ (x) on la, b| the function f (zx) 
is differentiable on [a,b] and 


M (x)= (x)= lim f,(z) on [a, }] (8.135) 


—> <= BO 


24° 
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Proof. We have, for x, z)€[a, 6), the inequality 


fn (x) — fn ed — fa (=) a:|=|{ [fn (3) — @ (3) ] dz {< 


< |/ \ 127 dz. V/ \ Ee (3) — (s)|2dz< 
xy x9 
KV b—-a-V Pr fi, g)> 0 (8.136) 


as m—> - oo. Consequently. passing to the limit and taking into 
account that fn (2)-—> f(z) and fx (z9)—>~ f (2) aS NR —»-f co we obtain 


f(z) —f (zx) = \ p(z)ds, ice. f(z) =f (2%) + \ g(z)dz (8.137) 


xo 


It follows from equality (8.137) that f (z) is differentiable and that 
equality (8.135) takes place. The theorem has been proved. 
We similarly prove 


Theoveme S.15e Lf a functional series 


4-90 
S(z)= > un(z) (8.138) 
hai 


with continuously differentiable terms is convergent on la, b] and the 
Sertes 


-j-90 


O(x) = Pi up (x) (8.139) 


converges in the mean to @ continuous function 0 (x) the sum S (z) 
of series (8.138) is differentiable on |a, b| and 
+t.ao 


S'(r)=o0(r) = p iLp (Z) (8.140) 


The proof of the theorem is left to the reader. 


9. Connection Between Convergence in the Mean and Other Types 
of Convergence. If a sequence of functions f; (7), fe (x). .-., 
fn (z), ... converges (in the ordinary sense) at each point of 
an interval [a, 6] this does not imply, in the general case, its con- 

See la 2 
vergence in the mean. For example, we have f, (z) = V 2nze ° aa 
—> f(x) = 0 on the interval [0,1] as n-—+ -+0o whereas 


i 
, Un(zy—f(yPdz= { 2nze—"?= dx =(1—e")—>1 for 2-»+ 00 


A) a 
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But if a sequence {f, (z)} uniformly converges to a function f (: 
on fa. b] it necessarily converges in the mean to the same functio 
In fact, if for any ¢ >0 there is A’ (e) such that the inequalit 


l fn (x) — fia{[< VY a is fulfilled for all m>WN(e) an 


all z € [a, 6] we can square both sides of the inequality and integrat 
the result, which yields the relation 
Py 


e°(f, In) = | [fn (2) —f (x) [Pz << p= (b—a) <8 


ag 


valid for all m => WN (e). Mence p? (f. f,)— 0. as n—»> +00. whic 

implies that f, (z) is convergent in the mean to f (z) on [a. d). 
Uniform convergence does not follow from convergence in th 

mean; moreover, a Sequence convergent jin the mean on an intervi 


¥ fr; (2)37 
7 


f,(z)=0 
G VA 7 Zz 
y (8) 
| F 
1, 


@ 


& 


Woe Fo = oO 4 ial 7 


(C) y d) 
. 0 Y2vIl «xc O Hy 7 Z 
Figs. 8.6 fe) (Ff) 


ms S 


may even diverge at cach point of the interval. As an example, let! 
us construct a sequence of functions /, (z), fo (7)... ., fn (Z), ~~ 

convergent in the mean to f (z) — Uon the interval [0, 1] which diver 
ges at every point of the interval. To this end. we first divide the 
interval (0, 1] into 2 equal parts and define the funetions /, (z 
and f, (r) as is shown in Fig. 8.6@ and &. The graphs of the functions 
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ponding points do not belong to the adjoining pieces of the 
graphs. 

Next we divide the interval [0, 1] into 2? equal parts and define 
the functions f3 (x). f, (x). f, (v) and f, (7) in a manner shown in 
Fig. 8.6c,d.e and f. Continuing infinitely in this way we obtain 
a functional sequence f, (x), fe (z). ..-, Jn (%), ..- Whose every 
member 7, (z) takes on onlv two values. namely QO and 1, on the 
interval (0, 1]. Therefore 7%, (2) — f, (x) for all nm = 1, 2, 3. 
on the interval [0. 1]. 

Now let us prove that /, (z) converges in the mean to f (z) = 0 
on [0, 1}. We have 


é == 


1 
P(f, fr) = \ [fn (@) —F (2) Pdr = \ fa (2) d= |\ fn (2) dz + 0 
0 


eS 


for nm —> -++oo. Indeed, the integral /, (xz) dz is equal to the area 


© U-—, = 


shaded in Fig. 8.6, and when n-» + oo this area obviously tends to 
zero. Convergence in the mean has thus been proved. 

On the other hand, the functional sequence f, (x), fe (z).- - ., 
fn (x), --. thus constructed diverges at cach point of the 
interval [0. 1] because for every fixed point xz belonging to the 
interval and for an arbitrarily large WV >O there are functions f,- (z) 
and f,- (x) with 2’, 2” “> V such that the former assumes the value 
fre (xv) = UO and the latter the value f,- (vz) = Tat the point x. 
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CRITERION FOR COMPACTNESS OF A FAMILY 
OF FUNCTIONS 


The notion of compactness of a family of functions appears in 
mathematical physics in connection with theorems on existence of 
solutions of differential and integral equations and on convergence 
cf various approximating processes for evaluating solutions of 
such equations. But the definition of this notion does not involve 
any concepts connecled with the theory of differential or integral 
equations and is closely related to the questions discussed in the 
present chapter. 


Definition £. A family af functions {f (z)} defined on a sel 
X of points x is said to be compact (in the sense of uniform con- 
vergence) if for every infeute sequence of frenctions f, (x). fe (x). ... 

Fa (Ls a 1: Ge aay ios, BS pany there ayiele 7 srAcsennenre 
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In, (2), Ine (2c. 3 @ a5 fn, (xz), ... which is uniformly convergent on 
the set X.* 


Definition 2. A family of functions {f (z)} defined on a set X 
is said to be uniformly bounded on this set if there is a constant C, 
O< C < +00 such that the inequality |f (x) | <C is fulfilled for 
all x€ X and all functions f{ (x) belonging to the family. 


Definition 3. We say that a family of functions {f (x)} defined 
ona set X isequicontinuwons on the set if, given an arbitrary e >0, 
there exists &§ = 6 (e) >>O such that for every function f (x) € {f (z)} 
and any x’, x” € X satisfying the condition |z' — x" |< 8 (e) 
we have the inequality 


lf()—fae)l<e (1) 


where S(e) is independent of the choice of x’ and x" and is determined 
solely by the value of 


Theorem t (lrzela'’s Criterion for Compactnuess*®*) 
Ifa family of functions {f (x)} defined on a closed intervala <a <b 
is uniformly bounded and equicontinuous it is compact (in the sense 
of uniform convergence). 


Proof. Take an arhitrary countable set Af of points z,, z., ... 
~ ees Tye... Chelonging to the interval a <= z < b) which is every- 
Where dense in fa, U].*** For iustance., we can take, aS 2, X2, ... 

.-, In, ..., the set of all rational points of the interval or the 
set of all the ‘oipalaas® — in the process of successive division 
of the interval into 2, 4,8, ..., 2", ... equal parts. Let us choose 
a sequence of functions {f, (z)} belonging to the family. The family 
being uniformly bounded, we have a relation | f/f, (z) |< C = 
= const <. +oo foralln =t, 2, 3, ...and all za € AF. In particu- 
lar, the numerical sequence f, (z;), 27 = 1, 2, ..., is bounded and 
hence, by the Bolzano-Weierstrass theorem, there is a convergent 
subsequence of this numerical sequence whose members can be 
numbered as fy; (2;). Fy (23), . - -s fin (21), ... . Thus, we have 


* Uniform convergence on an arbitrary set is defined ina manner completely 
analogous to that of defining the notion of uniform convergence on an interval. 
In functional analysis the concept of coinpactness is also introduced. ina similar 
fashion, for convergence in the mean and for other kinds of convergence hut 
we shal] not dwell on these questions here. 

¥* Alan EY nm ag tho Acenli Arzols thagram Nsosts 
and oe Cesare (1847-1912). Italian mathematicians. 

*e* A suhset Bafa point set A is said to be (everywhere) deuse in ot if the 
closure of B coincides with A (compare with footnote on page 29). 
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taken, from the sequence {f, (z)}, the functional subsequence 
fig (2) Die leyy @ + ae Sin (Q)y 2 (2;} 


convergent at the point z, € A. 
We can now similarly construct a subsequence 


fos (©), foe (Z), -- +, fon (2), ~~ > (22) 


of sequence (2,) convergent at the point zr, € AS. Subsequence (2) 
is also convergent at the point 2, € Af since its members belong 
to the sequence (2,), the latter being convergent at the point z,. 
Thus, subsequence (2.) converges at the points z, and z, belonging 
to the set JV. 

Continuing unlimitedly this process of selecting subsequences 
we arrive at an infinite table of the form 


die TOADS 24-8: Fa ee we 
fos (zx), fae (x), ey fen (x), e+ 


eo an Gs ee ep ae es eB he es ies (3) 

Tn (x), Ine (x), | San (z), 
whose rth row (2 = 1, 2, 3, ...) is a subsequence (of the original 
sequence {f/, (z)}) converging at the points z,, r2, . . ., Z,- Therefore 
the “diagonal” subsequence, 

fay (2). faa (az), «+ +) Tan (2). ~~~ (4) 


converges al each point 2, € AJ.’ 

Let us prove that this sequence is uniformly convergent ou [a, O}. 
To this end, it is sufficient to show that sequence (4) satislies the 
condition of Cauchy’s test for uniform convergence of a sequence. 
Take an arbitrary ¢ => 0. Let us choose & (&) > 0 such that the 
condition 

| f(z’) = f(x") | <e for | 2° —2x" |< 6 (e) and 2’, x" € la. d| 
holds, which is always possible since the family is? equiconti- 
nuous. Next take a finite subset AJ [z,, ro, . . ., zp] of the dense 
set M whose points break up the interval [¢, 6! into subintervals 
of lengths less than 6 (e). Then, for each z € (a, bl, there exists 


a value z; € Af such that | 2 — 2, |< 6 (e€). Furthermore, for the 


given & >> QO, let us take NW (e€) independent of z;,i = 1, 2, ---, 2p. 
such that 

| fron (88) — fan (21) |< ee for all m, nm > N (e) (9} 
and aliz = i, 2 .. p. Then we have the inequatiiy j fmm @j— 


—frr(imil< Be. for all m,n u> N (e) and all x Ela, db). Indeed, 


copnacse min o>. V (ev and 7 € fa. Al. Then there is a value z; € Af 
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such that |z — z; |< 6 (e). The family being equicontinuous, it. 
follows that | fmm (2) — fmm (€i) |< € and | fan (2) — fan (i) |< 
< ce. Consequently, by virtue of (5), the inequality 


| frm (2) — fan (2)| <I fmm (2) — fm (z:)| +lfmm (Zi)—Jfnn (zi)| + 
shan a — fan (r)|<ete+te= de 


is fulfilled. Hence, sequence (4) satisfies the condition of Cauchy’s 
(est for uniform convergence and thus the theorem has been proved. 
Arzela’s theorem has many applications in various divisions of 
mathematics. In particular, it is used for proving existence theorems 
of the theory of differential equations. 
Let us prove another theorem widely applied in the theory of 
integral equations. 


Theorem 2. If a functional sequence {f, (z)} is equicontinuous 
on [a, b) and satisfies the condition 


b 
0? (ins Im) =| Um (2)—fn(a)Pdz—+0 for xn, m++oo (ti 
it is uniformly convergent on the interval (a, b) to a continuous furnc- 


tion f (zx). 


Proof. We shall show that such a sequence satisfies the condition 
of Cauchy’s test for uniform convergence, that is 


Tn. m (7) = If, (v7) — f,, (1 2 0 on fa, 6) as n,m — 4-0 


Assume the contrary. Then there is &9 >>Osuch that for an arbitrarily 
large k& there exist m, 2 hk and z, € la, 6b) for which 


lp, , (x) | 22 4F 4 (7) 
he sequence being alasginaaiin there is 6 = 6 (e,) such that 
lfn (x) — fa (4,) |< eq for |x — zy, | <0 6 (ep) (3) 


Consequently, for rn, >> k > N (e,) and |z — a, | <i 5 (& ) we have 
I Fr. ny (1) — Gy. n, (Ta) lS Ifa (x) — fx (Zn) | + 


ics I fa, (x) oF hap (x;,) | — ZEg (9) 
Dhen, by virtue of (7) and (Y), we can write 
| Cn. my (x) | = | (f fea np (Tn) | ee! | Ce Up (x) a (Pa, NR), (Zp) | = 
> At. — oe 4 — Jee ot 


If we take 6 (e,) << & — a then at least half of the interval 
rr—-Oac rc xr. -t- & belanes to the interval la Al Henee, by M0) 
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the inequality 


b 
p* (fn,» fh.) = | Ph, n;, (x) dx > 4e°- bs 7 2e,5 =const > 0 (11) 


is fulfilled for m, >>A>.N (e,), which coutradicts condition (6) 
since the number k can be chosen arbitrarily large. Therefore 
Green (2) = im (@) — fn @I 20 on la, 6) as n,m —+ +00. Con- 
sequenly, by Virtue of Cauchy’ s test for uniform convergence of 
a sequence, the sequence (fn (x) is uniformly convergent on la, 05] 
to a function f (x) which is continuous as a limit of a uniformly 
converging sequence of continuous functions. The theorem has been 
proved. 


APPENDIX 2 TO CHAPTER 8 
WEAK CONVERGENCE AND DELTA FUNCTION 


Besides uniform convergence and convergence in the mean, in 
mathematics and mathematical physics the so-called weak con- 
vergence also plays an important role. 


Definition 1. A sequence of functions 
(py (Z), Po (Z), ---, Py, (Z), ~~. (1) 
defined and integrable on an interval (a, 0) is said to be a weakly 


fundamental sequence on the interval (a, b) if for every 
bounded and continuous function f (z) there exists a finite tunit 


Jim \ { (2) Qn (2) dz (2) 


ete a 
Definition 2. A function wp (2) is called a weak Timit of func- 
fional sequence (1) (or the sequence is said to be weakly convergent 
to  (z)) on an interval (a, b) if the relation 


t b 
Jim \ f(z) en (x) 2a - f (x) p(x) dx (3) 


holds for every bounded continuous function f (x) defined on (a. h).* 
If sequence (1) is uniformly convergent or convergent in the mean 
lo an integrable function q (z) equality (3) is fullfilled for every 


* More precisely, ¢@ (r) is a weak limit of sequence (4) relative to the class 
of funchions f (24) continuous on (@#. by). The nation of weak convergence can 
Alsen he defined for other classes af funetions. 
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bounded continuous function f (x) because this is implied by the 
theorems on passing to limit under the sign of integration. Thus, 
if a sequence {, (x)} converges uniformly or converges in the 
mean to a limit function ¢ (z) il is always weakly convergent to 


q: (z). 
If we have 


b 
lim | f(z) gn (z) dz =0 (A) 
2 —¥-+- 00 ps 
for any continuous bounded function f (z) defined on (a, 8) the 
sequence {q, (z)} is weakly convergent to zero on (a, &) since equali- 
ty (4) can be rewritten in the form 
lL 


lim | } (xr) Pn (2) dz = 


m— +20 ® 
a 


f (xz) -O-dx (4°) 


Applying Cauchy's test to the number sequence J i f(z) pp (2) dz} 


we arrive at the following test for a functional sequence to he weakly 
fundamental: 


Cauchy's Test (for a Sequence to Be Weakly Fiunda- 
mental). Sequence (1) is weakly fundamental on (a, 6) if and only 
if for every & > VU and every continuous function f(z} there exists 
a number N (e, f) such that 

ds 


|| f (2) len (2) —@m (a) dz | <e (5) 


td 
for all n,m > N (e, f). 

We remind the reader that a fundamental (Cauchy) sequence of 
rational mambers may not converge to a rational number and this 
leads to the irrational numbers which enlarge the class of rational 
numbers so that every fundamental number sequence has a limit. 
Similarly, there are weakly fundamental sequences of  inte- 
grable functions which do net weakly converge to an integrable 
function and therefore it is advisable to enlarge the class of functions 
under consideration in an appropriate manner. This leads to the 
so-called generalized Functions. 

For instance. lel us consider a sequence of functions (6, (Zp, z)} 
determined by the relations 


1 ] 
n for z9—-Zr> Krom +sz, 
A, (To, x) a ; { (Gy 
O for --co <Or< ry— ~and %q + 5 <a — co 


The sequence is weakly fundamental an every inferval fa. ay. 
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Indeed, let a function f(z) be continuous on (a, 0) and 29€ (a, B). 
Then, beginning with a sufficiently large mn, the interval 


(z»— 5 Xo +s) is contained within (a, 6) and hence, applying 


the mean value theorem to the integral \ f (2) Sn (Zo, x) dx, we ob- 


tain 


Sota 


J 14218, (Zo, z)dz=n ) f(z) dx=f (&), 
(6) 


10 On 
Passing to the limit in the last equality,%as 2—>-;- 0c, we derive, 


by the continuity of f(z), the relation 
b 


lim J 4 (2) 6 (xo, 2) dx = f (x9) (7) 
In case 2g lies outside the closed interval {a, b}iwe% find 
b 
lim \ f (x) 8p (xo, x) dxz=0 (8) 
ia ca 


But of course there is no ordinary integrable funclion which 
is a weak limit of the sequence {6, (29. 7)}. Therefore. to define 
the weak limit of this sequence we introducea generalized function 
5 (zo, x) called 8-function (the Dirac* delta funetional or distri- 
bution). 

Making use of the definition of a weak limit (see equality (3)) 
and taking into account relations (7) and (8) we can write, for every 
continuous function f (7) on (a, b), the relation 


f (Zo) for ro€ (a, b) (9) 


b 
{ £2) (2 2) da = | 
: () for zo€ [¢, 0] 

Forma] relation (9) is sometimes taken as a delinition of the delta 
function. 

Note. Instead of a bounded continuous function { (@) dehned 
on (a, b) which enters into relations (7) and (8) we can obviously 
take an arbitrary bounded piecewise coulinuous Funetion f§ (2) 


* Dirac, Pau! Adricn Maurice Charn in FONW an Froelich nhveicist. 
a 2. - +e S a - 


ad aa 
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if its value at each point of discontinuity 2 belonging tuo (a, 0) 
XQ — VU) +-f (xq 3-0 mas A 

is defined as f (x) = Se It is therefore nalural 
to extend relation (9) to such functions.* 

We kuow that an irrational number can be determined by tmeans 
of various equivalent fundamental mumber sequences of rational! 
numbers. Similarly, a generalized function can be regarded as 
a limit of different eguivalent weakly fundamental] sequences. 
To define equivalence we intruduce the following 


Definition 3&3. Two functional sequences {p, (x)} and {yp (z)} 
weakly fundamental on (a. b) are called equivatent if the relation 


lb 


lim { # (2) [yn (2) —¥n (2) dz =0 


Nl-e—+- ou «+ 
ae ad 


ts fulfilled for every bounded continuous function f (x) defined on 
(a, 0). 

lm practical applications of the delta function we often take 
Various weakly fundamental sequences (convergent to 0 (az, Z) in 
the sense of relation (3)) equivalent to the sequence {5, (2%. z)} used 
in this section (see Appendix 5 to Chapter 11). A feature of rela- 
lion (9) which formally defines the della function is that when we 
multiply an arbitrary continuous function f (7) by 6 (x9, z) and 
integrate the product over an interval in which f (2) is defined and 
Which conlaius 29 we “isuvlate” Lhe value / (2y) of the function fs (x) 
assumed al the point Zp. 


If to each function belonging to a certain class of functions defined 
on (a, 6) there corresponds a number we say that we havea functional 
defined on that class of functions. 


* If xg is a point of discontinuity of a piecewise continuous function 


f(z) and f (x9) = zs a al a then to prove equality (7) for zo € (a, b) 


it is necessary to break up the integral \ f(z) dz in relation (6%) into the 


xo eT! 


two integrals ( f(r) dr and | f(r)de and separately apply the mean 


e { a 
9 
*0'= 5, 


value theorem to cither integral. 
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For example, let {f (z)} be the class of all functions integrable 
b 

on (a, b). Then the integral {i (z) dz is a functional defined on 
a 


the class. 

Integral (9) also determines, for every fixed zy € (a, 0), a func- 
tional defined on the class of all functions continuous on (a, d). 
Indeed, relation (9) associates, with every continuous function 
f (z) defined on (a, 0), a uniquely specihMed number, namely the 
value f (z5) of this function at the point Zg € (a, db). 

5-function is sometimes identilied with the functional determined 
by relation (9). This is one of the possible interpretations of general- 
ized functions which can serve as a basis for the theory of generalized 
functions. 


Q {improper 


Integrals 


The definition of the integral as the limit of the integral sums 


b n 
\f(z)dz= lim Sf) Atm (9.1) 
n k=0 


may Ax, 


dloes not embrace those cases when the integrand is an unbounded 
function or the interval of integration is infinite. In mathematics 
und mathematical physics, however, we often use integrals of 
unbounded functions or integrals with unbounded domains of 
integration. Such integrals are called improper. To define thein 
it is not sufficient to apply a passage to the limit of type (9.1) but 
it is necessary to use an additional passage to the limit involving 
the domain of integration. The original domain of integration where 
definition (9.1) does not apply is replaced by a subdomain where 
it holds. Then this subdomain is made to extend so that it tends 
to coincide with the original domain. The Jimit of the integral 
taken over this subdomain is called the improper integral over 
the original domain. This is the general idea the definition of the 
improper integral is based on. The strict delinition will be given 
below. 


§ 1. INTEGRALS WITH INFINITE LIMITS 
OF INTEGRATION 


1. Definitions. Examples. Let a function f(z) be defined on an 
B 
interval a < x < +00 anid let the integral \ ¢@) dx (determined 


- a 
by relation (9.1)) exist for every B >a. 
-f 9° 
Definition ¢. The improper integral { [ (zx) dz is understood 


a 
as the limit 


Lan £2? 


{ f(z)dx= lim Wie dx (9.2) 
: R->4-a0 


2 
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+30 
if this limit exists and is finite the impoprer integral \ } (x) dx is said 


a 
to be convergent. If otherwise it is said to be Qirergent. 
Note. Let a, >a. Then the equality 


B ay B 
\ [(a)da= \ f(a)dz+-\ f(x) de 


linplies that the integrals { f (x) dx aud | f (x) dz are Simulta- 


as 
neously convergent or divergent. Thus, when testing the integral 
f(z) dx fur convergence, we can replace it by the integral 
, 
+30 
f (z) dz for any a, >a provided that the function f (zx) satisfies 
ay 
the requirements of Definition 1. 
Improper integral (9.2) can be interpreted geometrically in the 
following way. Let f(z) be a continuous nonnegative function 
defined for za. Consider the domain bounded below by 


J 


Fig. 9.4 


the part a<a2< ;-0© of the z-axis, above by the graph of the 
function and on the left by the line segment z =a.U Qy < f (a). 
The definition of squarability and the notion of the area of a plane 
figure introduced in Sec. 3, § 1 of Chapter f are inapplicable to the 
domain Q because it is unbounded. Let us take an arbitrary fine 
segment «= B >a, Oxy <f (Rf). which cuts off a squarable 
curvilinear trapezoid ABR’A’ (see Vig. 1.1) whose area is equal 
B 


tu the integral \/@ dx. It is natural to extend the notion of 


G 
squarability to the domain Q if the area of the trapezoid ABB’ A’ 
tends to a finite limit as B —» -+oo. In this case we say that Q 1s 
sguarable and call the limit of the area of the trapezoid ADL’ A’ 
the areca of the domain Q. This area is expressed by improper tnte- 


eral (9.2). 
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The improper ——r of the = 
if [ (2) dz = a | T(2)dz (9.3) 


is defined by santas with integral “a. 2) 
If both limits of integration are infinite we pul, by definition, 


+00 a +p00 
\ f{(z)dz = \ f (x) dx + { {(z) dz (9.4) 


+90 


where a is an arbitrary finite number. the integral | f(z) dz being 


— 20 


regarded as convergent if aud only if both integrals entering into 
the right-hand side of (Y.4) converge. 
bag 

It can be easily shown that the integral f(x)dx is conver- 

gent or divergent irrespective of the particular choice of the 

point a, and if it is convergent its value does not depend on a@.* 
-+-co 

Thus, an integral of the form | f(z) dx is reduced to the inte- 
ees 
ae : 

grals of the form \ f(z) dz aud f(z) dx. But an integral of 
a e 


-lq@ 


* The integral | f(a) dz can be defined by the relation 


e 


f{rjdx = lim fir) dz (9.4’) 
e Anew mm . 
— 00 Beiw ‘A 


where A and B tend to their limits independently. In fact, by virtue of 
(9 2), (9.3) and (9.4) we have 


-L oo Q + 70 a 
\ f(c)dz—= f(z) dz + | f (x) dz ane \ f(z) ar }- 
a a B i“ 
- lim f(r) dec= lim { f(z) dz 
BR ++-a0 A>+—a@.,. 
B++~ ‘A 


the last limit existing if and only if for f+--. and B—++o the corres- 
a i 


pomding Tinvits  binn fervdr and lina \ fdrpadr exist when 4 and # lend 
7 A --+—oo e Boo <! 
a 


lu their limets independently. 


=~ J Poo t 
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a 
the type \ f(z) dz is reduced to the corresponding integral of the 
4-30 = 
form f(z)dzx by a simple change of variable if we substitute 
a 
—e for xz, and therefore in what follows we shall limit) our- 


+o 
selves to studying integrals of the forimn \ 1 (x) dz. 


a 


Let us consider some examples. 
oN B 
I. The integral \ sin zgda= lim | sin de = lim (1 — cos #) 
. H---L3 « fine ox 
0 1 
is divergent since cos B has no limit and oscillates between — 1 
and --1 as B—-- oo. 
-.237C 


es ¥ d.t ee eis 
Phe integral \ 7apr converges because the finite lint 


I -_ Ww 
de : By 1 
Linn roe lint [are tan J% —- are tan 1] => — ( — 5] Bit 
R seftogue aE B.!-s0 fi 2 
-—-~n-t “1 =~ 
exists. 
Oo. Phe integral 


-{-90 


C : 
\ — dec where C const >Q aud @>0 
a 


is important for ouvi further aims. [tt converges for %>>1 and 
diverges for a<1. Indeed, we have 


= Cin = fora=1 
704 le =i 8 for a4 
and therefore 
‘3 ai -@ 
hiin ( dr= Cant at al 
sae ta 'co fora<t 


This integral is widely used when applying the comparison test 
to testing various improper integrals for couvergence or divergence 
(see Theorem 9.3 in Sec. 4). 

q"é 


2. Reducing Improper Integral of the Form ( f(r) dx to Nume- 


id 
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rical Sequence and Numerical Series. Testing an improper integral 
+ co 


\ f (z) dx for convergence can he reduced to testing convergence 
a 
of number sequences or number series. 


20 
According to Definition 1, the improper integral { } (a) dz 


B 
is the Jimit of the function ¥ (7%) =\f (z) dx for 8& -» -=-ow. 


a 
Applying to /(B) the definition of the limut of a function in terms 
of sequences (e.g. see [8], Chapter 4. § 2) we arrive at the following 
test: 


-l 99 


har the integral f(z) dx to be convergent it is) necessary and 


td 
sufficient that for an arbitrary choice of a sequence vf points 


B,m> a n=l. 2, ...: B,—~ ~ 00 for n-+ co ({).29) 
the numerical seauence 
By, 
\7 (Pedr, rT 2 ay. Hes ({}.43) 
. -3- G0 


converge to the same finite limit. In case the integral [ / (x) dx is 


e3 
convergent the limit of sequence (9.6) is equal to the valne af the integral. 
Nolte that (9.6) is a sequence of partial sums of the scries 


By Be Bn 
| {(z)dx+ | f(a) dx... + ) f(a)dr--... (9.7) 
a By Bnet 
and therefore the above test can be rephrased as follows: 
+25 


For the integral \ { (x) de to be convergent ti is necessary and 


Ga 
sufficient that for any choice of sequence of points (9.5) number 
series (9.7) converge and ils sum be independent of the particular choice 
~- = 
uf the sequence. If the integral \ f (xv) dx converges the sum of series (9.7) 


tad 


ce 
is equal to the integral. 


Note 7. Vf f(r) is a Tunetion with alternating sien on the interval 
ascr< too, the convergence of series (0.7) for a specine choice 
of potnt sequence (9.9) does not imply. in the general ease. the eau- 


es a 
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+90 
vergence of the integral \ f@ dz. For instance, the integral 


a 
+ 00 


\ sin x dz is divergent (see Example 1 in Sec. 1) although the 


+20 2m(n+1) 

series >| sin z dz converges because all its terms are. equal 
n= 22n 

to zero. 


[fa function f (x) retains its sign for all z > a, for instance, f (x) 2 VU 
for all c Sa, then for the integral \ { (x) dx to be convergent it i> 


a 
necessary and sufficient that series (9.7) converge for at least one choice 
of a@ monotone increasing sequence of type (9.5).* 

The necessity of this test follows from the above. Let us establish 
its sufficiency. Let f (x) > U for all x > aand let series (9.7) converge 
for a monotone increasing sequence of type (9.5). The sequence (9.6) 
of parlial sums of the series is monotone increasing (or nondecreasing) 
and tends to a finite limit J. We shall prove that for any other choice 
of a sequence 


Bo — a, m= 1, Ze us Sara Bi» —> -0o for m —» -+0o (9.5°) 


the corresponding series 


Bone) 


By By 
\ f(z) dx+f f(xjdxt+...+ | f(addz+... (9.7) 
rad Ry a 
is converging and its sum is equal to J. 
To prove the assertion we shail use partial sums uf series (9.7) 
and (9.7’). Given ¢ > 0, there is Bz, such that the inequality 
Bny 
J—ex ( f(x) dz<J 
holds. Let us choose my, such that for all m 2m, the inequality 


Bin = B,, is fulfilled. Furthermore, for any Bj, there exists Bay, > 
> Ay, and therefore we have the inequality 


Bno Be Nn, 
J—e<x ( f(a)dr< | f(x)dr< \ [(z)dr<J 


* Compare with the well known Cauchy integral test for convergence of 
an infinite ceries (o.@. ace JR}, Chanter 13. §2. Sec. 4): 
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for all m2> mg since f(z) is nonnegative. Consequently, 
Bin 


lim j {(x)dz=J, which is what we set out to prove. 


TR —» ~~ OO 


pe Take the function 


2" for ngrgntoa, n= 1, 2, 
(x) = 
QO for n+ = <r<cn+i1, n=1,2,. 
Then the integral 
boo +o n+1 “$90 
\ f(z)dz= >; \ j(z)dz= J op =1 
| min n=1 


is converging. 
Note 2. The above example indicates that even if a function / (z) 


-}+ 20 


is nonnegative the fact that the integral \ f(z) dz is convergent 


a 
does not imply that f(z) +O for xr — 4-0, 
3. Cauchy Criterion for Improper Integrals. The convergence of 
an improper integral 
--00 B 
\ f(x)dz= lim \ F() dx (0.2) 
Ts ee 


is equivalent to the existence of a finite limit of the function F (Bb) = 
B . 
= { f (xz) de for B + +00. According to the Cauchy general cri- 


terion (e.g. see [8], Chapter 8, § 1, Sec. 2), F (B) tends to a finite 

limit as B —» +00 if and only if for every ¢ >> O there exists B (e) 

such that | F (B”) — F (B’) |< e for all B’ >B (e) and B” > 
B 


>B (e). Taking the expression { f (z) dx as the function F (8) we 


a 


obtain the following 


Cauchy’s aia (for Convergence , an Improper Inte- 
grat of Type { f(x) da). An integral y { (x) dz converges if 


and only if for every & => 0 there exists B (2) such that the inequality 
BY 
| \ f(rvdri<e (9.8) 


13° 
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holds for all B’, B" > Bie), which is equivalent to the requirement 
that the integral 
Br 


\ f(x) de (08") 
rk 
fends tu zero for B ~» —oc, B” —+ ~—oo. 
Cauchy test (9.8) may sometimes be directly applied to testing 
some integrals for convergence. 


=-.0 


: : : : spr : 
Akzample. (et us consider the integral —— dr. Its integrana 
{ s 


wa 


; Sir é ; : , 
/ (2) =——— can be regarded as a continuous function if we put 


f(z) = 1 for z =U. Integrating by parts we get 


ne Re 
sinz cos B’ cos B" cas x 

dz = —— — —_.—-- — | —;: dz 

7 f B {3 - 

1 

Therefore 

Be | KK” 

: Sw . { | | [ cus i | : 
Tiss toe t+ _— ~d z 

| r a <P ORR & : : 

i? ti 
yb id 

1 ft de]. 2 2 , a 
ST op Ty) Ls ~O for 2, Bo a-e + ow 
fi ' BB" } | \ a2 | x B B* ) 

ji 
no 

Sin x 

llence., the integral \ —— dx Is convergent. 
0 


ut it should be noted that in many important applications the 
Cauchy test is more effectively used not for investigaling concrete 
integrals but for establishing general tests providing some sufficient 
conditions for convergence which can be applied to practical pro- 
biems. Before proceeding to study such tests we shall introduce 
the notion of an absolutely convergent improper integral which is 
anuogeus to the notion of an absolutely convergent) numerical 
Serius. 

A, Absolute Convergence. Tests for Absolute Convergence. 


Definition 2. Leta funetion f (a) be integrable in the ordinary 
settse over every finite intervala <qri hl acp< io.* fin proper 


* AS is known. integrability of f(r) in the ordinary sense over a finite 
tideised dplice Inftegrahifite in the artinary cemse ofb fry over the interval. 
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infegral (9.2) is said to be absolutely convergent Uf ihe integral 


~<- 00 


{ If (@)Idz (11.0) 


converges. 


Theovene O.t. Th trtegrat (9.2) converges absolutely i is con- 
vergent. 


Proof. ludeed, integral (3.10) being a Se it follows that 
for every e > O there is #2 (¢) such that \ | f (ax) | dz | <e flor 


all BY, B"™>B (Ce). But we always ans 


B: be 
! \ f(x) da | \ lf (x) | da| ({). 10) 
Be ie 


Which implies 


* 


rerdr|< <| \1F0 }dx| <e for all B’, B’> Bir) 


Ilence the conditions of Cauchy's test are fulfilled for integral (@.2). 
Consequently, integral (9.4) is convergent and thus the theorem 
has been proved. 

Note ¢. Vhe fact that integral (9.2) converges does uot inmiply 


- 


: : r Sins 
its absolute convergence. For example. the integral ay 


0 
*- 00 
: }sin 2 | i : 
converges (see Sec. 3) while the integral —— dx is divergent. 
a 
To prove the jatler it is sufficient (see Sec. 2) to show that the 


+00 m(n+ 1) 


: sin 7 
number series 5' ! at 


I 


dz is divergent which can easily be 


n=0 na 
done by applying the comparison test for numerical series. In 
fact, we have 


qi{at-i- 1) Kea 1) 
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+-x -}-90 
2 2 eee : 
and the series > 2 is (livergent because it differs from 
“Ue st re 


¢€ 


the harmonic series only in the constant factor a 

Note 2. Let f(x) be a function delined for ag ar<4 oo and 

integrable over every finite interval aciz< FR. Then, for any 
-+-oo 

a, >>a, we can assert that if the integral y {(z)dzx is absolutely 


Qi 


convergent the integral f(a)dzx is also absolutely convergent 


tt 


-+- 00 + co 
Lecause for any of the integrals \ |f(z)]dx and | |{(z)|dzx to 


a a 
onvergent it is necessary and sufficient that 
Be 


| |i(2) [dz 0 for B’, B°++o@ 
B’ 
o test an improper integral for absolute convergence we usually 
apply comparison tests. 


Theorem 9.2 (General Comparison Test). Suppose that 
the inequality 


If) lag @ (3.11) 
holds for all sufficiently large x. Then tf the integrat 
\ g (2) dz (9.12) 
is convergent the integral** i. 
\ f(x) dx (9. 13) 
is absolutely convergent. : 
4-00 


* [f an integral of the form ) f(z)dzx is convergent and the integral 


a 
+ oo 
. 


\ i /(2)| dz is divergent the former is called conditionally cenvergeat. such 


eo 


er 
tnteyrals are treabed in Sec. o. 

** In Theorems 9.2, 9.3, 9.3’, 9.3" and 9.3" we suppose that the function 
f(z) is integrable in the ordinary sense over every finite interval «a Qazi B, 
mien’ Ff. 1 me. 
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Proof. Yhe conditions of Cauchy's test holding for convergent 
integra! (9.1). inequality (9.41) implies that for any e¢ > 0 there 
exists £ (ge) such that 


Ty 


Sire ide| | | g(z)dz|<e for all B’, B’ > Bie) 
B Br 


lee. the conditions of Cauchy’s test also hold for the integral 
+ 00 
| | / (xz) | dx. Consequently, this integral is convergent whence 
a 
it follows that integral (9.13) is absolutely convergent. The theorem 


has been proved. 
In Example 3 of Sec. 1 we showed that 


oo B —& 

TP Caz _ ¢ Cdz C——- for 2>1 
| z= lim \ = = 

. 4 +20 tr . 

ne one ot + co for a<1 


for a >> Oand C >> Q. Therefore, on the basis of the general compari- 
son test we obtain 


Theorent 2.38 (Speetal Contparison Test). Let an improper 
-}-00 


integral f(z) dx be given. 


tf ay <& for all sufficiently large values of x where 


+O and a>, ‘the integral converges absolutely. 
= Tf for all sufficiently large values of . the function f(r) 


satisfies the inequality {ze or {(x)< — where C >0 and 
Z T 


a<1, the integral is divergent. 
Proof. (1) Putting g (zr) - — in the general comparison test and 


taking into account that the integral 
yr a— Ii 


+O 4 
Cdr Car == 
- converges 
nt 


for a> 1 and a>O(* we see that the integral /(z)dz ts ubso- 


rE 


lutely convergent. 
* We suppose thal @>0 because, ii otherwise, @ can he replaced by 
|-> +4" u 
a, > U0, and the integrals | f(z)dr and \ fort¢r are simultaneously abso- 


a fay 
Lulely converernt ar divercent 
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(2) Let f(z) where C>>O and a<i1 for all 2 >a, >a. 


B 
Integrating between the limits a; and B we see that f(z) dx > 
B a 
d. 
2C\ Sor coo for B-+-+ 00 since a<1i. Hence, the integral 
ay 


fe 
“4 


f(z) dx diverges, which implies that the integral f(z)dx is 
ay 


also divergent. 
if {(z)<—— for all x 2a, > a>0, C>0 and a1 we can 


= ¢ 


put f/*(z)= —f (az) and then /*(z) > — for all 2 >a, >a > OQ, and 


+o 
consequently the integral | {* (x) dx diverges. Vherefore the integral 
a 


+ 20 i t; 
\ f[(z)dr= awn n_ J f(2)de= —him | f* (2) dz 


alsa diverges. 


Note Z. Part 2 of Theorem 9.3 can be equivalently formulated 
C 

as follows: if a function { (2) retains its sign and | f(z) | >> 
x 


for rit sufficiently large x(x >a) where C>0 and a<1, the integ- 
ral i f(x) dx diverges. 


Note 2. The fact that the condition (ales. C>0, «<1 


holds for a function f(z) Joe all sufficiently lara x>a may not 

imply that the integral f f(x) dz is divergent. This integral may 

turn out to be convergent if f(z) is a function with allernating 
+ oo 


sign. For example, we can easily show that the integral f(«c) dz 
‘f 
where the integrand is determined by the relation f(a) = 


=(—1) + nan 1, 2 = 1,2, 3. ..., U<cacl, conver- 


CH. 9. IMPROPER INTEGRALS $95 


--05 
yes although | / (xr) |= es and the integral | f (x) | dz diverges for 
v ° 
Qaag<t. 


The test based on comparison with the function me cap be reph- 
& 


rased as follows: 
Theorem 9.3 (Wodified Special Comparison Test), Let 
+50 


the integrand in the integral \ f(z)dx be representable, for all 


suffictently large x, tn the form f(z) = 422. Then (A) if g(x) ts 
o 


bounded in its modulus and a>>1, the integral is absvluiely con- 
vergent, (2) if g(x) retains ifs sign, |g (x)|>const>> 0 and a < 1 
the integral diverges. 

The following form of the comparison test based on comparison 


: C ; ; 
with the funclion — sometimes proves to be convenient: 
A 


Theorem 9.3" (the Limiting Form of Special Compa- 
vison Test). Let the limit lim | f (z) | 2z* = C exist. Then (1) if 
x-+-+ 00 


+ 990 


Q<C << +00 and a >1 the integral f(z) dz ts absolutely 


a 
convergent, and (2) if O<(.C < +00, a <1 and f (x) retains its 
sign for all sufficiently large x, the integral is divergent. 


Proof. A)IWLO SC < + ow, we have, for all sufficiently large z, 
the inequality 


| f(z) | z*< 2C, i.e. If (x) p< 22 


) 
r= 


for C>0 


and the inequality 
| f(z) |z* <1, ie. |f(z)|<—. for C=0 


+co 
Therefore, by Theorem 9.3. the integra! \ /@) dx converges 
a 


absolutely. 
(2) TF O<— Cx too and « <1, we have 
C 


> | 
27@ 


[i (2)lat#>Z, ie. [f(2)|> lor C<-+ 
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f(z)|2t>1, ie [f@| >, for C= -+ 0 


for all sufficiently large z. and hence, on the basis of Note 1 after 
+30 


Theorem %.3', we conclude that the integral { (x) dx diverges. 
a 
The theorem has been proved. 

Note 3. Theorem 9.3” (the modified comparison test in the limit 
form) embraces a narrower class of functions than Theorem 9.3’ 
(the modified comparison test) because Theorem 9.3", unlike Theo- 
rem ‘).3’ is only applicable if a finite or infinite limit of | f (2) | 2 
exists for z2— +0. 

Theorem 9.3" implies 

Theorent 23" (Special Comparison Test tn Terms of 
Orders of Lufinitesimats) Let |f (z)| be an infinitesimal of 

J 
the order of — for zx-» +00. Then (1) if a >1 the integral 
a 


-+- a0 
\ ] (x) dx converges absolutely and (2) if a <1 and f (zx) retains its 
a +00 
sign for all sufficiently large x, the integral \ f(x) dx diverges. 
a 
We remind the reader that f (z) is said to be an injfiaitesimal of the 


order of he (1 > VU) for z—> *+co if 


fae CA 2 Via |f(~)|z*=C where O<C< + 0 
: x~-+ +00 


Note 4. [t is obvious that Theorem 9.3” is applicable to a still 
narrower class of functions than Theorem 9.3” since its conditions 
include the existence of a finite limit of |f (2) |2®, for x —~ -} oo, 
different from zero and infinity. 


Laramples 
+-c0 

1. By Theorem 9.3, the Euler-Poisson* integral | ¢-** dx is con- 
y 


vergeul since the exponential function e—**? decreases faster than 
wuv negative power of xz as 2— Loo and, consequently. we have 
: C 
—-xXe 
c <r 


Peissving Ciieois Denis (91781 (249. 9 French mathematician 
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for all sufficiently large z where C = const > 0 (here we lave put 
a = 2 but any other number exceeding 1 can also be taken as «). 
Theorem 9.3’ also indicates that this integral is convergent because 
we have 

lim «2e-" =O (a = 2) 


x= - oc 


2. The integral e~*gl'-! dz converges for all real values of p. 


a 
¥ 


Indeed, to prove this we can apply, for instance, ‘Pheorem %.4° 
Sinee the relation 

lim <2 * 0 

XxX 


is fulfilled for all such p. 


+. Let us consider the integral i tor — dz for nO. We have 


~ 


1 
es ee, ae 
[ me ig Mt — am qtoo47a = ynnne £ (x) = { 1 og Th 


i : ies 
where = < g(r) <1 for z 214. Therefore, by Vheorem 9.3', the 
infegral is convergent for rn — mw o> 1 and divergent for a —m <1. 

5. Conditional Convergence. 


Depinuétion yo Am integral 


+00 
) j (2) de (9.14) 
a 
is said fo be condilionally convergent if if converges while the integral 
+00 
{ 1f@ lar (9.15) 
a 


diverges. 
The Abel theorem given below makes it possible to test some 
conditionally convergent integrals for convergence. 


Theorem 9.4 (thel’s Test). Cet o (zr) be continuous and g (x) 


be continuously differentiable on the infinite interval a <= x << -}-00. 
B 


Tf the antidevicvalivce DOB) = ly Crdhe is frosended atu the trterval 


a 
ax < +00 and pg (x) is a monotone decreasing function wlhich 
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tends to zero four r— +oo, the integral 
ve 
| @ (z) g (2) az (9.16, 
@ 

is convergent. 

Proof. We shall show that, under the conditions of the theorens. 
the requirements of Cauchy's test are fulfilled for integral (9.16). 
Integrating by parts we obtain 
he is* 
tg (x) g (2) de = H(B") g(B") —  (B’) g (BY) — Vo (2) g (x) dz 
3 bs 
The function g (z) being monotone and decreasing as 2 —» -!-00, 
we have g° (z) <0, and it is therefore allowable to apply the genera- 
lized mean value theorem to the Jast integral. This results in 

ic” 
| ® (x) 4 @) dz = \¢ (2) dx = (&) [g (B")— 6 (BY) 


i’ 


where = lies between B’ and B*°. Consequently. 
BR" 
(4 (2) g (2) dx = W (B’) g (BY — 0 (B’) g (BY —@  [g (B")—8 (BY 
B’ 
The antiderivalive © (B) being bounded, it follows that 
B” 
( e(2)g(z)dz>0 for BY, B’ ++ ox 
B’ 
since g (8B) tends to zero as #2 — --oo. The theorent has thus been 
proved. 
iaxamples 
oo 
1. The integral | a dx is couvergent for 2 >Q_ because 
L 


ai ; ! 
if we put q (7) = sinz and g (z)=:—-, we nave 
wo a 


al 


| D (2) | =|fouae == | sin xdx|=[cos 1 —cosx|<2 
Pi 


peo EO came 


; 1. : 
for mS z<-} ow, and g (z) a is a monotone decreasing funce- 


(ion tending to zero for z-» +oo and a =~ U. 


CH. 9. IMPROPER INTEGRALS 399 


Note. We can prove that the above integral is convergent without 
resorting to Abel’s test if we apply Cauchy's test and integration 
by parts as it was done at the end of Sec. 4. 

2. Vaking the integral 


(Inaz)singz a5 


at 


Inez 


and putting q (z) = sin x and g (xr) ~— we see that, by Abel’s 


lest. it Is convergent. 


—-w& 
a 


3. Let us consider the Fresnel* integral | sim (2°) dx which is 


() 


used in opties. Putting z* = ¢ we obtain 
“i-30 ee 
2 35 _ Sin! 
| stn (2°) dx = \ SE Vi dt 
0 0 


The Abel test’ indicates Uhat the latter integral converges. 


G. Extending Methods of Evaluating Integrals to the Case of Impro- 
Integrals, When evaluating improper integrals we can change 
variables. iutegrate by parts and represent the integral of a sunt 
of functions as the sum of the integrals of these functions, thal is 
apply all the methods of evaluating proper integrals. The correspon- 
ding formulas are valid provided all the integrals entering inte thern 
are convergent. 
Let us iflustrate the significance of the cd — by 


taking a concrete example. The integral \ x Seago I con- 
vergent (which, for instance. can be established on the basis of the 
special comparison tesi). Let us write down the decomposition of the 
integrand into partial fractions (e.g. see [8], Chapter 7, § 7): 


Bs ee (+) 
x? —z—2 3(¢4-2) © 3(x—1) 
4-99 B ihias 
It is obvious that the integrals {= <a and | — ——y are divergent. 
3 3 
Vherefore the equality 
~ -}-a0 Lao 
dr 1 dx |, | dz 
\ gitg—-2. 3 ) gee FR | z-~f 
3 3 


“ Fresnel, Augustin Jean (1788-1827), a French optician and geometoer. 
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is incorrect. To use decomposition (*}) for evaluating the integral 
we can integrate (*) from QO to A and then transform the right- 
hand side of the resulting equality to the form 


A A 
i dz _ i f dx | 1 da ax jell 2 At | 
yetgr—? a ro ae z—I 3 2 AS 2 
3 3 3 


Now passing to the limit in’ the last equality as A—+-+ oo we 
obtain 


t [ ini rs) 
e eee ae Z 
3 


g 2. INTEGRALS OF UNBOUNDED FUNCTIONS 
WITH FINITE AND INFINITE LIMITS OF INTEGRATION 


\WWe shall lirst consider the integrals with finite limits of integra- 
tion. Let a function f (z) be defined everywhere on an interval [a, 3] 


Fie. 2 Fig. 0.3 


excepl possibly at a finite number of puints. A point Xp € la, d| 
will be referred to as a singular point of f (z) if f (z) is unbourded 
in every neighbourhood of the point z9. For example, the function 


1 , 
= for U<cr<l 
f(z) = 
Q for r= 
has the singular point 2 = 0 (see Fig. 9.2). 
The point « = 0 is also a singular point for the function 


(2) fae n for Omari 
() for 2z=0O 


(Fig. 9.3). lt should be noted that in the last example the func- 
tion f(c) does nol have an infinite limit when 2 -» VU because it turns 
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inte zero infinitely many times in-every arbitrarily small neighbour- 
hood of the point z= 0. 


Definition. Leta function [ (zr) be defined on an interval [a. b| 


everywhere except possibly at a finite number of points. Lf x = 6 is 
D-ka 


a singular point of the function f (x) and the iniegral i (ri dz 
a 

exists for every wu, Ocmp<tb—a, the improper integral 

U 


{ J (x) dz is understood as the limit 


{4 
b-—wu 


b 
| f(x) dz= lim \ f(z)dz (9.07) 


Ll — 
ta ae 


lf this finite limit exists integral (9.17) is said to be convergent, 
if otherwise it is called divergent. 


We similarly define the improper integral in the case when the 


singular point of f (z) coincides with the Jeft end point z = ea of the 
interval olf integration [a, b): 


b b 
\ f@) dx = lim | f (x) dz (9.18) 
a coat ® | 


{If both end points r=a and x=0 are siugular points of f(z) 
the integral is defined as 


b = 
J £2) drt= ear 1 { (2) dz ({), £9) 
noo at. 


If an interior point c£=c, a<ic<tb, of jthe 


interval [a, 6} is 
a singular point of f(z) we - 


b le 
f(z) dr= bere ' t } (x) dz — f (x) dx | (9.20) 
a a Bat, a CA 


Let us now discuss the conditions guaranteeing the convergence 


of an improper integral of an unbounded function. Applying Cauchy’s 
criterion to the function 


= \ f (x) dz (M21) 


for nu — --O we obtain 
20—03824 
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Cauchy's Lest (for Iniproper Integral (9.17). For inte- 
gral (9.17) to be convergent it is necessary and sufficient that for every 
@->0 there exist 6 = 6(t) >O such that 

b— 4” 


| { f (2) dz|<e for all O<cw’, p" =< S(e) 
b— yw’ 


Cauchy’s test for integrals (9.18)-(9.20) can be formulated in 
a similar manner. It can easily be shown that integrals (9.19) and 
c b 


(9.20) converge if and only if both integrals \ F(z) dx and { f (x) dz 


a c 
are convergent, and that in the case of integral (9.19) the point ¢ can 
be chosen arbitrarily. If integrals (9.19) and (9.20) are convergent 
we have the equality 


f(z) dz= f (x) dz-+ f (x) dx (9.22) 


for both integrals. 

The same idea can be used for defining an improper integral with 
an integrand having a finite number of singular points on its interval! 
of integration [{a, Db]: the interval is broken up into a finite number 
of subintervals in such a way that the function f/ (z) has a singular 
point at only one of the end points of each subinterval. 

Thus, the general case is reduced to integrals (9.17} and (9.18). 
Rut integral (9.18) reduces to the corresponding integral (9.17) 
if we substitute —z for x. Therefore we shall limit ourselves to 
Studying integrals of form (9.17). 

Absolute convergence and conditional convergence are defined 
for integrals of unbounded functions like in the case of integrals 
with infinite limits of integrations. Cauchy's test makes it possible 
to prove that an absolutely convergent integral is convergent and 
also to establish the following test. 


(feneral Comparison Test. If 6 is the only singular point of 
f (xz) on [a, b| and | f (z) | < g (x) for all x Ela, b) lying sufficiently 
b 


close to b and if the integral \ g(x) dr converges, the integral 
a 


{ (x) dx is absulutely convergeni. 


Let us now formulate a test based on comparison with the func- 


e C 7 « - ran e 
tion bone which is analogous to Theorem ¥Y.3. 
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Special Comparison Lest. Let a function f(x) dehned on 
[a, b] have a singular point at the end point x=b and let the 
b—4 


integral { f(x) dz exist for every wp, O<cp<cb—a. Then 
a 
(1) if we have 
| f (x) |<—"“—_ where 0K Cem, at (9.23) 
(b— x) 


b 
for all x€ fa, b) lying sufficiently close to b, the integral \f@) dz 
converges absolutely; ° 

(2) if we have 
i (@) >— where C>0, a1 (9.24) 


r)* 
for all x€{a, b) which are sufficiently close to 6 or 
I (2)<—T where C>0, a>i (9.24") 


for all x€|a, b) lying sufficiently close to b, this*integral diverges, 


Proof. (1) In this case we have 


{ sedel<| J etas|< | J, 
b—w’ 


- uy! *— (py)! 
1—a 


co i. 


—0 


b 
for x<(1 and p’, p’—Q. Consequently, the integrals | f(@)de 


b 
and \ | { (z)|dz are convergent. 


a 
(2) Let us suppose that f(z) is nonnegative.* Then we have 


(2) >a for a<a,<r<tib, a>i 


* If f(z) is nonpositive we introduce the function /* (x)= —f(z) which 
is nonnegative, and if the integral \r {z)dz diverges the integral 
b b 
\ f (*) dz— — | {* (z) dz also diverges. 

a a 


26 
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and 
b— b—Uu 


{ f@az> { —* 


—_—— dz— --oo for »>0+4+0 and aSi 
* (b—x)* 

a? Qt 

because 


c{ pio _ (b—a;)'-& 


1—a@ 1—a 


| for a> 


ay Cia for a=1 


Hence, the integral \ #2) dz diverges and thus the _ integral 


ai 


{ {(x)dz also diverges 


Note. Part (2) of the above theorem can be formulated equiva- 
lently in the following form: if (21> for all x lying 
so 


sufficiently close to b where C>>0, api and f(x) retains its sign 
Vs] 
for these values of x, the integral \ F() dz is divergent. 


a 
The above special comparison test can be rephrased as follows: 


Modified Special Comparison Test. Let a function f (x) 
be integrable in the ordinary sense on every finite interval a zr < 
<b—i where O<A< b — a. Suppose that this function can be 
—E (=) _ in a neighbourhood of Ob 
(6—x)* 

(i.e. for b—S<xr<b, 86 >D, 6< b —a). Then 

(1) if g (x) is bounded in its modulus and a <0 1, the iniegral 

b 


represented in the form f (x) = 


\ f (x) dx converges absolutely, 
a 
(2) if g(x) retains its sign in a neighbourhood of b, | g(x) | > 
b 
== const > OQ and oa 21, the integral \ f (x) dz diverges. 


a 
The modified special comparison test can be formulated in like 
manner in the case when the only singular point of f (z) on the 
interval [{a, 5) is located at the end point z= a. 
It is also possible to formulate and prove the special comparison 
test in the limiting form, which we leave to the reader. 


q e 
be 
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We remind the reader that |f(z)| is said to be of the order of 


—# — for z—>b—0 if 
(6— =z)" 


lim T+)" lim (o—z)* |f(z)}=C where 0<C< +0 
x—+db—0 x—b—0 


rd, 
Let us now formulate 
Special Comparison Test in Terms of Orders of In- 
fintties. Let |f (x) | be an infinitely large quantity of the order of 
ees (a >0O) for r+ 6 — 0.* Then 
b 
(1) if a<c1 the integral | t@) dz is absolutely convergent. 


a 
(2) if @ 21 and [ (2) retains its sign in a neighbourhood of x = b 
(i.e. forb—Axclxzr<b,0<A< b — a) this integral is divergent. 
This test is formulated similarly when f (x) has a singular point 
not at the end point z = 0b but at the end point z = a of the inter- 
val [a, dj. 


&zxamples 
dr ? 
1. The integral |= converges since we have 
ee 1 Vi-s . 
1 1 1 1 
LL) Soo Oc ee ss _ FF IT 
i (2) YWi-—z (Q—-r)'/2 (t4+z4 22)! (i—ri' § (2) 
where g (x) = is a bounded function. Ilere we have 


(1-2 32)!/° 


a=Q, b=1 and a5. 


2. Consider the integral [+ 07 dz. We have 


sin x 


where g (x) = is a function bounded in its modulus, and 


sinz < g(z) <1. Here we have a=-- 0, b= 1 and a=p— 1, 
Therefore the integral converges for ~ = p — i< 1 and diverges 


for a9 = p — 1 1. Thus, the integral jane dx is convergent 


for p<. 2 and divergent for p > 2. 


* The function = (x) is supposed tu be integrable ia the ordinary sense over 
every interval axz<xb—aA, Oe hah —a. 
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Abel’s test for improper integrals with finite limits of integration 
can be formulated and proved by analogy with Abel's test for 
improper integrals with infinite limits of integration (see § 1, Sec. 35) 
and we leave this to the reader. 

Finally, we can change variables, integrate by parts and break 
up integrals into sums of integrals in the case of improper integrals 
with finite limits of integration under the same conditions as in the 
case of improper integrals with infinite limits of integration (see $ 1, 
Sec. 6G). 

Now we shall briefly discuss the integrals with infinite limits 
of integration of unbounded functions having a finite number of 
singular points. lf an improper integral is taken over an interval 
a@a<xr<t foo or —w<2< a or over the whole z-axis —o < 
<i 2<Q +oo we break up the interval of integration by means of one 
or two points of division into one finite interval containing all the 
singular points of the integrand f (z) and one or two semi-infinite 
intervals without singular points of f (z). This reduces the improper 
integral of the general type to the above special cases. The original 
integral is, by definition, understood as being equal to the sum 
of the integrals taken over the subintervals the original interval 
of integration is broken into. 

The oripvinal integral is said lo be convergent if and only tf all 
the integrals over the subintervals are convergent. If at least one 
of these integrals is divergent, the original integral is regarded as 
divergent. 

It can be shown that the definition of convergence of the original 
integral and its numerical value (provided this integral 1s convergent) 
are independent of the choice of the points of division. 


Exam ples 
+ vo 
3. Take the integral | e*x?dz. If p—1<0, the integrand 


has a singular point at =O. Therefore let us divide the interval 
of integration into two intervals, e.g. [0, 1] and (1, + 0), by 
means of the point r=1. This results in 

+90 { 4-90 

\ e*7'ldzr= \ ez? I drt \ e*z7?-ldr 
0 1 
‘ 


The integral i’ Se > dx converges for i—p<1, that 


aw @ 


1-P 


is for p>O, and diverges for p<0. As has been shown (see § 1, 
i 


pec. 4), the integral ) eta dx converges for all values of p, 
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+30 

—oo< p<i+oo, and, consequently, the integral e*zPl dr* 
0 

converges for all p=>>QO and diverges for all p<(O. 


4. Consider the integral | 2?In? — dz. Performing the substitu- 
ni 


tion In =1 (—=e', zee and dr= —e' dt} we oblain 
l 0 — a0 
| 2? in? — dx = — \ e~Ptytet dt — { (le- +I de 
0 + 00 v 


The integrand in the last integral has a singular point ¢=0 aud 
therefore we break up the integral into two integrals: 


+-oo 1 +20 
\ {Ve-(P+ it dy = j en (P+ ANT dp. | e-(P4+A0t/d dy 
0 0 l 


e (P+ ie 


<q dt is convergent only for 


i i 

The integral | e-@rnes dt = | 

0 0 

—g<cl, i.e. for g=>>—1, irrespective of the valnes of p. The 
+ oO 

integral \ e~(P+NT dt (with g>>—1) converges only if p 4 1>>0, 


i 
| 


that is only if po>»—1. Consequently, the integral | 2” In? — da 
converges for p>>—1 and g=>>—1 and diverges for all the other 
values of p and q. 

+ co 


29. Taking the integral | = 


eens (io ey? and performing the 


change of variable InlInz=t we find that the integral converges 
for p>>1 (and arbitrary g) only if r<cl. If p=1 it converges 
only if r<t1 and qg>0O. Finally, if p<¢1 the integral diverges 
for any r and gq. 

* This integral is known as Euler's integral of the second kind (the 


gumima function) and is designated by [(p), i-e. T(p)= | e-xzP-ldzx (see 
0 


§ 3 of Charter 10). 
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§ 3. CALCH Y’S PRINCIPAL VALUE OF A DIVERGENT 
IMPROPER INTEGRAL 


Let a functiecn {(z) be HELO FERAS in the Bramnety sense on every 


finite interval of the z-axis. If the limit lim [ steyaz does not 
A+ — 00 
B-+-+-00 A 


exist when A and & tend independently to their limits, i.e. the 


intevral i {/(x)dzx diverges, but the limit lim ( }(x)dzx exists, 


A-~>--09 4 
the latter is called the (Cauchy) principal value of the divergent 
integral j f(x) dz. In this case we write 
so - , 
V.p. ( f(z) dc= Po J f(x)dz (9.295) 


(the nolalion v.p. originates from French valeur principale prin- 
cipal value). 

Now tet f(z) be a function defined on an interval fa, 0] and 
having only one singular point c, a<te<ib. Suppose that the 
integral 


b c—?, b 
jidem Jin 4 | f(x) dx + \ { (x) dx} 
at p— 0-0 qa C+ i 


is divergeut, that is the limit of the expression in curly brackeis 

does not exist when AO and nw >O independently tend to zero. 

Then if the limit of this expression exists for A=>p—>O-0 it is 
b 

called the principal value of the divergent integral I(x) dx 


and denoted as 


Wc a { f 4 (2) ax + f (2) dx} (9.26) 


cA 
em 
. If f(z) is an odd function (i.e. f(—2)= — f(x); see Sec. 6 in 
4 of Chapter 11) defined on (—oo, -+- co) the principal value 
os ved “1 
vep. | f(z) da = lim ) {(z)dx=0 
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2. If f(x) is an even function on (—oo, +0) (i.e. f(—7) = 
= f{x); see Sec. 6 in § 1 of Chapter 11) we have 
A 


A 0 
| f(a) dz=2 ( jf (z)da=2 \ f(x) dz 
-A 0 “A 


-+ oo 
for any A. Therefore, if the integral | {(x)dx of an even func- 
3 ; 
tion diverges, i.e. if at least one of the integrals f(z)dz and 
+o ead 
f(z) dz does not exist, the principal value v.p. \ f (x) dx does 
4 J 


not exist either. 
3. Let us apply the notion of the principal value of a divergent 
improper integral to evaluating the integral 


2m 
ZL= \ eae dz, where n and m are integers and O<c¢om<n (9.27) 
This integral plays au important role in the theory of £uler's 


integrals (see § 3 of Chapter 10). We have 


xr-m C : 
———_—__— — -- . — 
| {+-x2n <= 7 for r—»-+ oo, Where C =const >0 
. (2k+-1)n 
Besides, all the roots z,=e “*" =an+ib,, K=0,1, ..., 2n—1, 


of the equation 1+ 277"=0O are not real. Therefore the integrand 
has no singular points on the z-axis and the integral thus con- 


; Sas ‘: : 29 
verges. Taking the decomposition of the rational fraction eee 
into partial fractions and integrating from —l to Z (t>>0) we find* 
t : an-1 I ; 2n-{ i 
gem z dz 
\ top aoe ieee \ a ) LTR a ‘A j (2 —ap)—ib_ 
—! == _ = —! 
2n—} : 


= 3 An t | ee ee i { go 

= Ld (ean)? + bi J (zany bh J 
* An integral of a complex function u(z)— fe(z) of a real variable x 
where a({z) and v(z) are real functions is defined as We (x) iv (xj) dz = 


= itera A wiltiee: 


' 
Ad 
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1—ay)?+ dk 
= ¥ A, dln {= eee 
3 ia ese | (pay rok 


Or 
i i A ; 
where Ap, = tT = Sth since 22" = —1. Passing to the 


limit for /—» 3-0co we cbtain 


+0 2n—1 
x7m : 
\ Tam dz = > + niAp 


where the plus sign corresponds to b,>>0O and the minus sign to 
b, <0 0. The integrals 


+ 90 -f-00 
: : i dz ° bp dx \ ; 
A ~= As (f a j | "ate _, , k=0,1,... 
a te t— “(z—ap)? + BE + J (z—en)?+ bad 
i 
are obviously divergent and the numbers +. niA,g= lim \ ; =. 
l—+ 4-00 vf: 


are their principal values. 
Now note that b,>>0 for =0, 1,..., n—1 and 0,<0 for 
An, n't, ..., 2n—1. Hence, we can write 


-+ oo oe 2n— i 
° qzem 
\ {agin @ > A,— 2 Ay} (\) 
— oo a 
where 
n—1 n— i ‘ n— | , m+ ier+)) | 
1 am-1 an 
> k= — ge Ds ae De - 
ha=G k=9 A=0 
; 2imtl _ , (2m+2n+1) 
_ ie on ee on _ 
2n 9 amt 
1—e i 
,om+i 
| e tt 
et ee ed (13) 
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because e(2m™+bDa— —1. Next, putting A=A +7 we obtain 


2n-1 2n-1 an-1  (2m41"2k+!) 
>; , 1 >> aim dt 5 2n on 
A= A | R 2 ae 
k=n R==n k=n 
m—1 , amt iek’+t) | 
i - “pi(2m41)z = 
2n 
k‘ =D 


n-i , (2mH1M2RH1) 


ae 2 ¢ a (C) 


and the last sum differs from (3) only in its sign. 
From (A), taking advantage of (B) and (C), we deduce 


, 2m ee 
‘s __ 2ti oe «6 2 t 
-j - ! = son dt = as 2 5 2inti nn. 2m+1 
= in? sin 1 
1—e 2n 
x?m , 
Thus, the integrand f({z)= ry being an even function, we 
have (sce Example 2) 
“oo 5 
z-m ar { 5 
—— —_—— gdr= ea nee eee ? 
— { [fae a a Cnr 
0 Sin -—————__ 
2n 


. The improper integral 


b : & 
j mid = lim 1 af 1 | sl \ =In op iin ee 


oa A+ 0-+0 , 
yw 0+0 7 c+u l-0+0 


where a<ic<(b is divergent. But if we put A=p>0 and pass 
to the limit as A—0O+0 we see that this integral possesses the 
principal value 
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We shall first consider the case, when the integrand is unbounded 
and the domain of integration is hnite (bounded) ~~ then pass 
fo the case of an inhnite Minhornded’s damain of fitegtutiun. For 
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simplicity’s sake. we shall take double integrals although triple 
integrals and -\-fold multiple integrals are considered similarly. 

1. Jutegral of an Unbounded Function Over a Finite Domain. 
Let a function 7 (A/) = f (z, y) be defined over a finite domain 2 
of the z, y-plane. We shall suppose that f (z. y) is unbounded in 
every neighbourhood of a point Afy (9, Yo) € Q2 and that for any 


Fig, 9.4 


domain $2 — ws containing the point Af, in its interior the func- 
tion f (z, y) Is bounded and integrable in the ordinary sense over 
the domain & — wes (shaded in Fig. 9.44 and 6). This means that 


the integral '{ f(AJ) dw is the limit of the corresponding 
(2-0 

integral sums (according to Definition J in § 2 of Chapter 1).* 

The subscript 6 denotes the positive diameter of the domain os. 

lf 6 +0 the domain og, is contracted toward the point A/¢. 


Definition 1. The tuaproper integral of the Junction 
}(M)y=f(a,y) over the domain Q is equal to the limit 


lim [ \ {do = aI (AM) do (9.28) 
6--U a my 
+2 — 5 Q 
Ij this limit exists, is finite and does not depend or the way the domain 
Ws is contracted tuward the point Mo, improper integral (9.28) is said 
tv be convergent. If otherwise, it is called divergent. 
We say that the integral \\ { (AZ) dw tends to a Sinite limit J, 


Q—- 6) 
as §6-> QO, which is independent of the way the domain ows, is con- 


* The domains 92 and mg and all the other domains which are considered 


in § 4 are supposed to be squarable. The symbul Q denotes the clasure of Q, 
i.e. a closed set which is the union of O aud its boundary. The point 3/9 may 
belong to the boundary of Q or to its interior but it must be an interior point 
at oy. The symbol Q —- mg designates the set of al] points belonging to @ and 
not helonging to ws. If Q and og are squarable! the domain 02 — ws is alze 
squarable. 
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iracted to the point A/,) if for every sequence of domains 
W619 Whos 2 6 +4 WO> * se (9.29) 


each of which contains the point 47, in its interior and whose diame- 
ters salisfy the condition 


5, —>U for n—-+ —o* (9.30) 


the corresponding number sequence 


\\ {(M) de, ii p(M)do, ..., ff fCM)dw, ... (9.31) 
5, 


R2— WH, 2— Ws, Q- 
converges to one and the same limit J irrespective of the choice 
of sequence (1.2%). 


Note 7. For an integral taken over a line seginent [a, 8) (i.e. in 
the case N = 1) we took the intervals of the form [a, 6 — Al (which 
are connected point sets) as the domains $2 — WS: But if N > 2 
the domains ©2 — 4 and @6, are not necessarily supposed to be 
connected. 


Definition 2. Let the point My, lie in the interior or Q. Suppose 
that integral (9.28) is divergent but sequence (9.31) tends to one and 
the same limit when (9.29) is an arbitrary sequence of concentric circles 
with centre at Mg which are contracted toward My. Then this limit 
is called the principal value of divergent integral (9.28).** 


Principal values of divergent improper double (and triple) integrals 
are applicable to some problems of ‘mathematical plivsics. 


Note 2. Tf VW, is an interior point of 9, theu, when testing the 


integral \{ f (.M@) dw for convergence. we can replace Q by any 


Q 
subdomain Q° < @ containing the point jW, in its interior and 
consider the integral \\ 7 (\f) dw instead of the original integral 


(compare this with the note after Definition 1 in § J, Sec. 1). lf the 
Singular point 7) belongs to the boundary of 92 we can take, as ®"~ 
any subdomain which is the intersection of the domain 2 with 
an arbitrary domain ©* for which %, is an interior point. 


* flere we do not suppose that (9.29) is a monotone sequence of sets, that 
is the one satisfying the condition 3 5 03,5... 2... . The 
only requirement is that condition (9.30) must be Fulfilled. 

** Accordingly, the definition of the principal value of a divergent improper 
N-fold multiple integral involves the sequences of N-dimensional balls. instead 
of the sequences of circles which are contracted to the corresponding point. 
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Noie 3. The case when f (/7/) has an arbitrary finite number of 
singular points belonging to the domain {2 or to its boundary reduces 
to the case treated in Definition 1 if we appropriately break up the 
domain 92 into parts as it was done for onefold improper integrals. 


2. Integrals of Nonnegative Functions. In this section we shall 
consider integrals of nonnegative functions which are simpler to 
investigate. The results obtained here will be further used for integrals 
of functions with alternating sign. 


Theorem 9.5. Let the integrand {(M) =f (z, y) in inte- 
gral (9.28) be a nonnegative function and let us take an arbitrary 
monotone sequence of concentric circles with centre at My contracting 
toward M, as a sequence of type (9.29). Denoting a circle of radius 5 
with centre at My by Ks we can write this sequence in the form 


Ky. D> Ky... DK, D... where b,-+0 for n—» + 00 (9.29’) 


Under these conditions, for integral (9.28) io be convergent it is 
necessary and sufficient that the corresponding number sequence 


i) { (M) do, iy) f(M)do .... | }(M) do, ... (9.31") 
P Q—K.. 


_ Glan Ke 
$2 Ks: P¥ Hse 


be bounded. 


Proof. Necessity directly follows from the definition of convergence 
of integral (9.28) because if integral (9.28) is convergent sequen- 
ce (3.317) must also be convergent, and hence it is bounded. 

Sufficiency. Let sequence (9.31) be bounded. Sequence (9.2Y’) 
being monotone and contracting to Moy, the sequence of domains 
of integration of integrals (9.31’) is monotone increasing, i.e. we have 


Q@— Ky Ck—Ky ce 2-- CQ—Ky Cc, ee 


Therefore number sequence (9.31’) is nondecreasing because tlie 
integrand {(M)=/(z, y) is a nonnegative function. But this 
number sequence is supposed to be bounded and, consequently, 
it converges to a finite limit J: 
lim \ {(M)do=J (9.32) 
OF On Ky. 
and \| 1(M) dow < J. To complete the proof of the theorem 
aay 
we must show that for any other choice of a sequence of domains (9.29) 


contracting toward M, the corresponding number sequence of form 
(9.31) converges to the same limit J. For every domain ws, entering 


into sequence (9.29) there exist circles Ks. and Kg. belonging 
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to sequence (9.29’) whose radii 6, and 69 tend to zero as 6, > 0 
such that 
Kye, = We =) Ky. (9.33) 


Relation (9.33) implies 
O— K, CQ—w, CQ —K,. (9.34) 
p - q 


The integrand f (MW) being nonnegative, it follows from (9.34) that 
{f fando< J) funds [f fando — (9.38) 
0-K,. 


= + Q— 
2 Be, M8) : 


But 


ae me 1(.\4) do = iia 3} {(M) do=J 


and, consequently, relation (9.35) implies that 


lim i) f(M)do=J 
sada aa Ty 
n 
which is what we set out to prove. 
The following more general theorem is a direct consequence of 
Theorem 9.5. 


Theorem 9.6. Let the integrand {(M) = f (2, y) in integral (9.28) 
be a nonnegative function and let (9.29) be an arbitrary sequence of 
domains contracting to M, (see footnote on page 413). Then inte- 
gral (9.28) converges if and only if the corresponding numerical sequence 
of form (9.31) is bounded. 


Proof. Necessity is proved as in the foregoing theorem. To prove 
sufficiency let us take a monotone sequence of circles (9.29’) con- 
tracting toward M, and show that number sequence (9.31’) corres- 
ponding to this sequence of circles is bounded provided that se- 
quence (9.31) is bounded. Then Theorem 9.5 will imply that integral 
(9.28) is convergent. 

The fact that number sequence (9.31’) is bounded is proved a 
follows. Suppose that 


\ 4(M)dw<C =const< +o (9.36) 
2— wg 
forallm = 1, 2,3, ... .Since 6,, —~ O for m — -+-co we can assert 


that for any nm there is m such that relation 


K,. > (Ox (1.37) 
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holds. Hence it follows that 


{2 — Ay C 82 — wo, (9.38) 
Therefore we obtain the inequality 
\{ f(M)do< \\ F(A) do (9.39) 
ah ge 2 Os 


because f(.1J) = f (x, y) is nonnegative. From (9.36) and (9.39) 
we conclude that the inequality 


) {(M) dw <C =const < + 00 (9.40) 
soa 


is fulhlled for all x which is what we set out to prove. 
Exaniple, Let us prove that the integral 


r yo UND OY Of ONGD 
\\ ~q aa dy where C=const >0 and r= VY (x— xo)? + (y—yo)* 
2 
(9.41) 
taken over a finite domain 2 containing jy = (Zo, Yo) as its interior 
point converges for a <2 antl diverges for o > 2. 
According to Note 2 in Sec. |, integral (9.41) over the domain Q 


=e 


can be replaced by the integral \ — dz dy taken over an arbitrary 
r 
q: 


subdomain 2° c@Q for which WW, is an interior point. Let us take 
a circle Ap of a sufficiently small radius A with centre at the point 
My as a subdomain Q’. Thus. we must investigate the integral 


\ < da dy, C>0, r= V (z—2)? + (y¥— Yo)*, a =const (9.42) 


K 
R 
To do this let us choose a monotone sequence of circles 
| Grae ee een arene am No >...9 My where 6, 0 for n— = 00 (9.43) 


which contracts to AZ, and consider the integral 


Cc 
KR-K6 
Transforming this integral to polar coordinates we obtain 
2 R 
» ' C > Os 
\ dx dy -_ \ | —rdrdo= | dep { —rdr= 
Kp Ks, : Kp-K6 0 é, f 


ont p27 \roR ' 2 
Sl | - Or @ 
. ; = 2— roai¥ (9.45) 
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Now. passing to the limit in (9.45) as 6, ~ O we see that inte- 
gral (9.40) is bounded for a@ < 2 and approaches inhnityv for a > 2. 
Consequently, integral (9.42) is convergent for a < 2 and divergent 
for a@ > 2, and hence the same conclusion applies to integral (9.41 

Similarly, in the case of NV independent variables z,, 22, .-.-, Ty 
the :V-fold multiple integral 


\ \ oe \ dx, Sas drs, C-.= const >, 


- e re . r (9,46) 
dix 2 ‘ 2 
r V(r—2y . ... + (ty —th 
converges for a <Q N and diverges for a > N if Alo = (2), -~ -: Zn) 


is an interior point of the N-dimensional domain @. Thus, the value 

= N (equal to the dimension of the space) is a criticad one in the 
sense that it separates the values of @ (a < WV) for which integral 
(9.46) converges from the values of a@ (@ 2 WN) for which it diverges, 
the value @ = AN corresponding to a divergent integral. 


3. Absolute Convergence. Let a point A/, belonging to a domain 
Q be the only singular point of a function f (37) defined in @. The 
point J, may be interior or belong to the boundary of the domain @. 
We suppose that for every domain w for which JZ, is an interior 
point the function f (A/) is integrable in the ordinary sense over the 
domain @ — w. 


Definition 3.) The integral \ \ f(Al) dw is said to be absoa- 
Jy 
fotely convergent if the integral is Gi) [dw converges. 


Theavene Qc. Tf integral \ { (MW) dw converges absolutely 
ra 
ft ts convergent. 

Before proceeding to prove Theorem 9.7 we shall indicate some 
general properties of convergent improper integrals. We know that 
the limit of a sum is equal to the sum of the corresponding limits 
and that a constant factor can be taken outside the limit sign. There- 
fore we can assert that 

(1) if tntegrals ({ /, (VW) do and i fo (A/) do are convergent 

“4 2 
the integrals \{ ly, GW) = fe (W)) dw are also convergent and the 


a) 
equabity 


\| [fi (47) te fa (M)| dw = \ | 1, (MM) dow \\ fo (AI) du 
Q “Q 


e «8 
Oo 
orlhey 


holds; 
—O0824 
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(2) if an integral V\ (AL) doo converges, the integral \\ Cf (\M) dw 


uhere C = const also converges and 
\{ Cf(M)do=C (| {(M) de 


We can now prove Theorem 9.7. Let us represent the integrand 
(VW) asa difference of two nonnegative functions f; (17) = | f (AZ) | 
aud fo (MV) = [f (A) | — Ff CW): 


ACM) = [Ff GA) | — UF OP — PDD = fC) — fn CA) (9.47) 
ly the hypothesis, the integra) \\ fs (.1/) dw = Vis GD [do is 
g msy 


convervent. We have 
f(D) = 1f (AD) —7 (AD) <2 17 DI 


and, according to the conditions of the theorem, the integral 


i) 2] f(M)|dw = 2 {| Lf CM) | do 
Q C2 


converges. Therefore, by Theorem 9.6, for every contracting sequen- 
ce (9.29) the corresponding sequence of integrals \\ 217 CI) | dw 


Q-—w 
5, 


is bounded. Furthermore, we have an obvious inequality 


\ | fo(M) dw< \ J 21 (41) | do 


is Q— 
be 06, 


and hence the sequence of integrals J fe (M1) dw is also bounded. 
R—- we 


Thus, by Theorem 9.6, the integral \ i fe (W) dw is convergent. 
Q 


but then relation (9.47) implies that the integral \ / (VV) dw is also 


9 
convergent and the equality 


\\ f (Al) dw = \ fy (MZ) do — \ \ f, (M) do (9.48) 
8) Q 3 


is fulfilled. ‘The theorem has thus beew proved. 


Note. in the case of an improper V-fold multiple integral. for 
Nou 3, the converse of the ahave thearem is also true, that is con- 
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vergence and absolute convergence are equivalent in the case N > 2 
(see Sec. 9). 


4. Tests for Absolule Convergence. 
Theorems 9.8 (General Comparison Test). Let the inequality 
Ve If) | <g Gl) (9.49) 
hold everywhere in the domain). Besides, suppose that Mf is the only 


singular point of the functions f (AL) and g (A) in the domain © which 
may belong to its boundary or be an interior point. Then 


(1) if the integral \{ g (\1) dw converges the integral \) f (7) do 
Apr - 


converges absolutely. 
(2) if the integral \ f (41) dw diverges the integral \| £ (Al) dw 
Q 2 


also diverges. 


Proof. \aet us take an arbitrary sequence of domains (9.29) con- 
tracting toward A/,. From inequality (9.49) it follows that 


| [f(M)|doa< \j g(M) dw (9.50) 


ia On #06, 


(1) If the integral {| @(N) do is convergent the sequence 
rf 


{ ) |g (41) | do} is bounded and then, by inequality (9.50), 


25. 
Lhe sequence j \\ | f (AT) | ds \ is also bounded. Consequently, by 
Q- ws, 


Theorem 9.6, the integral i [f(AT)|dw is convergent. 
“oO 


(2) If the integral \{ (aN) do diverges the integral J Js Ido 
2 


Q 
also diverges. Indeed, if the latter were convergent, the integral 


({ f(.1f) dw would also be convergent (by Theorem 9.7). The inte- 
"Q 


gral I {| F(AN) [do diverging, Theorem 9.6 implies that for any 


choice of a sequence of domains (9.29) contracting to AJ) the 
sequence \| 'f(d/) [do is unbounded. But then, by inequality 
A= 
(9.50), the sequence (| g (Af) dw is also unbounded, and conse- 
> We 


24% 
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quently the integral \\ gy dw diverges, which is what we set 


Q 
out to prove. 


Theorem 9.9 (Special Comparison Vest). If a function f (lL) 
defined in 2 and having only one singular point Mo (Zo, Yo) belonging 
to the interior of Q or to its boundary satishes the inequality 


C 
IfCIN[=1f zy) |<. C =const > 0, 
: (9.51) 
= V (x — 2)” + (y— yo)’ 
where a< 2, the integral \\i (\14) dw is absolutely convergent. 
. 


Proof. Integral (9.41) being convergent for a < 2, we conclude, 


by Theorem 9.8 and inequality (9.51), that the integral \\ | f (AZ) dw 
Q 
is also convergent, which is what we set out to prove. 


Note. In the case of an improper N-fold multiple integral 
\\ eo \/ (Z;, Sab ag Ly) dix, 78 e dry 
2 


taken over an N-dimensional domain © where the function ~ (i/) = 
= f{ (z;, -.., Ly) has only one singular point Mo = (zj, .. -, ZN) 
in the interior of the damain Q or on its boundary we should take, 
in the special comparison test (Theorem U9), 7 = 


=Vix, — 2)? +...4 (ey — 2h? and a <N. 

Arample. Let us compute the force with which a material point 
My (Zo. Yy. 2p) Of unit mass is attracted by a material body, 
occupying a domain @ in the z, y, 2-space. with volume mass density 
p (11) = p (x, y. 2). | 

Let us write down the expressions of the projections on the coordi- 
nate axes of the force of attraction (see Sec. 5 in § 2 of Chapter 2): 

t——- wT 
Fy VVC p (ar) 22" ardydz ) 


r3 


€ 


4 


rs 


Fy =\\) 9 (8) 4 dz dy dz 


pay 


fig \ \\ p (AL) 27” de dy dz | 


where 


y VO PT onl? beat. Mer. n. 3) 


é ¢ \ VF rere: 
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In Chapter 2 we limited ourselves to the case when the point 
Moy = (Xo, Yo: Zo) lies outside the body &. If Af,y belongs to the 
boundary of 2 or is its interior point the integrals (9.52) are improper 
in the general case. Suppose that the density p (VW) = o (2, y, 2) 
is bounded on ©, that isO <p (AJ) < py = const for all the points 
Ve€ Q. Then 


I—1q er — (?] me 
o (17) =F “& Po | Fy — TO | Sa Siuce <1 
iere we have we = 2< N = Sand therefore, by the special compari- 


son test, the first integral (9.52) is absolutely convergent. The other 
two integrals (9.52) are also absolutely convergent, which its proved 


similarly. 
In the case NV >: 2 the improper V-fold multiple integrals possess 
a remarkable property which does nol extend to the case NV = 1. 


Namely, if VW 2 2, ordinary convergence of ate improper integral 
implies its absolute convergence, that is the converse of Theorem 9.7 
is true im this case. 


9. Equivalence of Convergence and Absolute Convergence in the 
Case of Improper Multiple Integral. An improper integral of a func- 
lion fC.) converges for N > 2 if and only tf the integral of |7(1/) | 
converges. This follows fron Theorem Y.7 and the following theorem. 


N 
a a 


o 


Theorem O.tO. TEN oc 2and the integral \\ ae \ { (A) dr,...dzrq 
N == 
aa 
converges, the integral \{ wed \ |/ (M1) |da,...dz, also converges. 
3 
Proof. To simplify the notation we shall take the case N = 2 
although the argument below is valid for any NV = 2. Let a singular 
point AZ, of a function f(A7) = f (z, y) be an interior point of a plane 
region @ the function is dehned in.* Suppose the integral 
\ Jean dw is convergent while the integral | | | f (AZ) | dm 


is divergent. Then we can take an arbitrary sequence {A,,} of con- 
centric circles 


2 Ay DNs Saws DSN, SA oe OG (9.93) 


* Without loss of generality (seo Nole 3 tn § 4, See. 1). we can suppose 
that Vo is the only stugular point of f (17) in 92. 1f Ava Wes on the houndary 
of © we simply take, instead of A, tn (9.53), the intersections of the circles 
A, “ith the domain @, te. their parts belonging to Q. 
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with centre at A/,) contracting toward JJ, and write the relation 
lim | (f(A) |do= 4-0 (9.54) 
Ti—+ -f- “* 

O~ Kn 


because [f/f (1/) | is nonnegative. Sequence (9.53) can therefore be 
chosen in such a way that the inequalities 


\\ Lf (AL) | dw >2 \ [f(D |do-j-2n, n=4, 2,... (9.53) 
Kn—Krst 2 Ka 
hold. Let us introduce the functions 
FM) =F fOD [eA AD) and (ON =F 11/D|—F D1 9.56) 
We obviously have f, (4/7) 20, f_- (AJ) SO and 

f(M) = fe (CW) — f- (7), (FAD | = fe CAD) + f- (A) (9.97) 
From (9.57) it) follows that 


{J Anjdw= J) fando+ SP Lando (9.58) 


Krn—-Kn +t KRa-hnayi Kn-Knei 
We shall suppose that sequence (9.53) is chosen in such a way that 
\) f.(M) do> ({ {-(M) do (9.59) 
Wn- Knot Kn—Knati 


(i otherwise we can pass from sequence (9.53) to an appropriate 
subsequence and replace. if necessary, f (3/) by —f (M)). Then rela- 
tions (9.55) and (9.58) imply that 


I { {. (M) do > i) [f(M)|dw-) vw, nt, 2,2... 9 (4.60) 
Kn—-Knet QO KCp 

If we break up the annulus Ay,—Anay “< Sp erewlly small 

squarable cells Aw; the lower Darboux sum Simi ‘Aw? correspon- 


ding to the integral ) {[, (Af) dw satisfies, by (9.60), the ine- 


; Kn —Knet 
quality 
by mite Noy > \| lf(V){do+r, a=, 2, ... (01) 
O-hn 


* Ilere mit designates the grealest lower bound of f, (17) on the cell Nw; <= 
o A, — Ayate 
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We have mit > 0 for all these cells since [4 2 => U everyw nee in @, 


Let us delete all the terms in the sum \' m{* Aw; for which m[t — 0 
{this of course does not affect the validity of inequality (9.61)). 
Denoting by G, the domain which is the union of the remaining 
cells, we can write f (VW) =f (4/7) for AL E€G,, and 


ij {(-W) do = \{ 4, . (VM) do > DS mitAw; > \ | f(.UL) |deo -:- 22, 


Ga Gn 401TG, O-—Kn 
a1 2, awe (9.62) 
furthermore, we have 


\\ {(M) dw > — \\ |\f (AT) | dw, n=1, 2, ... (9.63) 


Q-Kn Q-— An 
Adding up (9.62) and (9.63) we derive 
\V ran don,  n-=1, 2,... (9.64) 
fin 
where /7, = (2 — A,) — G,. If we denote by w, the difference 
QO — fi,,. "the diameter of w, tends to zero for 2 — -=-00. Consequent- 
ly, (9.64) implies that the integral {J (Af) dw diverges, which 


2 
contradicts the hypothesis. Thus, supposing that the integral 


\| |f (AP) | dw is divergent we arrive at a contradiction and hence 


it is conversvent. The theorem has thus been proved. 


Nole. If, in the case .V D> 2, we cousider the domains 9 — og, 
entering into the dchoition of an improper W-fold multiple integral 
to be connected Theorein $9.10 remains true. In fact, the domain 
H, — (2 — A,) —G, (m= 1, 2, ...) appearing in the above 
proof of Theorem 9.10 can be made connected withoul violating the 
validity of inequality (9.64). For this purpose it is sutheient to 
join together the connected components constiluting //, by squarabte 
strips of sufficiently small total area. The possibility of construc- 
ting such strips becomes obvious if we break up the annulus A,, 

ney ee into squarable parts entering into the integral sum 


? 7 
\ m* No; by means of rays starting from the centre A/>) of 
b0;7h) Np od 
the annulus and cencentric circles with centre at Ay. 
In contrast to this, if in the case N = 1, i.e. for an improper 


by 
integral tf (z) dx taken over an interval fa. bl, we take, tustead 
of 


a 
of the sequenecs of intervals of the form la, 2 — zl (A pO, A 


ee 
le 
os 
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<6 — a) entering into the corresponding definition (see rela- 
tion (9.17) in § 2), exhaustive sequences of arbitrary disconnected 
domains, this will lead to a narrower class of functions for which 
Lhe improper integrals exist. Indeed, in this case only the functions 
absolutely integrable in the improper sense will constitute the 
class of functions with the convergent improper integrals and thus 
the functions the integrals of which are conditionally convergent 
Will be excluded (the classes of functions absolutely integrable in the 
improper sense will obviously be the same in both delinitions). 


Improper Integrals with Infinite Domain of Integration. The 
integrals over unhounded domains whose integrands are functions 
bounded in any tinite domain are investigated in quite analogous 
fashion. As an eae we shall formulate the dehnition of an 
improper integral over an unbounded domain and a sufficient condi- 
lion for convergence. 


Definition 4.) Let Q bean infinite (unbounded) domain, cl sequen- 
ce of finite (bounded) subdomains 


Vis Stas. 5-2 aa Vine & 2:4 (9.65) 


is said to be erhaustive if for any R >O there is m = m (2) 
such that all the points of the domain Q lying within the circle af radius R 
wilh centre at the origin belong to all 2, for u ram (A). 


Definition 35. Leta function f (Al) defined in an infinite domain 
be integrable ta the ordinary sense on every finite subdomain. If for 
aig choice of vxhaustive sequence (9.65) the corresponding number 
Sseyuence 


\\ } (VW) du, \\f (Mf) dw, ..., \) {(M) dw, ... 


Qn 


=1 
converges to one and the sane finite limit J the integral \\ (MM) dw 


is said to be convergent: if otherwise the integral is called diver- 
gent. 


Sufficient Condition. for Conrergence. If f (VW) = f(z, y) 
salisfies the requirements of the foregoing definition and the inequality 


. me _ 
PACAP | ae here C =cousl >), 
% ~const>>2 and r-- WV (2 — 29)" -i-(y — yo)” 
is fulfilled where Mo = (&p, Yo) is a tized point belonging to Q the 

infegral aE (Al) dw is convergent. 
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In conclusion we note that the general theorems analogous tc 
Theoreins 9.5, 9.6, 9.7, 9.8 and 9.10 also apply to improper integrals 
with unbounded domains of integration. 


7. Methods of Computing Improper Multiple Integrals. A convergent 
improper double integral can be reduced to the corresponding twofold 
iterated integral like a proper double integral under the following 
conditions: 

(1!) if the integrand is a nonnegative (nonpositive) function it is 
required that the iterated integral of this function be convergent; 

(2) if the integrand is a function with alternating sign it is supposed 
that the iterated integral of its modulus converges.* 

The method of changing variables is applied to a convergent 
improper V-fold multiple integral according to the same rules as 
in the case of a proper N-fold multiple integral. 

Ilere we do not present the proofs of these general assertions and 
confine ourselves to an example in which we encounter reduction 
of an improper double integral to an iterated one and change of 
variables in an improper integral. 

let it be necessary to evaluate the Kuler-Poisson integral J = 


=O 
® 


= e-* dz (see also Example tf in Sec. 4, § 1 where the conver- 


0 
gence of this integral was established). The value of a definite integral 


remains the same when the notation of the variable of Integration 


+50 “1-90 
is changed and therefore / = { eed = e~" dy. Henee we 
0 0 
eath write 
10 4-30 -j-00 “20 
J*= \ e-“dr { e~¥ dy = { (e-=* e—u* dy ) dx == 
0 0 0 0 
-}-00 -!-o0 
=| dz { cmimay 


) 0 


and the iterated integral is convergent. The double integral 


-—% +c 
\ e-O2 tN) dr dy 
0 0 


* The situation is similar in the case of an improper Y-fold maltiple iategra! 
for .V 3S 3. 
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is also convergent which is implied by the sufficient condition for 
convergence given in Sec. 6. Consequently, 


J*= \ { e- ("+4") dx dy 
0 0 


Passing to polar coordinates we obtain 


~ 
“2. +o0 -'-90 
Jt = { dp \ e~"’rd) =. \ en p dr = 
0 0 ~ 4 
Ilence, we have 
+ _ 
J = { e-xt gy = Vn 
2 
0 


This technique of evaluating the integral was developed by Poisson. 


10 Integrals Dependent 
on Parameter 


In this chapter we consider the properties of integrals dependent 
on a parameter which are effectively uscd in analytical methods 
of mathematics aud mathematical physics. Such important integrals 
as Euler’s integrals of the first and the second kind (the bela ani 
gamma functions; sce § 3), integrals of the type of a potential function 
etc. belong to the class of integrals dependent on a parameter. 


§ 1. PROPER AND SIMPLEST IMPROPER INTEGRALS 
DEPENDENT ON PARAMETER 


1. Proper Integrals Dependent on Parameter. Let u = f (z, y) 
be a function defined in a rectangle Il: axcrer<xibcexy<ud. 
We suppose that this function is integrable with respect to z on the 
interval a <x <b for every value of y belonging to the interval 
e<yc<d. Then the integral 


ty 


J (y= \ f(z, y)dzx (10.1) 


a 


(dependent on the parameter y) is a function of the parameter y 
on the interval cc y <.d. Here we shall study the properties of 
integrals (10.1). 


Theorem 10.1 (On the Continiaity of an Integrat De- 
pendent on a Parameter with Respect ta the Parameter). 
If the function f (x, y) is continuous in the closed rectangle Vl:a< 


b 
<<zaibexy<d, the integral J (y) = { f(z, y) dx is a con- 


a 
finuous function of tre parameter y on the interval ey < d. 
Proof. Since the function f (z, y) is continuous in the closed rect- 
angle [] it is uniformly continuous. IJence, for every € > 0 there is 
§ — 8 (e) >> 0 such that the iuequalilies 


pa’ ~x”"|<cb(e) and Jy —y" |< 4 (2) (10.2) 
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imply the inequality 
iz y—-F OY) <p (10.3) 
(here 6 (¢) depeuds solely on € and is independent of the positions 


occupied by the points (2’, y’) and (x”, y"”) within the rectangle [] 
provided that inequalities (10.2) are fulfilled). In particular, putting 


x= zr” =axwe see that for any y’ and y” belonging to the interval 
e<iy<id and satisfying the inequality 
ly —y' |< 5 (#) (10.2°) 
and for all xz, emgzg ob, the inequality 
é "s F é 
f(z y)—f(xt, Ww) [<p (10.3°) 


holds. Therefore, for any y’ and y” belonging lo the intervale S y= 
<d and satisfying inequality (10.2’) the inequality 


re) 
[J (y’)—J ty") j=(J (xz, y)—f(z, y)idti< 


—a)= 


b 
<\ii (ae v)-I(@ v)ldr<, 


is fulfilled, which means that J (y) is uniformly continuous on the 
interval ey <d. The theorem has been proved. 


Corollary. Under the conditions of Theorem 10.1, the function 
u 


F(a, v,y) = \ f (wv. y) dx is continuous in the closed rectangle 
M*:agcutb, axv<tb exyxd 


Proof. The function f (2, y) being continuous in the closed rectan- 
gle If, there isa constant C,U < C < +o, such that | f (, y) [ < C 
everywhere in I!. Therefore, for any points (u’, v’, y’) and (w", v”, y”) 
of IT* we have the following inequality: 


F(a’, vy )—F (u,v [=| | fay )dx— | fey’) dx|< 


<| j (zy —F la ¥ Naz] = ie y")dzi+ 


= ve y) ba | «|! (as u)— F(x, yl dz| + 


id a’ 


+ Cpu "—u'l4 Cle" | (10.43 
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Now let the point (wv, vu’, y’) be lixed and the point (u", ve", y” 
tend to (u’, v’, y’): (u", v y yy (u’, vo’, y’). Then, by Theorem 10.1 
the first term on the right-hand side of (10.4) tends to zero. The 
second and the third terms on the right-hand side of (10.4) alsc 
tending to zero as (w",v", y”) > (uw. vu’, y’), the theorem has thus 
been proved. 


Theaovem 10.2 (On Differentiation of an Integra 
Dependent on a@ Paranteter with Respect to the Para- 
meter). If the function f (x, y) and its partial derivative fy (z. y) are 
continuous in the rectangle HW:ac2xrab, ecexy<xcd, the integ- 

t 


ral J (ty) = { { (x, y) dx is a differentiable function of the parameter 


a 


a 
yon the interval cx y <d, and the relation 


b 
dJ ; 
dy a Si (rz, y) tral f (x, y)dz (10.9) 


is valid for all y belonging to this uiterval. 

Note. Formula (10.9) is known as Leibniz’ rule (formula) for 
differentiating an integral with respect to the parameter it depends 
on: the derivative of the integral with respect to the parameter is equal 
to the integral of the derivative of the integrand with respect to this 
parameter. 


Proof. We must show that 


v 
J (y-Ay)-—F (a) ' 

ee =| il, yd 
y 


Jira 
a 


For this purpose ve shall prove that the difference between the 
J (4 t+ Ay)—J () (AN, 


variable quantily re 


b 
fy (x, y) dx tends to zero when Ay — QO. By virtue of Lagrange’s 


y-= VU) and the — integral 


a 
formula of finite increments, we have 


b 
AChas Ay) —J (y) f(r, ya Ag) —f (4, ¥) : 
— ={ da =\ fy (2, yt 0 Ay) de 
where O< JV <c 1. Consequently, we can write 
Ia — Nuy— ff) D thee as * 7 
a —| Ty (a, Y) dem | UF v(z, y-! OAy)~ fi (2, y)| dr 
c u 


(10.4) 
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Let us estimate the above difference for sufficiently small values 
of | Ay |. Let there be given « > 0. Since the derivative fy, (2, y) 
Is continuous on the closed rectangle [I it is uniformly continuous 
on it and therefore there is 6 (e) > O such that, for |Ay |<< 5 (e), 
the Inequalily 
2 oe € 
\7y (2, y-;- Ay) — fy (a, y) |< eae 

holds for all x € [a, bl) and anv yand y -- Ay belonging to the inter- 
val le, dl. We have 0 < 0 < 1 and hence for all 7, y and y +- Ay 
nentioned above the tmnequality 


iy OM) fle Wi< pe 
is fulfilled. Thus, by (10.6), we have 
J \ J . 7 
‘Ay — J Re top , : , 
EN f(a, yydz| =| JU (zy | OAN) — fe de | < 


h 
<I] f(z. y+ 0 Ay) —S, (2, y) |ar< 


gE 


(bD—a)=et 


— 
a eee 


for all [Ny tl < & (de). The theorem has been proved. 


Thearenc 10.3 (On Differentiating an Integral De- 
pendent on a Parameter Whose Limncits of lutegration 
Also Depend on the Parameter with Respect to the 
Parantcter). Let f (a, y)and fy (7, y) be continuous in the rectangle SN: 
a<xrxXbexy<d, and let x = 2, (y) and x = 22 (y) be diffe- 
rentiable functions defined on the inierval exc y <d and satisfying 
the condition a <2; (y) <b (i = 4, 2). Then the derivative of the 
integral 


xx( 1) 


J(y)= \ f(x, y)dz (10.7) 


xa() 


with respect fo the parameter y exists and is equal to 


x2(%) 
i =« ' d. = . d. ; “» 
J’ (y) \ fy (ec, y)dx if («2 (y), nah (x; (y), ") a (10.3) 
xq) 


Proof. We have 


J(u) - F (ay (a, te (). 9) (10.9) 
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U 


where the function £ (uv, v, y) = \ f(z, y) de considered for a< 
v4 

Su gqbagqve band c < y <d possesses the continuous par- 

tial derivatives 


Fos —f(u uy) Fo=ityy), Fi =) fy, y) de (10.10) 


By Theorem 10.3, the partial derivative /) exists, and the Corollary 
of Theorem (10.1) implies that it is continuous. The functions z = 
= «, (y) and z = 2, (y) being differentiable, we ean apply the rule 
for differentiating a composite funetion to integral (10.8) which 
results in equality (10.5). The theorem has been proved. 


Theorem 10.4 (On Entegration of an Integral Depen- 
dent on @ Paranceter with Respect ta the Parameter). 
fi f (cy y) is a continuous function in the rectangle ia sc2r<b, 
clay sd, we have 


( (y) dy = j ay ; {(z, y)dz= (az We y) dy (10.11) 


) 


which mreans that to integrate the integral J (y) = | f(a, y) dz 


a 
with respect te the parameter yoiwe can integrale the integrand { (zx, y) 
with respect to this parameter. 


Proof, Kquatlity (LO.1t) is a consequence of the theorem on reduc- 
ing a double integral to an iterated one (see Chapter 1, § 5). 

We shall present here another proof of the theorem which can 
easily be extended to the case of an arbitrary dimension (see § 4). 
Moreover, instead of equality (10.11) we shall establish a more 
general relation 


a t 4 d 
\ ay | f(x, y) dz = | dz\ f(z, yydy fora<t<b (10.12) 


Introducing the notation 
d t 


oO =Sdy fiz waz, wy =Saz 


Cc a a 


{(z, y)dy = (10.13) 


0 teeny 


weesee that it is sufficient to prove that g’ (7) = y'(/) fora qi <b 
and that q (@) = ap (2) because this obviously implies the identity 
gq (f) = (4), £E€ la. bl. 
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The equality g(a) = yp(a) is apparent since ¢ (a) =O and 


wy (a) = 0. Putting F (t, y) = 


{ (z, y) dx we can write g (4) = 


F(t. y) dy where the function - (¢, y) is continuous in the 


7 Come gy 


rectangle II*: aztish cxiy<d, by virtue of the Corollary 
of Theorem 10.1. Furthermore, by the hypothesis of the theorem, 
the derivative #; (4, y) = f(t. y) is continuous and, consequently, 
by Theorem 10.2, we have 


P| d 
p(t) =| Fi (t, y) dy =| j (ft, y) dy (10.14) 
c Cc 
f 
Pulting § (z) = \f (xz, y)dy we obtain w(t) = FE: (x) dz. The 
c a 
function §& (x) being continuous in z on the interval az r< 0 
(by Theorem 10.1), the theorem on differentiating a dehnite integral 
with respect to its upper Jimit of integration implics the relation 


Q. 


d 
WO) Ea) de=EW =P ydy (10.15) 


© ae, He 


From (10.14) and (10.15) it follows that @’() =y'(/) fora Qi st b. 
Hence, by the equality y (a) = wp (a), we have @ (4) = (2) for 
a<i<ib. In particular, gp (6) = (bo), that is equality (10.11) 
holds, which is what we set out to prove. 


2. Simplest Improper Integrals Dependent on Parameter. Theorens 
10.1, 10.2 and 10.4 can easily be extended to improper imegrals 
of the following special type: 


b 
J (y=) F(z, yg (2) dz (10.16) 


where the function f (z, y) is conlinuous and the function g (z) 
may be discontinuous, in the general case, but such that the integral 
b 


\ |g (z) | dz is convergent, including the case when one or both 


a 
limits of integration are intinite. 

Now we proceed to formulate the exact conditions of these general- 
ized theorems*. 


* Theorems 10.1', 10.2’ aml 10.46 are used in mathematical physics and 
in the theory of Peurter’s integral. 
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Theorem 10.1' (Generalized Theorem on the Conti- 
nuous Dependence of an Integral on the Parameter). 
li the function f(x. y) is continuous and bounded for acz< +o, 

--_ > 


ex<y<d, and the integral \ | g(x) |dx converges, the integral 


a 


J(y)= \ f(t, y) g(x) dz (10.17) 


at —7t 


is a continuous function of y on the interval cl y <d. 
Thearem lOc?’ (Genevatized Theorem on Differentiating 
an dntegral with Respect tothe Parameter), If the function 
f(z, y) and its partial derivative Jy (x, y) are continuous and bounded 
-!-90 
for axzu< , Oo, cv yeid, and the integral { | g (x) | dz is con- 


G 
vergent, integral (1U.17) is a differentiable function of the parameter y 
for excy<d and the equality 


Jy) = 
holds for all y € le, al. 


fy (4, y) g(a) dz (10.18) 


~ at 


Theorem 1Of (Generalized Theorem on Integrating 
an Integral with Respect to the Parameter) Under the 
conditions of Theorem LOA iategral (9.17) is an integrable function 
of the parameter y on the interval ec ay <d and 


é ite 
\ J (y) dy = | dy \ f(z, y) g (2) dz = 

¢ = c : 

= \ ( g (2) \ f(z, y)dy) ds (10.19) 
Qa Cc 
As an instance, let us prove Theorem 10.1’. Let | f(z, y) |< C = 
-f00 

=const for ag r<i-- oo, eiy-id and { e(z)|dr<i K <-- ow. 


-f- 00 
Let el>U0 be taken arbitrarily. ‘The integral \ | g (xz) | dx being 
a 
convergent, there exists a Sufliciently large 2 >>a such that 
-| co 


6 e t a hh e . 3 
2C |g (z) |dz<z. Taking such a fixed value of / and choosing 
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arbitrary values y’ and y” belonging to the interval ex y<d 
we can represent the difference J (y’) — J (y”) in the form 
{ 
J (y')—J (y= \ (ev )—F(, yg (2) de 
fro 
+ \ (f(z, y—fla, yg (a) da (10.20) 


i 


Since the function f (x, y) is continuous in the rectanglea cz < il, 
cxy <d, it is uniformly continuous. Therefore there exists § = 
= 6 (ce) > 0 such that for any y’ and y“ belonging to the interval 
c<y<sd and satisfying the inequality | y’ —y” |< S5(e) we 
have the inequality | 


f(z, y)—-S(@e Wi<az 


for all z, a<2z<gl. Then equality (10.20) implies the relation 
t 
lw J 1<f fle vf le, ve @)|ae+ 


-}+ 00 
r\ f(z, w+] fe yw) Ble (2) laze 


-fco 


t 
<5z \le(z)|dz+2C lg(z)|dz< 


Saye Ki-y=e for [y’—y"|<6(e) 


which means that the integral J (y) is a continuous funclion of y 
on the interval ey < d. 

Let Lhe reader prove Theorems 10.2’ and 10.4’ for integrals (10.17) 
and also rephrase and prove Theorems 10.1’, 10.2’ and 10.4’ for 
integrals (10.16). We only note that in the case of integral (10.16) 
the boundedness of f (xz, y) and fy, (z, y) is implied by the conti- 
nuity of f (x, y) and f, (z, y) in the domain eqzr<ib, cx<y<d, 
and that it is unnecessary to break up the interval of integration 
a<x<b into parts as it was done in the proof of Theorem 10.1’ 
for integrals of type (10.17). 

Differentiation and integration of integrals with respect to para- 
meters are widely applied {o evaluating integrals dependent on 
paramneters and also for computing integrals not involving para- 
meters after a parameter is appropriately introduced. 
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Example. Let us evaluate the integral 
20 . 
J(y)= \ e-ox SY dz where @=const>0, —A<Cy<A 
0 


(10.21) 
: sin zy = . 
Pulling f(z, y)=—=— and g(z)=e-@* we see that f(z, y) and 


fy(z, y) are continuous and bounded for O<z@<+o, —AxK 


Toe 


<y<A, and the integral \ |g (x)|dx= \ eux dx = — is conver- 
0 


0 
gent. Therefore we can apply gencralized Theorem 10.2’ for the 
integrals of form (10.17). Performing differentiation with respect 
to the parameter under the sign of integration we obtain 
-+-0o 
J’ (y) = \ e-** cos ry dz 
0 
Integrating by parts with respect to x in the latter integral twice 
we find 
, 104 


By (10.21), we have J (0) = O and, therefore, integrating (10.22) 
from O to y we derive 


& 


cL 


J (y) =\ Gaza dy = are tan z 
6 


y 
16 4 
There is another way of completing the evaluation of this integral. 


Namely, after relation (10.22) has been obtained, we can integrate 
it with respect to y which results in 


J (y) = arc tan = +, C = const 


But, by (10.21), we have J (QO) =- 0, and, consequently, putting 
y = O in the above relation involving the constant C we sce that 
¢ = Q. Both approaches involve a known value of the integral 
in question for a particular value of the parameter y. 


§ 2. IMPROPER INTEGRALS DEPENDENT 
ON PARAMETER 


let a functionu = / (z, y) bedefined forO Czr<4o0,¢c yd 
and let, for every value of y € [e, d], the integral 
J(yy= | f(x, yde (10.23) 


@ 


25* 
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be convergent. Then J (y) is a function of y defined on the interval 
[c, dl. According to the definition of the improper integral, we have 


~1.90 t 


J (y) = View, y) dr= dim LV F(z, y) dx (10.24) 


a 


In the case of integrals of unbounded functions we have a similar 
Situation. lor instance, let a function u = f (z, y) defined for a < 
S<er<lb, cx yxd be unbounded for 2—-- 6 — U and let the 
integral 


b—?. 


f(z, y)dxz= lim \ f(z, y)dz (10.25) 


d-+Y {-0 


J* (y) = 


R Ae, ow 


be convergent for every value of y belonging to the interval [e, d]. 
Then J* (y) is a function of y defined on the interval [c, dl. 


1. Uniform Convergence. The notion of uniform convergence plays 
an important role in the theory of improper integrals dependent 
on a parameter. Uniformly convergent improper integrals can be 
operated on like proper ones (see Sec. 3 of § 2). We shall begin 
with the definition of uniform convergence for integrals with infinite 
limits of integration. 

Definition 1. We say that integral (10.23) is uniformly 
convergent with respect to the parameter y onthe inter- 
rable<y<d tf, giwm arnt arbitrary ¢ > VU, there is I = L (8) 
such that the tnequality 


: es 
| / (y) --- \ f (z, y)de|—| \ {[(z, y)dz\<e (10.26) 
2 f 


is fulfilled for all l=> LZ (e) and all y € {e, d) simultaneously. 


Uniform convergence of an integral of an unbounded function 
is delined in a similar fashion: 


Definition 2. Integral (10.25) is said to converge unifor- 
wily with ROR PCA fathe paranetery on the trterval [c,d] 
if for every & > () there exists § = § (e) > 0 such that the inequality 


b—-?. dD 
' (y)— | fe ndel=|) fe ydel<e (10.27) 
a b— 


holds for all A<cb — a satisfying the condition 0 <lA < 6 (&) and 
for all y Ele, dl simruttancously. 
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Exam ples 
-+- co 


1. The integral J (y) = f ye~" dz is convergent for every 4 


0 
belonging to the intervalOQ< y < 1 but not umformly convergent. 
Indeed, we have 


~+-o0 +00 
| ye“ dx = | e~'dt=e-¥ 
" ly 


Therefore, for an arbitrarily large fixed value ~@ >-0 the latte: 


integral exceeds a for all values of y located sufficiently clos 
to zero and, consequently, for —¢ = = there is no Z (e) such that 


for 1 > ZL (e) and for all y belonging to the interval Oy <1 
the inequality 
-$-00 
| \ ye-*vdz| <e=. 
l 


Ce 


is fulhlled. 
But if the interval O < y <j1 is replaced by an interval of the 


form O<cdb<y<t, O< 1, the integral J (y) = \ ye~*v ‘da 
0 


is uniformly convergent on the latter interval. [n fact, we lave 
-}-00 +- 20 
| ye *¥ dr = e'dt =e v¥dce-' for Vcb<sy <1 anc 
“t iy 
therefore the inequality 
-$or 
| ye" da| <e 
q 
mn 


holds for l=> = , Oxce<c i, and all y belonging to the inter 


val OS cy< l. 


2. The integral J (y)= \ yx¥-' dz is convergent for every y be 


0 
longing to the interval O-yecl but not uniformly convergent 
Yo show this, we take into account that here the integrand is un. 


d 
bounded for z->Q0! VU. Let us estimate the integral yst-t dea 
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=z! = AY, For any arbitrarily small and fixed A>O this integ- 


ral tends to unity as y>0Q-+0. Hence, for c=, there is no 
a 
6—6(e) such that the inequality f y2v-'dz|<e=> simul tane- 
ously holds for all y belonging to the interval O<y< 1. 
But if we replace the interval O<y<1 by an interval O<&)< 
i 


<y<i, 6j,<1, the integral J (y) =| yz¥-!dz converges uni- 
0 


a 
formly on the latter. Indeed, we have \ yxv-t dz = aV<n for 
0 


t 
O<mA<1 and &<y<1. Therefore, if O<me<1 and VN << 00, 
N 


we Obtain the inequality | | y2¥-' dz|<e for all y belonging to the 
0 


interval 6;5< y< 1. 


2.*Reducing Improper Integral Dependent on Parameter to a 
Functional Sequence. An improper integral dependent on a para- 
meter can be reduced to a functional sequence which makes it possible 
to prove the fundamental theorems concerning such integrals on the 
basis of the corresponding theorems on functional sequences. 

If an integral 


+co 
J(y)= \ f(x, y)dz (10.28) 
a 
converges for every y € [c, d|, then, for an arbitrary number sequence 
ls, lo, o sae Sac bans ee ie. ee lim lp = + oo, where lp = a for k = 
k— +00 


= 1, 2, ..., the functional sequence 
a 


Fry) = J fee yd, k=1, 2,..., ex<y<d 


is obviously convergent to J (y) on the interval [c, d}. 
The theorem below holds under the condition that integral (10.28) 
converges for every y belonging to the interval c <y < d. 
4-00 
Theorem 10.5. For the integral J (y) = \ f(z, y) dy to be 


a 
uniformly convergent with respect to the parameter y on the interval 
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{c, d|, it is necessary and sufficient that the functional sequence 


lp 
Fuy)=J f(x, y)dz, k=1,2,... (10.29) 


a 


converge uniformly to J(y) on the interval c << y <d for any choice 
of the sequence ly, be, .. «5 bay » oe Jim ¢, = +00. 
h-» +00 
Proof. Necessity. Suppose integral (10.28) is uniformly convergent 
on the interval c<xy<d. Then, given an arbitrary ¢ > 0, there 
is £ (ce) such that, for all 1 > ZL (e€), the inequality 


w—fre ydz|<e 


is satisfied for all y € Ic, ad] simultaneously. 

Let 1, —- +00 for k + +00 (where 1, >a,k = 1, 2, ...). Then, 
there exists N (ce) such that J, >> Z (e) for all k > WN (ec). Conse- 
quently, for all such &, we have, by the manner £ (e) has been chosen, 
the inequalily 


ty, 
lJ (y)— Fi (v)|=|4 (y)— | f{(z, y)dr|<e 


which holds for all y € [ce, d]. This means that sequence (10.29) 
is uniformly convergent to integral (10.28) on the intervale < y < d. 


Sufficiency. Let us show that if every sequence of form (10.29) 


where lim 2, = +coo converges uniformly to J (y) on the 
k—>+ co 


interval c<y <d, integral (10.25) is uniformly convergent with 
respect {0 the parameter y on this interval. In fact, if we suppose 
that integral (10.28) (which is, by the hypothesis, convergent for 
every y € [c, dl) converges nonuniformly with respect to y on the 
interval c< y<d, there must exist €, such that for an arbitrarily 
large © there are 1 >> Z and y € le, d] such that the inequality 


LJ (y)— fre, y) dz| > eo 


is satisfied. Then, making Z assume the values L = 1, 2, 3, ... 
- oo, A, ... we obtain the corresponding number sequence l,, k = 
=1,2,..., l, »k, and a sequence y, € lc, dl, k = 1, 2, ..., 
for which 

ip 


LF (yn) — | f(z. yn) dz] =| J (Yn) — Fu (yn) | > ee. 
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de 
This means that the funetional sequenee Fy (y) = | f (x, y) dz, 


a@ 
k= 1, 2, ..., thus constructed, converges nonuniformly on the 
interval e<y <d, which contradicts the hypothesis. The theorem 
has been oo 


Note 1. If f (x, y) is a function, retaining its sign, for instance, 
4.05 
a nonnegative one, then for the integral J (y) = I (, y) dx 
to he uniformly convergent with respect to y on the interval CHYS 
<d, it is sufficient that functional sequence (10.29) converge to 
J({y) uniformly for at least one particular clioice of the number seque- 
nce Lis Lo, ae ae ee l,, aa 


i 
Indeed, if /f (z,y) is nonnegative we have \1@, y) dx > 
a 


ty 


>] f(z, y)dz for all l > ft,. Consequently, 


gl a y)dz|<e for all />/4, 


w—fre. y)dz|< J (y) — 


and for all y € Ic, dl simullancously provided that @, is sufficiently 
large. 


Note 2. If the function f (7, y) ts continuous for a < x <Z -!-00, 
c<xy<d and retains its sign (for instance, is nonnegative) and 
-+- 


the integral f(z, y) dx is a continuous function of the parame- 
a 
ter y on the interval [c, dj), this integral is uniformly convergent 


on lc, da}. 
In fact, taking an increasing number — Ei cal oe. 4) ere MS. < 


oe im lL, = --oo (dl, Da, k = 1, 2, ...) we arrive at the 
eat “sequence 
tp 
Fy, (y) = | f(z, y)dz, k=l, 2,... (A) 


The function f(z, y) being nonnegative, sequence (A) is monotone 
nondecreasing, and, by Theorem 10.1, the functions £, (y), *& 
=f 2... .. are eontinnous. Besides. this seruUeNnce canverges to he 
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continuous function 
[00 


J(y)= | f(z, dz (B, 
Qa 
on the interval c<y<d. But then Dini’s theorem (see Chapter 8, 
§ 2, Sec. 1) implies that sequence (A) converges uniformly to its 
limit (13) on the interval [c, dl] and, consequently, by Nete f, the 
-]-00 


integral J (y) = \ i @ y) dx is uniformly convergent on this 
a 
interval. 
Note 3. The improper integral 


y b—}, 
J* (y) =} f(z, y)dx= lim \ f(z, y) dz 
a a a 


can he similarly reduced to a functional sequence FX (y) = 
b—A 
k 


= \ J (x, y) dx where 2, +~0-+ 0 for &—--+co but we shall 
a 
not go into particulars here. 
3. Properties of Uniformly Convergent Improper Integrals Depen- 
dent on Parameter. 
Theorem 10.6. If f (a, y) is a continuous function defined in 


a domain uslizr<i +00, cmly<d, and the integral J {y) = 
+o 


_ | f (x. y) dx converges uniformly wills respect tu the paranieter y 


a 
on the interval excy <d, the function J(y) is continueus on this 
interval. 
Proof. Take an arbitrary numerical sequence J,, 12, ..-, da, ..- 


eae lin. i, —» -;-00, (1, Sa), and consider the sequence of 


: lr— 4-00 
functions 
'r 
Fr(yya{ f(a, y)dx, k= 1, 2,..., e<y<a 
a 
By Theorem 10.1 on the continuous depenaence of a proper integral 
on the parameter, the functions /;(y), © = 1, 2, .... are con- 


tinuous on the interval csi: y<d. But Theorem 10.5 implies 

that this sequence is uniformly convergent to the mitegral JG) = 
fo 

= { f(z, y) dx on the interval ey <d, and consequently the 


le 
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function J (y) is continuous as the limit of a uniformly convergent 
functional sequence. The theorem has been proved. 


Theorem 10.7 (On Differentiation of an Improper Inte- 
grat with Respect to the Parameter). Let f(z, y) and fy (z, y) 
he continuous for cm yd, axzxz< +00, and let the integral 


+00 
J(yy= \ f(z, y)dz (10.28") 
be convergent on the interval exc y < d. Suppose that the integral 
-{-00 
\ fils, y)da (10.30) 


converges uniformly on this interval. Then J(y) is a differentiable 
function of y for yE€ lc, d\ and 


+20 -}-90 
=a f(z, y)dz= fo(z, y) dz (10.34) 


Proof. Take an arbitrary number sequence J;, lo, ..., la, . - 
.. lim J, = -+0o, 1, >a, and consider the sequence of 
kk -» 4-00 
functions 
Ip 


Fr(y)=\ f(z, y)dxz, k=1, 2,...,c<y<d 


-+00 
which is convergent to the integral J (y) = \ { (xz, y) dx on the 


a 
interval [c, dj. Theorem 10.3 on differentiating a proper integral 
with respect to the parameter implies 
tp Up 
’ d ’ 
Fi(y=q- | tla, vdz= | file, ydz,  k—=4, 2,004, 


c<y<d 


where all the functions F, (y), & = 1, 2, ..., are cobtinuous on 
Ic, d]. Integral (40.30) converging uniformly, the sequence of func- 
tions F, (y) is uniformly convergent to integral (10.30) on the inter- 
val [e, d]. lence, we have 

+ co 
Fu(y) > J(y) on te, dl, Fy) = | file, yd on fe, d] 
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where the symbol — indicates uniform convergence, and F, (y) 
are continuous on [c, dl]. Consequently, by the theorem on diffe- 
rentiating a functional sequence (see Sec. 3 in § 2 of Chapter 8), 
J (y) is a differentiable function on [c, d] and the relation 


+20 
J'(yy= \ fi(z, ydz (10.31) 


a 


holds for every y belonging to the interval ec <y <d which is 
what we set out to prove. 


Theorem 10.8 (On Integration ofan Iniproper Integral 
with Respect to the Parameter). If f (z, y) isa continuous 
function in the domaina<xr< +o,cDZy <d, and the integral 


-+ co 
J(y)= | f(z, y)dz (10.28") 


a 


converges uniformly on the interval exit y<d, then 


f d -foo ° 
{J uy) dy = | dy \ #( ydz= (az fre y)dy (40.32) 


Proof. For any number sequence (,, lo, ..., ly, -.- (1, Ba 
lim 2, = -+0o), the corresponding sequence of functions 
R-~»o0 


ly 


Fy (y) = \ f(t, y)dz, k=1, 2,... 


is uniformly convergent to J(y) on [c, d] which is implied by 
Theorem 10.5 on reducing a uniformly convergent integral to the 
corresponding functional sequence. By Theorem 10.1 on the con- 
tinuity of a proper integral as a function of its parameter, all F, (y), 
k= 1, 2, ..., are continuous functions on the interval ¢ <= y < d. 
Hence, by the theorem on integrating a functional Sequence “(see 


Chapter 8, § 2, Soc. 2), we have lim SLA y) dy -\1o dy. 
But the theorem on integration of a oa integral with respect 
to the parameter implies ‘that 


d Ln d 


d 
| Fay) dy {ey (ree y)dz= | dx | F(x, y) dy 


a 
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Consequently, for any choice of the number sequence /;, Jo, ..- 
vty, see. Lim d,= +00, we have 


R=»ra-mw 
tk d d 
lim \ dz [ J(z, y)dy= | J (y) dy 
k-»-- fee " 5s 


+00 t 
This means that the integral dz f(r, y)dy converges and the 
a ¢ 


equality 


a 


{az of 1 y= ay wre y) ax 


& 


is fulliHed. The theorem has been proved. 


Covollary. If f(z, y) is a continuous function retaining Us sign 
and defined for axux<t 400, eXyd (e.g. f(z, y) ts nonne- 
gative) and if the integral 


-fow 
J (y) = \ f(x, y)dz 


is a continuous function of y for c <4 < d, relation (10.32) is valid. 
Proof. tn fact, Note 2 after Theorem 10.5 implies that the integral 
+o 
J (y) = ( f(z, y) dx converges uniformly on the interval ey <= 
a 
< d and. consequently, by Theorem 10.8, equality (10.32) is valid. 
For a function f (2, y) retaining ils sign we can prove Use fullowing 


Thearem 10.9 (On Reversing the Order of Lntegration 
feoan dinproper Iterated Entegral). Let J (zx, y) be @ con- 
tinuous function of constant sign defined for c= y<t --00, aS 
<K xr<t fo, and let the integrals 


has -}- co 
J (y) = | J(x, yydzx and J* (2) = ) {(z, y)dy 


regarded as functions of the corresponding parameters be, respectively, 
continuous for ¢<y<o7~@ and axsa<t --eo. Then, if ai lcast 
one of the iteraiea integrals 


a Be 4-90 “| 80 -[ 90 
\ dy \ /(z, y)dz and \ dv { f(x. y) dy 
c a a c 


coprraes the other intecral also conrerges and their values coincide. 
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Proof. We shall present the proof for the case of a nonnegative 
function f(z, y) defined for cS y<l +o, axctax< -+-o. Let 
us suppose that the iterated integral 


$20 p00 
J—\ dy \ f(z waz (10.33) 
is convergent. Then we must prove that 
l +20 +09 Pe 
lim { dz \ f(z, y)dy=J= \ dy \ f(z, y)dx (10.54) 
a ha az Cc Cc th 


Let there be given es >>0. We shall show that, for all sufti- 
ciently large [, the difference between the — quantity 


-}-90 -99 
Ned 


ye f(z, y)dy and the constant quantity dy J } (x, y)dzx is 


. mn 
less than € in its absolute value. 
We have, by the Corollary of Theorein 10.8, the relation 


re j-20 1 
| dz \ }/ (x, y) dy = \ dy \ f(x, y) dx 


The function f(x, y) being nonnegative, we can wrile 


4-90 4-00 ES 
<x \ a '(z, y)dz—\d r, yjdy= 
u\ te y) dz | roa y) dy 
+o “+09 
=| ay J f(x, waz 
i = 
= {ay | f(x, y)de b ( dy | f(z, ydr< 
. 4 a 
<f dy { f(z, y)dx+ \ dy \ f(x. y)dr (16.35) 
C cy Q 


where ¢ <¢, < +00. We begin with estimaling the second sum- 
mand on the right-hand side of inequality (140.55). Since iterated 
integral (10.33) is convergent, there is ¢,; “>e such that 

se oe : . 

\ dy | I(r yjydr< es (10.56) 


C4 a 
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Let us hx c,; > e¢ in such a way that inequality (10.56) holds and 
then procced to estimate the first summand on the right-hand side 


of inequality (10.35). By the hypothesis, the integral ( /(z, y) dz 
a 

is a continuous function for ¢ < y <Q 4-0 and, consequently, it 

converges uniformly because the function f(z, y) is nonnegalive 

(see Note 2 after Theorem 10.5). Therefore there exists ZL (€) such 


that the inequality \ f(z, y) ae omer is fulfilled for all 
ae ia 


) 
t 
i> L (e) and for all y € [c, c,] simultaneously. But then we have 
C4 -{-0 
Jay {f(x ydr< SOc 9 (10.37) 
c i 


for all 1 > L(e). Now, taking into account (10.35), (10.36) and 
(10.37) we conclude that 


-+-oo + co [ 2 ica 
O< | ey | f(z, y)dr—\ dz | f(z, yay<e 


for all 2 => Z (e€) which is what we set out to prove. 

If f(x, y) is a function that may have alternating sign the theo- 
rem on reversing the order of integration in an improper iterated 
integral can be formulated as follows. 


Theorem 10.9’. Let the function f (x, y) be continuous for axsxr< 
<< +o, cli y<t 4-0 and let the integrals 


+20 -]-00 
\ f(z, y)dy and \ I(x, y)dz (10.38) 


be, respectively, uniformly convergent on every finite interval a= 
<x <A and on every finite interval e<cy <C. Then, if at least 
one of the iterated integrals 
+ +00 “oo 4-90 
dz \ f(z yldy and | dy J [f(z y)lde (10.89) 
¢€ a 


c 


aro eg 


converges. the iterated integrals 


+70 +- 00 +o -}- co 
| dx [ f(x, y) dy and dy { J(z, y)dr (10.40) 


are also convergent and their values are equal. 
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Proof. For definiteness, suppose that the second integral (10.39) 
converges. Then, applying the comparison test to the functions 
+20 


f(z, y) and |f (z, y) | and to the functions \ f(z, y) dx and 


a 
+o 
\ | f(x, y) |dz we conclude that the second integral (10.40) 
a 
also converges. 


Thus, we must only prove that 


~- 90 oO 


i -Loo 
i os \ {(z, y)dy = dy J /(z, y)dz (10.41) 
+ 


& 


The integral { f(z, y)dy being uniformly convergent, we have 


7 90 oe. ce 
j ds \ f(a, y)dy= \ dy \ f(z, y) dx (10.42) 


for every finite ees — us estimate the difference between the 


variable quantity { ax re y) dy and the constant quantity 


a 


+x +00 
* v J f(z, y) dz entering into relation (10.41). Taking advan- 


Lave of = 42), we see that 


| ij dy ii f (2, naz fae fi y) dy | = 


=| fer fre om ay | 1x y) dz| = 


C 


C4 +c 


=| fay t f(z, y) dz|—| { dy { f(z, y¥dz -}+ 
7 d c i 


-!-00 - 20 C1 +00 


+\a y 4 f(x, y)d dx|<|{ dy \ f(x, y) dx| + 
c 


C4 { 


+ To eA ee “p09 oo 
+ | dy f(z, w)|ax< Ady § fle, del Fay fis wiae 
Cy me i Ct a 


(10.43) 
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for any cy>>c. Since, by the hypothesis, the iterated integral 
= 09 —- 50 

dy |f(a, y)|dz converges, for every e€>>0 there is ¢, >> c such 


a 


CG 
that 


{ dy { | f (z, y) |dx< (10.44) 


| 


Now, fixing a value of ¢, 2c for which inequality (10.44) holds 
and taking into account that the integral \ j (z, y) dz is uniformly 


? 4 . : 
convergent, we choose, as in the proof of Theorem 10.9, a quantity 
fo 


L (e) such that inequality | \ f(z, y) dz| <5 5 is fulfilled 
i 
for all l >> Z (e) and for all y € le, ¢,]. Then we have 
C4 ~47 00 
c . 


for all 1 > (e) and, consequently, by virtue of (10.43), (10.44) 
and (10.45), we obtain the inequality 

“1-90 -}-00 t -; 0 

| \ dy | f(z, y)da—\ de \ f(x, ydy|<e 

 '¢ u (a r 


for all such ¢, which is what we set oul to prove. 
ft should be nuled that similar Uheorems are alsu valid Jur impro- 
per integrals of unbounded functions involving a parameter. 


4. Tests for Uniform Convergence of Improper Integrals Dependent 
on Parameter. 


Cauchy’s Test. For an integral | f(x, y) dx to converge uni- 


a 
formly on an interval [e, d\ it is necessary and sufficient that for every 
e o> U there exist L = L (e) such that the inequality 


i f(z, y)dz | <é (10.46) 
p 


holds for all UV, i” >>UL (e) and for all y Ele. d) simultaneously. 


Proof. Necessity. Vi the integral is uniformly convergent, then, 
for every ¢ 70 there is 4 — ZL (e) such that for all 2’, 2- ZL (8), 


& 
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"> (e) and y Ele. dl the ineyualitics 


& 
3 


ae ana | I (x, y) dz |< 
: is 


| \ T(z, y) da 
7 


are fullfilled. Therefore, for all U, ?#" o> LE (e) and all y € le. dl 
we obtain the inequality 


i” =- es 


[r(x y) da] “fi (c. yydr-~ \ F(x, yaa 
i’ - : 


{” 


me 


; 09 +-30 
| \ { (2, waz] | | f(s, ydr|<+5= : 
i ” 


Sufficiercy. VW inequality (10.46) holds for all 2’ => Z (e), 1” > 
-{ 00 

> L(e) and all y Ele, d). the integral f(a, y) dr converges 
a 

for every y € le, dl (see Chapter 9, § 1, Sec. 3). Therefore, passing 


to the timit as /° ~ -]|-c we obtain, for all // > L (e), the ine- 
quality 


SE 


+> 
| \ f(r. y)az 
je 


which holds for all y € le, d) siinultaneously. ‘Phe theorem has 
been proved. 


IWeterstrass’ Test (Sufficient Condition for UCniform 
Convergence of an Taupraper Tuteqrat). Ti (tla, yw) <2 (x) 


for a<xr<t 4-00 and the integral \ u(x) dx is convergent, the 


Q 
‘+X 


-}-90 
integrals \ f (z, y) dz and \ |/ (2, y) | dx are uniformly corver- 


7 | a 
gent on the interval c= y Sd. 


-$- 20 
Proof. Let anarbitrary « = U be given. The integral | g(x) dz 
a 
converging, there is £ = L (e) such that the condition 
i” 


\ g(xjdeae 


i‘ 
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is satished for all 2’, 2" c+ D (e) (4° 2» UW’). This implies that, for all 
Yo ol” > Le) ("i> Uv), the inequalities 
t ad 


Sree y) dz|< Jie y)dz< [ e(ayar<e ("> 1’) 


are fulfilled for all y € fe. dl simultaneously. Consequently, by 
5 ae 
Cauchy’s test, the integrals \ (x, y) dx and j [7 (x. y) | dx 


are unifurmly convergent on the aingenwnl CS y= d which is what 
Wwe set out to prove. 

The corresponding tests for uniform convergence of improper 
integrals with unbounded integrands and finite limits of integration 
are formulated and proved in a similar way. As an instance. let 
us formulate 


Cauchy's Test (Necessary and Sufficient Conditton 
for Cniform Conrergence of au Lmproper fLlrutegrat of 
an Cnbounded Munetion) An improper integral of the form 

b b—?. 
J* (y) = f(z, y)da= lim \ f(z, yydxr,  e-S yd = (10.47) 
. Pa 0-i-0 
ni 


ce 


is uniformly convergent with respect to the parameter y on the interval 
cx<iy <.d if and only if for every ¢ >O there erists § == & (e) >> O 
such that for all and aA” belonging to the interval USCA< 
< min (4 -— a, 6 (e)) lhe inequality 


b-2” 
| \ i(x, y) dr | <e (10.48) 
bon" 
is fulfilled for all y Ele, d| simultaneously. 
iNzamples 
1 
{. It is clear that the integral J fp) -= ia dr is convergent 
0 


for p > O and divergent for p <<). Let py > 0. Then the inequality 

xo! .< rPo-it holds on the interval O < x7 <c 1 for all p & py. There- 
fore, we can pet f(z, p) = xv" ot ana g (x) = Pet! and apply Weier- 
strass’ test and thus conclnde thet. since the integral 


: Huy] 1 
\ e(x)de-- | Poh de = | — .— 
0 ‘) oe “e 
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converges, the integral J (p) = f(z. p) dx = \ x’ dx converges 


| 
Oa, 
OF amy 


uniformly with respect to Uie parameter p on the interval O< 
<Po< p< --oo for every arbitrarily small and fixed po > 0. 
Let us test this inlegral for uniforni convergence on the interval 
O<m p<t —oo. For this purpose we shall study the behaviour of 
12 
p 
— --co for p—O { 0 and for any arbilrarily small tixed «2 >- 0. 
Consequently, for any ¢ 2-0 and any arbilrarily small 7 c» 0, 
the inequality 


the integral — 


SO ony a 


s. 
z’-' dx for porO-- O. We have \ ae dt 
q 


‘a 
| Jar-'dzl<e 
0 


cannol be valid for all p belouging lo the interval O << p< --oo., 
i 


This means that the integral J (p) = La dx converges nonuni- 


O 
formly on the interval 0 < p< -; oo. 


The integral J («¢) — e-@™ dx is uniformly convergent 
0 
fer OS ay Sa“ <t Go Where Gy D> U is an arbitrarily small fixed 
positive number. This is implied by Weierstrass’ test if we put 
f(r, a) = e~@* and g Gr) — e-S" since we have | f (x. 2) {= 
= ee 8 < go (x) -— ee for Om agna << -} ow, Oz < -! ~=w, 
and the integral |g (0) 1 ae | e770? dz is converging. 
0 0 


Let us prove that if we substilute the interval 0 < @< +o for 
the interval O< ag <q a<t +o and thus consider the values of a 
which can be arbitrarily close lo zero, i.e. take the maximal range 
4-~ 
? 

of w for which the integral J (4) = | e742? dr is convergent, the 
0 

uniform convergence of the imlegral is) violated. 

To show that the integral under consideration is not- uniformly 

copvergent on the interval O<<2 @ <0 -; co, we take into aceount 
Jag 

that e-? dtisa positive constant as an intepral of a nonnegative 
0 

comtinuous function which is not identically causal ta zero. This 


29* 
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enables us to estimate the integral \ e-** dx fur an arbitrarily 
Jarge fined 7 and O< %< 7-90. Pulling ¢ = z Va (di = Va dir) 
we oblain 


—-% 0 
. 1 : , 
e~%xX- diy = Va g-@ dt — t_ > @) for @ —» O -() 
. ig, ae 
‘je 
Since 
tC - oo 
lim e~" dt = e-@ di -const >0 
(£ rv .-Q as e 
er i? 


lence. for any 7 > 0 and any arbitrarily small fixed «& 2 0 the 
inequalily 


+990 
\ e~" dt | as 


ite 


-:+ 7% 
| { e~ Ex? Pr 
y 


cannot be valid sintullaneously for all a@ belonging to the interval 
Ome “n<t :-00, which means that the integral does not converge 
uniformly on the whole interval << %7< +0, 


et 
‘ ; F Sin pwr : 
3. Let us prove that the integral J (a) = | eax SIN Br dx is 
0 


uniformly convergent with respect to the parameter 2 for O-ga< 
<(+oo and any hxed B40. Fo do this, let us estimate the integ- 
= © 


¥ 7 : I 
ral enax SM ar, I>. Pulling ~=—, dv —e *sinfprdr 


t 
— Integrating by parts we obtain 


-}- 0 
‘i on ux Sif a. BF dae e~F* sin (fix | @) | “99 ) e sin (Be !-@) dr 
zr Va?-- 2 xual x2 V a -+- B2 
where q@ is an anxiliary angle delermined by the relations 
—CxX .: 
cos = —— a and Sin ee, We have sci LE < 
V 22 pe lat ep V2? | BF 
1 
STR for B=40, all c>O0 and all a BO and, conseguently, the 
inequality 
-{-00 
. sin har i | r 
pea Sintte gal ag As A | es 
| f t fT RY 1p | oe 
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is fulfilled forall a, CS a<t +00, which means that the inte 
in question is uniformly convergent. 

lf we have an timproper jiutegral cependent on a parameter 
y € le. dl. whose one or both limits of integration are intisite a: 
whose integrand has one or more singular points, we break up t 
interval of integration (provided this is possible) in such a ow. 
that the integral taken over each part has cither one intinite lim 
of integration or one singular point. Vhen the original integral 
said to be uniformly convergent with respect ta the parameter y 
the interval cxiy<d ifand only th each of the constituent mtegre 
taken over the parts the original interval of tategration is divid 
into is uniformly convergent for e.. yd. 

>. Examples of Evaluating Improper Integrals Dependent on Par 
meter by Means of DilYerentiation and Tntegration with Respe 
to Parameter. The integrals below not only demonstrate some lee 
niques, but are also used m various divisions of mathematics as 
physics. 

1. NKoowtmg that 


for me <l nm where m and 2 are positive integers (see Example 3 i 
§ 3 of Chapter 9), we shall prove, on the basis of the theorem ¢ 
continuous dependence of an integral on a parameter, that 


1-00 
gp-l Bre 

Fe rilpstinataas ( 

; +r sin pr 

0 


four O< p< 14. For this purpose we substitute x = ” into ( 
and thus obtain 


+ oo Rio ae 
tk 7 m 
14 a , ne 1 (1 
0 Sin aS ya 
- : {P-1 
Phe function f(t, p) = Tt is continuous for Oct +-« 


UoOp< |. Breaking up the interval of integration 9 -C #@< +e 
into two parts (og. OSti* | and lot < -; ow) and applyin 
Weierstrass’ test to the integrals over [0. 1] and [1, -} co) with th 


| ee yra~ | 
funclion g (¢) equal, respectively, to ne an ar aa ae Gh p,< 
i ae 
we ges 


Spe <o J, we see that the inteecral! \ 7 _,@ is uniformly con 
n 
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vergeut with respect to p on every interval of the form 0 < py <& 


+90 


<pipext. Hence, the integral { 


[==] 


Sy di is a continuous 


@ 4 


v 
function of the parameter p for 0 < p< 1. Every number p belon- 
ging to the interval (0, 1) can be regarded as the limit of a subse- 


: 2m—-+ 1 
quence of the number sequence Tz OS mn mn= 


= 1, 2. ..., and therefore, performing an appropriate passage 
to the limit in relation (Bb), we arrive at relation (A). which we set 
out to prove. Equalily (A) is used in the theory of Euler’s integrals 
(see § 4 of the present chapter). 


aa 
8 


2 sin Br : 
2. Let us evaluate the tntegral nl dz. 11 cannot be diffe- 


oe 


rentialed "directly with respect to the parameter B under the 
integral sign but we know (see Sec. 2 of § 1) that the more general 
+00 

: sin Bz : : . : 
integral [ e-ax S82 de differing from the above integral in 
the factor e~%, @ >> 0 (which guarantees uniform convergence of 
the latter integral) can be evaluated by means of differentiation 
with respect to the paraineter. This results in 

100 

J em 

0 


eine, dz —= arc tan ie 

i 6 4 
As was proved (see Example 3 in Sec. 4), this integral is uniformly 
convergent with respect to «, <a << =-00, for any fixed f}. Con- 
sequently, it is a continuous function of the parameter @ for 0< 
<a<<<c#tioco. Therefore, 


-!.n9 -|-90 | 
eas dz= lim | Ga eae dz = 
: ca a-r0 0 8 z 
= for BO 
= lim arc tan ae O for B=O0 (10.49) 
ce 0 1G = 
—- for p<0 
In particular, we obtain 
+. ww 
{ UL fe (10.50) 
: Ra 2 
0 


The last integral is used in the theory of Fourier's series and inte- 
grals. 
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3. Let us evaluate the Euler-Poisson integral 
+00 
ieee \ e-** dx (10.51) 


(see also the end of Chapter 9). Its convergence was established in 
Chapter ¥, § 1, Sec. 4. Putting z = ut, dr = udt, we obtain 


+720 
J = | e-E u dt 
U 
Multiplying both sides of this equality by e7*¥* we find 
-1 0 
Jew? |e G4h My dt (10.52) 
0 
Integrating equality (10.52) with respect to u we obtain 
4-90 mw —o~ 
J = J \ e~"8 du = \ du \ e~U+tyutn dt (10.53) 
0 0 0 


Here the integrand 7 (t, uw) = e~GU+)u? yw is a nonnegative and 
continuous function for O<t< +o, Ou < 4-00. The inner 
integral in (1U.53) is a continuous function of u for 0 < u< 4-00 
Which is implied by (10.52). If we formally reverse the order of 
integration we arcive at the iterated integral 


+= -fo 
\ dt | e+ yuty dy (10.54) 
r i) 
whose inner integral 
7 | 1 eT OP ysto 14 a 
>—C1+t2)u2 sa ae a a Ee NSE es _ ( coK 
\ e ue du 7 Toe lyno 71. PR (10.95) 
0 


is u continuous function of ¢ for 0-cé< +00. Hence, by Theorem 
10.) on reversing the order of integration in an improper iterated 
integral with a nonnegative integrand, integral (10.54) is also con- 
vergent and equal to the integral (10.53). Consequently, by (10.55), 
we obtain 


-|-o0 +oo 4-30 
; ee 1 \ dl a 
= 1-3-L- re eo — 
\ dt \ e~! MPa du = : \ a ae 
0 0 0 


Thus, 


I= { e—™ dae — —-- (10.56) 


45¢) MULTIPI.E INTEGRALS, FIELD THEORY AND SERIES 


This integral has various applications to the theory of heat conduc- 
tivity. probability theory. statistical physics ete. 
Evaluate the mtegral 
+00 
J (B) = \ e~““cosfadxr where 2 =const>O0 (10.57) 
0 


Whieh is used in the theory of heat conductivity and statistical 
physics. Jis convergence follows, for instance. from the fact that 


+ 
br 


the integral { e-@? dx is convergent. Performing formal dilfe- 
0 
renliation with respect to f) we obtain the equality 


¢ 
~7- © 


~ e-@x* (— x) sin Bar dz (10.58) 


quality (10.58) can easily be justified. Indeed, we see Uhet (1) the 
functions e7@* cos fiz and e774? x2 sin Bx are continuous for —oo < 
<Pp< +0. Or < +00. (2) integral (10.57) is convergent for 
—oo <i ff} <0 +0o and integral (10.58) converges uniformly with 
respect to B for —oo <2 B < foo by Weierstrass’ test (in which we 
can put g (7) = e —@x*)_ "Therefore, by the theorem on differentiation 
OF at improper integral with respect to the parameter, equality 
(10.05) is in fact valid. Now, integrating by parts in (10.58) (with 
respect to z) we obtain 


ad , sinBr Jx=1~> PB TT _., n 

Oe ge ee Sere lat —ax2 egs en: ao 

afi : 2a = |x=0 2a \ . cos Bx dx 2m J (B) 
0 


Separating variables in the differential equation thus obtained we 
find 
at Kd 


es eee a} 
7- = = (10.59) 
Integrating (10.59) we obtain 
R? 
J(B) =Ce **, €  eonst (10.60) 
Let us determine the constant C. According to (10.06), we have 
a a > I - _ .2 { eat. - a ae ae 
J (9) — | ¢ ax? dp —s \ e *#ds-—-]/% -- (3 =a) 
re Ve a ~ i 


(10.61) 


Consequentthy. by (lO.G0) and (lO.bT). we can write 


J(0)—€ aa : 


(Lh 


* 
a 
aw 
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Substituling this result into (10.60) we tinally derive 


hs — 
i re 1 3 aria Te ee 
J (f) =- e~ cos Bx da = = V/ xe 1 (10.62 
v 
~!.00 


>. Let us evaluate the Fresnel integrals sin (7*)dz ane 


i) 


| cos (2°) dx which are used in optics. Putting 27=2 we obtain 
0 


ose 9 2S : : tof) Cust 
\ sit (27) dr == | eyo lt, \ cO8 (47) da => | —— 
ae (eee i ae ee 
As an instance, let us evaluate the first integral. Noting that 
-- 0© 
9) 
see | eh de (see 10.61) we derive 
Ve yu : 
“poo i NO 3 
\ eee — dt | e7™? sin tdu (10.63) 
| Va ‘ ‘ 


If il were easy to justify the possibility of reversing the order of 
Integration in integral (10.63) we could couiplete our calculations 
ina ‘simple way but. it turns oul that this involves some complicated 
techniques. Therefore, as in Example {, we shall introduce the 
factor e7"', A = const <> U, and cunsider the integral 


“| 00 +o = 4-00 
s : Ll 2 = F 4 . 
\ eke SINS dt =— \ de \ eh sin tdu = 
Vt nt 
V0 Uv 0 
") es sd 2 bed d 
=— 1x \ du e — (ky sin Z adi : Va { eee ae (10. 64) 


() 


In the latter case it is easy Lo show that the — of integration can 
be reversed on the basis of Theorem 10.9. Since the integral 


~*~ OO 


poke Sin sind 


Vi 
0 
integraml is conltanuous for O DA ao a-o, O< Sit ~-oo, this 
integral is a continuous fanetion of & on the interval Osch< -o. 
Therefore, passing to the limit for #-+0-; U we obtain 


-dt converges uniformly for 0 Gk <-! ow, and its 


Tw TS 


Sine a \ ao 
pe ys) te 
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Taking the decomposition of the fraction —— into partial frac- 
tions and performing integration we finally Obtain 
“p>0 
\ sin ( r)draty/s (10.65) 
0 
‘Fhe relation 
T cos(z*)dr=—-Y/ * (10.66) 
6 


is proved in a similar fashion. 
G. Let us consider the Frullani* integral 


-f-00 
{ POD 10?) ae where Ox a<ib<-—0o (10.67) 
0 
We shall limit ourselves to the following two cases. 
(1) If f’(x) is continuous and integrable on the interval Oz < 
<_~+~o0o and f(z) tends to a finite limit f (+00) as r+ +0, L.e. 
+> 


\ f (z)dz=1(+ 00)—7 (0) 
i 
dhen the integral 
uo 
\ f (uz) dz (10.68) 
0 


is uniformly convergent with respect to the parameter uw on the 
interval 0 cm a<qu<b. Indeed, since f (z) tends to a finite limit 
J (+00) as x— +00, the necessary and sufficient condition of 
Cauchy’s criterion for existence of a limit of a function is fulfilled 
for f(z), that is for every ¢ >O there is MN (es) such that 
| f(z’) — pi (x“) |< © for all x’, x“ > WN (e). But then we have 
ae 
1 f {(A"u) — f (Au) 
f {' (uz) dz| == Te). f’ (t) dt | = ar 1t4"0) | 


< <—| f (A"u) —f(A’u)|<e 


fur all A’, A” > Nie) and for all uw belonging to the interyal 
asu<b. Therefore integral (10.67) can be evaluated ly inte- 


I 


*PreDand, Ginkiang 795-1834). an Italian mathematician. 
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grating (10.68) with respect to the parameter u from @ to Ob: 


w os 


30 +o b b 00 
Wag ee f’ (uz)du=\ di f (uz) dx= 
| me a Ue ul J 4 


iu 


h 
= [OREO au = [f (+ 00) —f (0)] In (10.69) 


ce 


(2) If there is no finite limit of f(z) for z + -+-co but the integral 


+ oc 
|= i dz, A >0O, is convergent, and the derivative / (QO) exists, 
A 
we have 
‘Ff (bz)— 4 b 
\ f ( a f (oz) —f lar) 7 _ — f (0) In — (10.70) 
0 


In fact, we can write 


SS AS dt = | aid ao (t =az) 
0 
and 


be 3 
i L160) a= ftos)— 10) a 


Consequently, 


s bs bs 
f (br) —f (az) f(t) at 
j Seater de =| SP a —s(0) | += 


as 


bs 
b 
=) ae—s (0) In 


whence we obtain (10.70) by passing to the limit for s— —oo. 

Frullani’s equalities (10.69) and (10.70) can bo applied to evaluat- 
ing various concrete integrals. For instance, applying (10.69), foe 
O<a< b, to the function f{ (z) = e~* we find 


+90 +» 
ret bs _ eax a arc tan bz — arc tan ar 
\ a PS I and a ean = 
z b ; z 
0 0 
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Similarly, Uhe application of (10.70) to the function f (z) = sin 2 
pamnine i 


a?) 


y sittdz—sinas Sie SS poet And ( COs — nr ee me 
T 0 
O<ca<cb 


§ 3. EULER'S INTEGRALS 
Euler's integral of the first kind 


Bip, g) =) ze-l(A—ayr! dae 


called the beta funetion of p and g and Euler’s integral of the second 
kind 
+a 
Ci(p)= { xP-1e~* dx 


(} 


called the gamma function of p play an important role in various 
divisions of mathematics aud mathematical physics. As will be 
shown, the beta function is expressed in terms of the gamma func- 
tion (see relation (10.81)) and therefore we begin with the properties 
of the gamma funetion. 

1. Properties of Gamma Function. 

-L00 

(1) The integral TT (p) — | xzPte~ dr converges for Om p< 
<< -! co and diverges for p < 0 (see the end of § 2, Chapter 9). This 
integral is improper for p <i. 1 not only because its interval of inte- 
gration is infinite but also because the integrand approaches intinity 
for p<i las z—+>O-| O. 


-}- oo 


Let us prove that the integral PF (p)— \ x’ Je"* dz is uniformly 
0 
convergent wilh respect to the parameter p on every finite interval 
O< po ip: Puox<i- oo. As in the case of testing this integral tor 
ordinary convergence, we break up the interval of integration 
(QO, ; co) into bwo intervals, namely Osia<l and { ~a2<< +00, 
and test, for uniform convergence, the corresponding integrals 
{ -}-c0 1 
— “da and xee* da. The integral la i dx converges 
" | 

notfonmily for O< pySe<tzoo by W Senieraset Lust simes er gt l 7 
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=a 


<arP0—! for O< r<ct and p>po and the integral | rte! dr con- 
0 


>. 
verges for p) > 0. Estimating the integral wl —e-* dx for p—01—0 
0 


and 2 == const >O we see that 


te 2. ?. 
= a _ Ad = 2 n 12 
i 0 0 


{ 
and, consequently, the integral ee dz does not converge wuni- 
0 


formily on the interval O< p< -j- 00. 


1 oo 


Weierstrass’ test indicates that) the integral at le* dx con- 


1 
verges uniformly for — oo < p< Pg<i4- 00 Where (Py is an arhit- 
rary fixed number because we have 

ele < xPo-le* for 1<xr< 4-00, —ooc p< Py 
-t- 90 
and the integral | re-le*dz is convergent. But the integral 


r’e “dz does not converge unifurmly on the interval — co <p< 


: -. 
a eg 


3 oO 
<i“ -j-oo. Tu show this let us estimate the integral \ x! 'e-* dx for 
an oarbitrary fixed Jo 1 as p—~ j oo. For any integer VY >0 we 
have p—lomw, from some value of p on, when p~» j- 00, and 
therefore, for such p, we can write 


;0 -f-70 +>» 
x Ve-* dr => \ re dr = —e*r' air AN \ c-le-\ dx — 
I t { 


(eV 2 NINA1 DWN —1)IN-2 40 tN em! SL 
for VN -» | co 
Consequently, 
-f-00 


lim | LY -1e"* da = + co 
’ 


Pime-y-0a 


for any fixed 1> 0. 
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! 
Thus, the integral { e““z?-ldz converges uniformly on every 
y - s a 
interval 0 < pgp<p < +00 where pp is an arbitrary fixed positive 
-+-v0 


number and the integral ( pP-1e-*gy converges uniformly on 
A 


i 
every interval —oo < p<) < -j-co «where Poy is an arbitrary 
finite number. Hence. both integrals simultaneously converge 
uniformly on every interval of the form 0 < ppx<tp< fg < +00 


o—~ OD 
° 


and, consequently, the integral VF (p) = x’~le-“dr also conver- 
j 
gos ubiforinly with respecl to p on every such interval. 
(2) Since the integrand f (2, p) «= 2P-'e-* is) continuous for 


4+-~ 


Omr<40, Octp<toaw, and the integral Lee dr, 


understood as the limit 


+ 20 
lim | zP-'e*dz = \ een Ver* tae 
l—+-+-oo s . 
2—-O+0 4 0 
is uniformly convergent with respect to p on every tinite interval 
a OO 
O< pox p<l’yo << +o, the integral V (p) - \ cPle“dy is 
i 


uw comlingous Function om every such tolerval, ive. a continuous 
function for all p satisfying the condition UO < p << --oo. 


yee 
(3) Differentiating [ (p) = | x?7e~ xz formally with respect 
7) 
to p under the integral siga we obtain 
-}-00 
I’ (p) = zP-T (ln xr)e“ da (10.71) 
0 


But equality (10.71) can be justified because we can easily prove 
(hat the integral on the right-hand side of (10.71) is unitormly 
convergent on every finite interval O < pan Py <l 00, and 
the partial derivative fp (z, p) = 2?-) (In er) ev * (where f (2. p) = 
= 7"-e-*) $s continuous for O<z< -+3-0. OS p< -!-00. The 
fact that the integral on the right-hand side of (10.71) converges 
uniformly is proved by applying Weierstrass’ test to the integrals 

2? (In x) em" de and 


0 1 


$-o0 
. 
x 


2’ da rye dr 


CH. 10. INTEGRALS DEPENDENT ON PARAMETER AUS 


for which we can put, respectively, g (z) = z%-? | Inz [and g (z) = 
= xPo-) | Iu x f e-*. 
We likewise prove that the derivatives T'® (p) of all orders 


A=, 2, 3, ... exist and are expressed by the formulas 
rp) = | a? (inate “dz, k=1,2,... (10.72) 
n 


(4) Performing integration by parts we find 
== ie 

pV (p)=p { aPteX dx are * $F 4- ( ate de 
0 a 


that is 
Pr (p +— 1) = pl (p) (10.73) 


Applying recurrence formula (10.73) repeatedly we can reduce 
evaluation of [ (a -- ~) where O<ca<1 and ” is an arbitrary 
natural number to evaluation of JT (a): 


(a -:- un) =: (a + n— 1) (a - nv» — 2)... (a - 1) eal (a) (10.74) 
If we put a = 1 and take into account that 


r(ty= eXdx= | (10.75) 


e 


formula (10.74) results in 
Pin = 1) — 7 (er i ee ee ce, Se! (14.7 O) 


(>) Let us evaluate 


—Lan 
{ 20a 
I'(=-)= a eds 
nN 
Putlinge « — ¢@? we obtain 
‘ | r a Va eet : - = 
i ()=2 | ePd 257-5 (10.77) 


0 


(4) Let us consider the graph of the funetion P(p) (see Fig. 10.1). 
For p—>0O + 0 and p+ -—+-oo we heve I(p) — 4-00. The values 
of (py) for natural p are given by formula (10.76). We have PF (L) = 
= 1 (2) = I. and therefore, by Rolle’s theerem. the derivative 
I’(p) turns into zero ata point belonging to the interval | < p << 2 


-{-9 


Let po be such a point. Since T" (p) = | zP-* (In x)? e™* da _.- 0 
0 

forall p, O < p< +o, the derivative 1 (yp) is a monotone increas- 

ing function for 0 < p< -+ co. Consequently, the derivative V’tp) 
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has no roots on the interval 0 < p< +oo other than po. Desides, 
(p)<. VU for p< po and I'(p) > O0 for p > po because I’(p) 
is a monotone increasing function. Hence, the function VF (p) has 


p/n 
i 


Ric, Lot 


only one extremal value ou (he interval 0 < p < oo, nainely the 
myname wtllained at the point p-- po. 
Let us consider the corresponding numerical data: 


Po = 1.4616, min F (p) > F (pg) - 0.8856 
Since the gamma function increases for p 2 2 we have I (p) >- 
™ Pda -- bmn! for prmar--b 1 where nS ft. llenee, Voip) — 
— 4-00 asx yp—> -;-oo. Furthermore, we can write 
, (p+ 1) 
i (p) = Ps) 


[* Bsr | 
wS — too for p—O-.-.0 hecause 


for p> and hence UT (p) = 
Rips i-+V)y=1 for p+O+0. 


2. Properties of Beta Function. 


(t) The integral Bp. q)-= { xP od — xyF de converges — for 
0 


p>Uand q > 0. 
(2) The change of variable z=J—-¢ shows Chal 


Bip, ) =B iq, Pp) (10.78) 


Consequently. the beta function Bp. g) is a svemmmetric function 
of po and g. 
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(3) For g>> 1 we have 


{ 


Bip, g=| (1-2) a(=) = 
, | q-1 [x=i { , 
_ xP( =. "to 2? (1—2)*2 dz = 
q—l . _ gs q—1 _ 
= = * 1(1— az)? ieee oe '1—a7)'-'dr= 


q— 
<— Bip, 9 


q—1 
=——— (pp, q—1)— 
Thus, we have 


y— 1 
IS (Cp, ar eae B¢p, g—1) for g>1 (10.79) 
The beta function being symmetric, relation (10.79) implies, for 
p>, the eguality 


»—t 
B (p, q) == 55 B(p—1, g) for p>! (10.79’) 


(4) Performing the change of variable z= 
1 
I (p, gq) -: ( 2-1 (1—a2x)""' dx we arrive at another analytical rep- 


-__ in the integral 
Tag im the integra 


0 
resentation of the beta function: 
+o 
zp~t 


Bp, 9) - \ aie d: (10.80) 
0 


(5) Let us deduce a relation connecling the beta und the gamina 
functions. Namely, we shall prove that 


IM (p) V (9) 
B (p, n= pe (10.81) 
for p>>O and q> OQ. The change of variable « = (2 (f¢ > 0, da = 
+200 


, : r 
— fz) in the integral TV (p)-= | xP e-* dz resulls in 


APY \ arte de (10.82) 
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Substituling 1 4- ¢ for ¢ and p — q for p we obtain from (10.82) 

the relation 

r 

PM ne [atte i Neds (10.83) 
0 


(1 - eure 


Multiplying both sides of the latter equality by “7! and integrating 
with respect to ¢ from O to --co we derive 


ve fra a ne 
I (p-~ 9) \ Tipper f= bode) rtahttteutneds 
a rT 0 


By (10.80), the last relation can be rewritten in the form 


fm 400 
Pipi gB(p, y= | dt gh iTmaplen (i Hie ds (10.84) 
0 0 
Now let us prove that it is allowable to reverse the order of inte- 
gration in integral (10.84) for p> 1 and g > 1. Indeed, we can 
easily show that the conditions of Theorem 10.9 on reversing the 
order of integration in an improper iterated integral are fullilled 
here: 

(a) the function 


{ (2, {) = gPia- lyp- ly (1! t- Se () 


is continuous for 0<z < +00, U<t < 4-co 
(b) if po> tlt and g > 1 integral (10.54) is convergent; 
(c) the totegral 


ip-l 


| {P-ighta- 1 o~ (1-: i)2 dt == pe T (p - YaST 


0 


is a continuous function of ¢ for O<¢ < -| co and the integral 


+ ou 
0 


in a continuous function of z for Oz <Z -} oo. 
+-o0 -{| © 


Hlenee, the — iterated intecral { dz (geal te tz ef 


0 0 
m convergent and equal to integral (10.84) (Theorem = 10.9). 
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Consequently, 
Pip-rg) B(p, a) = J dz \ gh an ghmde O° OF dt = 
0 w) 
= { aa ae ke { tele" at = | gptdnte-s TAP) ge 
0 0 ‘ ; 
= V'(p) \ zi te dz= V(p) Tl (y) 


0 


We have thus proved that equality (10.81) is valid for p> 1! 
and g => 1. To extend relation (10.81) to all p > 0 and ¢ > 0 we 
simply write this relation for p> 1 and g >> 1 and then apply 
recurrence formulas (10.79) and (10.79) to its left-hand side and 
recurrence formula (10.73) to its right-hand = side. 

(6) Let us derive the formula 


Bip, 1—q)= for O< p< (10.85) 


mt 
sim pa 


Substituting g = 1— p into formula (10.80) we obtain 
-{-00 


gP-1 
B(p, 1—g= | 
Uv 


dz, Ne p< (10.86) 


But in Sec. 5 of § 2 (Example f) we showed thal integral (10.86) 
“er for O< p < 1, and this implies relation (10.85). 
Making use of formulas (10.81) and (10.85) we obtain the formula 


(nT —p)= 


is equal to 


os 'O 7 
aah for Oli p< li (10.87) 
Which plays an important role in the theory of the gamma [unetion. 

There are many integrals (hat we can evaluale by reducing them 
io Euler’s integrals. 


Exam ples 
-t-ns az C =) . =) 
| | is dr= 3 ( -; =-) la) r( 4 fy 
(1 -;- 2)? - 4 ; 4 _ I 4) ae 
—_ lrg type 3 J a Th. 2 
coke al Cy ee a ae Z 


30 
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3 
2 


5 
2z7cos-xde. Putting 


zt 

rz 
2. Let us evaluate the integral J=\ sin 

0 


sin?’ z=2z we obtain sin z= z?, cosz= ({—z)2 and dz=2sinxcuszxdz. 
Consequently, taking into account the foregoing example ane 
formula (10.79’) we find 


j—26 (4, 2) 


3. Let us consider the integral 


Ps 4 


2 
ten} sin?! zcos*zdz, p>O0O, g>90 
6 


Putting sin? x=2z we get 


In particular, for g=1 we obtain the formula 


= r (+) 
Vn 2 
2 


sinPi¢gds= 


Phan 


§ 4. MULTIPLE INTEGRALS DEPENDENT 
ON PARAMETER 


For definiteness, we shall consider triple inlegrals dependent on 
a parameter although the resulls obtained below hold for inultiple 
integrals of an arbitrary order except certain cases which will be 
stipulated in what follows. 

Let a function f/ (x, y, z, «, B, y) be defined for (x, y, 2) € Q 
and (a, B, py) € QF where © and ©* are, respectively, domains 
of the xz, y¥, a-space and the a, B, y-space. Suppose that the integral 


J (a, py y= {lire u, 2, & B, y) dxdydz (10.53) 


tad 
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exists aS a proper or improper integral for all (a, B, y) € Q*. Ther 
it is a function of the parameters @, B, y in the domain Q*. 

As in the case of a onefold integral, we can easily prove the follow 
ing assertions: 

(1) 7f f(z, y, 2 &, B, y) is continuous as a function defined iv 
the domain Q « O* where Q and Q* are bounded closed domains 
the integral J(a, B, y) is @ continueus function of the parameter: 
a, B, y in the dumuin 2*.* 

(2) If, in addition, the derivative f, (x, y, 2, «, f, y) exists anc 
is continuous in Q x Q*, the integral J (a, B, y) can be differen- 
fiated according to the rule 


wa 
Sa =a \\\ ie. y, z, a, B, y)dzdydz= 
Q 


=\\ji (x, y, 2, «, B, y) dx dydz (10.89) 
Q 


The derivatives of J with respect to fi and y are expressed simi- 
larly provided that the derivatives fg and /, exist and are conti- 
nuous. 

(3) If the conditions of Assertion (1) are fulfilled, it is permissible 
fo integrate the integral J (a, B, y) with respect to the parameters 
a, fh and vy under the integral sign. 

Assertions (1)-(3) are proved by analogy with the case of a single 
integral. They can also he easily extended to integrals of the form 


J (a, B, y= J\\ fle ys 2 & B, ve(% y. 2) dedydz (10.90) 


where f(z, y, z, a, B, y) satisfies the above requirements and 


| ,y, 2)(dzdyd ate ated. 
j\\lac y, 2)(dzdydz< K =const <{ + oo 


(here the integral \f) |g (z, y, z) | de dydz may be proper 
Q 


or improper). 


Example. The potential function of the field of gravitation gene- 
rated by a material body & with volume mass density p (M) = 
= 0 (x, y, 2) is expressed, at every point @ (Zo, Yo, Zo) lying outside 


* For given aqomains Q and Q = ((2, yy z) eg. (xa, B t - y) EO*) the ao cungiyy 


Q x Q* is the set of al! points (x, y, 2, &, B, ¥) (belonging to the correspond- 
ing §-dimensional Euclidean space) obtained when tho points (z, y, z) and 


(z, B, y) independently run through their domains O and Oe 
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the body, by the integra! 


; ‘ 1(P 
U (OQ) =U (Lo, Yo. zu) = \\{ oe dr dy dz (10.91) 


where rpg = | (x — Xo)? + (y — Yo)? + (@ — 2)* is the distance 
between the points /? (z, y. z) and Q Azo, § Yo: 29). If the point @ 
is at a positive distance from the body Q the fiinction f (z, y, 2, Zo, 


Yo. Zo) = — is continuous and possesses the continuous partial 

af aft 
Ox Oyo 
to be an absolutely integrable function in Q. Differentiating (10.91) 
with respect lo Zp, Yo and z» according to Leibniz’ rule (see relation 
(10.89)) we find the projections on the coordinate axes of the force 
of attraction with which the body 2 acts upon unit mass located at 
the point O (x9, Yo; 2): 


Fx (G vi “ee pf) re ola dx dy dz ) 


derivatives 


0 . ; : 
and ae The density p (z, y, z) is supposed 
0 


’ = Oly = ep?) i . 
roma fifee = (Y¥— Yo) dx dydz 3 (10.92) 
gU P 
FL(Q)= i \ I a (2— 29) dxdy dz 
Q 


If the point Y (x9. yy, zy) lies inside the bady 2 we have ryg () 
when / coincides with G. Hence, in this case Q@ is a singular point 
of the integrand in the integrals (10.91) and (10.92) and thus these 
integrals are improper even if p (7?) -= @ (z, y, 2) is a bounded 
integrable funetion in @. A feature of these improper integrals 
dependent on the parameters Zo, Yo. Zo (On the point @ (re. Yu. Zo) 
is thal the coordinates of the singular point of the integrand depend 
on these parameters, namely, are equal to them. Here we shall limit 
ourselves to studying improper integrals dependent on paramnclers 
which are of the form 


J(Q) = ata Q) { (P) dx dy dz (10.93) 


~~ 
fw C__ a, 


where 
P (xz, y, 2) EQ and Q (xq, Yor 20) € 2 


The function F (?, Q) is supposed to be continuous for P -~ @ 
and unbounded for 2 -- O while f/(P?) is a bounded integrable 
function on @ (integrals (10.91) and (10.92) are special cases ot 
integral (1U.93)). 
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Definition. We say that integral os 93) is uniformly con- 
vergent at a point QO (x9, Yo, 29) € 2 tf for every &€ > 0 there is 
&6 = 6 (e) =U such that the inequality 


V\\ Fe, Q') { (P) drdydz|<e (10.94) 
Ose 
is fulfilled for any domain Q5,, of diameter less than S(¢), belonging 


fo QD and containing the point QO, and for any point QO" whose distance 
from Q is less than 6 (e). 


Sufficient Condition for Cniform Convergence. [f there 
exist a neighbourhood of the point Q (Zo. Yo. Zo) € GQ and constants 
Co>U andi < 3 such that for all P and VU belonging to this neigh- 
bourhood the inequality 


\F(P, O)< 


™ 


(A- const <<3, O<C=const<-: co) = (10.95) 
rpg: 
holds, integral (10.93) is uniformly convergentat the point Q(t 9. Yor Zo). 
Proof. By the hypothesis, we have |/(P) |< A = const < + 00 
everywhere in &. Consequently, if a ball Soe. (@) of radius 8(&) 
with centre at Q lies within the above neighbourhood of the point 
VY, we can write the inequality 


J\}J #04. Q') f (P) dx dy dz| < 


—, 
2508) 
. ; shea dy dud- : 
< \\ == -~ ——Wdedyds Ch \ { oo (10.96) 
a oy sicker) "PQ 
d¢e) 2$te) 


for cvery domain Q62, of diameter less than O(e) containing thie 
point @ and for any point Q' € Sge, where Sve) (V') is a ball 
of radius 26(e€) with centre at Q’ (see Fig. 10.2). Passing to spherical 
coordinates with origin at the point G@ we obtain 

2 sv 26 (e) 


bh ae se —— ae sind pm 


rh r 
S262) e 


~ [25 (e)|"~" (10.96) 


= 4n \ r p2—h dr= = 
rT 


It foliows from (10.96) and (10.96%) that 
|) F(R, Q')j (P)dxdy dz| <- AF (26(e) CK (10.97) 


ete) 


since 3 — A =O, the right-hand side of (f0.97) ix less than e¢ if 
dS(e) Is sufficiently sinall, Which is what we sef out te Prove. 
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Note. In the case of an improper \-fold mulliple integral of type 
(10.93) (NV = 1) the exponent A must satisfy the inequality A< N. 

If mass density 9 (7?) in integrals (10.91) and (10.92) is a bounded 
integrable function in Q the above test implies that these integrais 
are uniformly convergent at every point © (29, Yo, 20) € &. 


Fig. 10.2 


The implications of uniform convergence are the same as in the 
case of onefold integrals. As an instance, let us consider the question 
of continuity and differentiability of an integral as a function of its 
parameters. 


Theorem 10.40. If integral (10.93) is uniformly convergent 
aia poini O €Q and the functions f (P, Y) and f (P) satisfy the above 
conditions. integral (10.93) is a continuous function at the point O. 

Proof. let us show that for every ¢ > 0O there is 6 = 6 (e€) > 0 
such that the inequality | rgq |< 6 (e) implies the inequality 


Fig. 10.3 


| J (Vv) — J (V’) |< e. For this purpose we take a ball Sage) () 
of a sufficiently small radius 6 (€) with centre at Q [ying inside Q 
(see Fig. 10.3) and represent cach of the integrals J (G) and J (@’) 
as a sum of two terms, namely an integral J, over the domain 
S ge (YZ) and another integral J2 over the domain 2 —~— Soe (VY). 
Then we have 


Ly) — JO) 1 << [42 @O)—42 (GV) LA 1A (CQ) a (PO 
(10.08) 
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If 6 (ec) > 0 is sufficiently small the second and the third terms 
on the right-hand side of (10.98) are less than = because the integral 
J; is uniformly convergent at the point @. Let us choose an arbitrary 
positive S’(e) < +6 (ce). Then, if the distance between @ and 0’ 
satishes the inequality 
1Gu’ |< & (e) (10.99) 
the integrals in the first summand on the right-hand side of (10.98) 
are proper. Consequently, if 6{e) (0 <i O’(e) < * &(e)) is sufh- 
ciently small the theorem on the continuous dependence of a proper 
integral on parameters implies that the first summand on the right- 
hand side of (10.98) is also less than = provided that condi- 
tion (10.99) is fulfilled. These results indicate that (10.98) and 
(10.99) imply the inequality 
lyY@—J@)|<e (10.100) 


Which is what we Set out to prove. 

Here we do not discuss the general problem of differentiability 
of improper integrals of form (10.93) with respect to paraineters 
and refer the reader to special courses (e.g. see [15], Lecture 7, § 2). 
We shall only illustrate the corresponding techniques in connection 
with a special case when F (P, @} = 2 and {(P?) = ep (Ff) where 
o (/’7) is a bounded (| 9 (2?) |< C = const < +o) and differen- 
Liable function in &, that is when the integral in question is of 
form (10.91). This case is important for the theory of potential 
funclions (see [17]). 

If the point © (Zo, Yo: 29) lies outside Q (and P (xz, y, z) runs 
through &) integral (10.91) is proper and, as has been shown, equali- 
ties (10.92) are valid. Let us prove that relations (10.92) remain 
valid when the point @ (zo, Yo, 29) belongs to 82. We shall limit 
ourselves to the first equality (10.92). To prove this equality we must 
show that the difference 

= U(z7g-+ Azg, Yor Za) pall (x9, Yo» z9) = 
— Ary 


a, re Az) «0 (10.101) 
£7Q 


tends to zero for every fixed point Q (2%, Yo, 20) belonging to @ as 
Az, — 0. Let there be viven an arbitrary e >U. Take a. ball 
Sse) (VY) of a sufficiently small radins 4 (e#) lying entirely inside © 
and denote, respectively, by Oy (Zo, Yo, 20) and Wo (Za. Un. Zo) the 
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integrals of type (10.91) over the domains 2, = Soe (VY) 3 QQ. = 
= Q2~— 2, = 2 — Soe (VY). We obviously have GO = U,4+ UU. 
and therefore difference (10.101) can be rewritten in the form 


am {AEE} « [fff ease aes} + 


= = sienna dz\ (10.102) 


Let us estimate the first term on the right-hand side of (10.102). 
We have 


AU, __ { 
Azo — AZo 
1 


1 rpg —T po : 
sae \\J or “fo dxdyad (10.103) 


1 
sg) dzdy dz = 


where the point @’ belongs to 82, = See, (?) and has the coordinates 
(Zo + Azo, Yo, Zo)- The sides of the triangle QP@'’ are of lengths 
Teg, Teg and [Azo] and therefore 


| rpe: — rpg |< | Ax | (10.104) 
Taking into account inequality (10.104) and the apparent relation 


1 f ( 1 , 1 
a ee gee (eee 
T pg! por oS 2 TPQ ry? 
we derive the following estimate for Ce 103): 


AU, : 
Arg <a JNJ (= ate a) dxdy dz (10.105) 
since |p (/?)| < C. The fesaagl ( | apa converges arte 
we P 
( 


: oe . ° e ° Ld 
formiy on 2, = Soe (Q) (see the sufficient condition for uniform 
convergence) and, consequently, the right-hand side of inequali- 


ty (10.105) is less than = if 6 = 6 (ec) > 0 is sufficiently small. 


The second term on the right-hand side of (10.102) is a uniformly 

convergent improper integral, which is implied by the inequality 

|z—z9 | 
FeQ 


Hence, this term is less than = in its modulus for all sufficiently 


small 6 = 8 (g) => 0. Finally, let us estimate the third term on the 
right-hand side of (10.102). Since the integral Oe (29. Yo: 70) = 


~SJ} fy dx dy dz is of form (10.90) (because the point 
ry 


-<i and the sufficient condition for uniform convergence. 
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? (Zo, Yo. Zp) lies outside Q,) it can be differentiated with respect 
to the parameter x, under the Sign of integration and. consequently, 
for all sufficiently small {Az |< 6 = 6 (€) we haye 


AU's p (P)(z— 29) aft 
Sao |) ) OP ae ay ae <— (10.106) 


Thus. for all sufficiently small 6 = 6 (e) and [Azo], difference 
(10.101) is less than e. which is what we set out to prove. 

Note. The results obtained here for volume integrals can easily 
be extended to fine integrals and surface integrals. Let the reader 
modify appropriately the formulations and proofs of the above 
theorems. 


{4 fourier Series 
and Fourier Integral 


In natural and engineering sciences we often deal with periodic 
processes such as oscillatory or rotary motion of various parts 
of machines and apparatuses, periodic motion of heavenly bodies 
and elementary particles, acoustic and electromagnetic vibrations 
etc. 

These processes are deseribed mathematically by means of periodic 
funetions. “Al furetion f(t) ef one independent variable t is said to be 
periodic if there is a number T -~ VU (called its period) such that 


f+ TT) =f () for all values of t, -—o ci<t -}-o@ (41.1) 


The well known trigonometric functions sin é and cost with 
period FF = 2m are the simplest periodic functions. 

In physics the simplest periodic processes are described by means 
Of the Function 


E(t) =--Asin(wt + y), —-wocol< +0o (11.2) 
called a harmonie (or a harmonie vibration). We have 


E(g- =) k(t) for —o<l<c to (11.3) 


s ie a It e ° a es 
and therefore the quantity 7 cirri period of this harmonic. 
A 


The constants A and w are called, respectively, the amplitude and 
the frequency of the harmonic, the expression wt + q is called its 
phase and the constant q is the initial phase. 

The fundamental question this chapter 1s devoted to concerns 
the problem of representing an arbitrary periodic function in the 
form: of a sum of harmonies. 


Ss. PROPERTIES OF PERIODIC FUNCTIONS. 
STATEMENT OF THE KEY PROBLEM 


[. Periods of a Periodic Function. Let f (2) be a periodic function 
with period # S40, that is 


ft ¢- Y= f(@ forall 4, —co cmt< +00 (11.4) 
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Then every integer multiple k7, kK = 4:1, +2, ..., of the period 7 
also serves as a period of this function. 
Indeed, if 7 isa period we have, for any integer & 7» 1, the relation 


f(t aT) H=flt+h&—-1) 74 Tl= 
=flet(K—NTl=.-.=f() (11.5) 


for all 4, —o < £< foo, which means that &A7 is a period of f (4). 
Furthermore, we have 


j@—T)=flt—T)4-T)=f() for all ¢, 
—o <t< +00 (11.6) 


and consequently the number —7 ts a period of f (é). But then it 
follows from (411.5) that the number & (—7) = —AT is also a period 
of f (2) for any integer & > 1. Thus, the above assertion has been 
proved. 

We ean now easily verify that if two numbers 7, and 7, are 
periods of a function f (4 the numbers #, + 7. are also periods 
of this function. 

constant quantity can obviously be regarded as a_ periodic 
function with an arbitrary period, i.e. every number is its period. 

if f(t) is @ continuous periodic function which is not identically 
equal ta a constant it possesses the feast postlive perined called 
its primitive period.* When speaking abuut the period of a function 
we usually mean ils primitive period. 


2. Periodic Extension of a Nunperiodic Fanction., laking an arbi- 
(rary nonperiodic function f (7)** dehued on an interval ea 
< a+ 7 we can construct a periodic funetion F(z) with period 7 
which coincides with f (z) on this interval. Geometrically, to obtain 
the graph of F (xz) we must translate the graph of the function f (x) 
(constructed ou the interval e<czSQa+ 7) along the z-axis to 
the Jeft and right by shifting this graph, in succession, by 
distances 7, 27, 37, ..., mT, ... as is shown in Fig. IL-1. 
This process (and the resulting function /(a) itself) is called the 


* Tf we suppose that a continuous periodic function f (+) dierent from 
a constant does not have the least positive period, it can easily be shown that 
there must exist a sequence of its positive periuds 7. T2, ...,7,, ...cu0n- 
vergent to zero, The set of all the integer multiples of these periads constitute 
an everywhere dense point set lying on the taxis, —o <¢t-<- boo, and, 
consequently, the values of f (é) assumed at the points of this everywhere dense 
set are equal to its value at the origin of coordinates. Therefore ¢ (t) is idanti- 
cally equal to the constant / (Q) on this set and hence, by the continuity of the 
function. Wo omust be identically equal lo this constant on the whole Caxis, 
—o <> f +l -j-00, which contradicts the hypothesis. Hence, the smallest. pasi- 
five period imust exist. 


** Tu what follows we shall denote the independant varhille v, 
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periodic extension, with period 7, of the funetion / (z) from the 


interval ac xaqa-'- 7 to the z-axis. In the general case this 
J 
Fig. Ul.f a-2T a-T a|o aT atcy a+3T = = 


process does nol uniquely specify the values of f(z) at the points 
Sa aA, KS 1h 2. Ss wes 
3. Integral of a Periodic Function. [f f(z) is a periodic integrable 
asT T 


function with period 7 we have \ { (2) du=\f (z) dx for any a, 


—o “a<--oo. In fact, we calc write 
a+T T att r a T 

| f(a)dz =| f(xydz+ ( f(xpaz= | f(xydz~ | s(2dz= ( f(z) dz 
“a a T a 0 0 


because the periodicity of the function implies that 
a-;-T a+T a 
f(2yde= { f[{c—T) dac= | f(x") dx" where 2 =2—? 
r T 0 
fhus, the integral of « periodic function with period T taken aver 
an arbitrary interval of length T has one and the same value. 


A. Arithmetical Operations on Periodic Funetions. Tt is apparent 
that a sum, a difference, a product and a ratio of periodic functions 
with the same period 7 are again periodic functions with period 7. 

Let f (x) and g (x) be two periodic functions. If their periods 7; 
and 7, are commensurable, that is ee where p and gq are 
integers, the number 7* = pT, = gT; is a period of both functions 
{ (x) and g (x). Consequently, the sum, the difference, the product 
and the ratio of these functions are also periodic functions with 
period 7*. 

But if the periods 7, and 7, of the functions f (x) and g (x) are 
incommensurable their sum is no Jonger a periodic function but 
a so-called almost periodic function. 

Let us give the definition of an alinost periodic function. .1 fure- 
fion f(x) continuous on the entire real axis --~© < x2 < ; 00 is said 
lo be alinost periodic if for every ¢ > 0 there exists a number 
Las he Ce) (=O such (hat for every interval of length L, waa x 
ns ae oe ne to ae leew thera tent least ane nimbher t = Tv fe) 
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such that 
[f(z +t(e)) —fa)l[<e 


for all xz, —o <xr< —oo. 

Periodic functions are obviously a special case of almost periodic 
functions. It can be proved that a sum, a difference, a product and 
a ratio of almost periodic functions (under the condition that in the 
latter the divisor is different from zero) are almost periodic functions. 
Hlence, the set of all almost periodic functions (in contrast to the 
set of all periodic functions) is closed with respect to the fundamental 
operations of arithmetic. 


9. Superposition of Harmonics with Multiple Frequencies. Let 
us cousider a sequence of harmonics 


re 
Ay sin (== 2+ on), ee rue oe ey — ora co, P>0 

(11.7) 

Obviously, the number 7, = = is the period of the Ath harmonic.* 


Consequently. the number 7 = AT, is a common period for all the 


harmanies entering into sequence (f1.7) (but it is the least period 


> 
only for the first harmonic 4, sin (<= rm 1) ) . The frequency 
Bo 2, 22k Hs 
of the Ath harmonic is equal to A, = 4 a re . Thus, 


the frequencies of the harmonics belonging lo sequence (11.7) are 


ant 


ae The least positive 
or : sds ji T 
(primitive) period of the Ath harmonic is equal to 7, = es b= 


and A, = KA,. 


infeger multiples ofone and the same nuniber 


op 
Th 
Such harmonics will be referred to as the ones with multiple frequen- 
CLES. 

A sum (or, in physical terminology, a superposition) of a firile 
number of harmonics of the form 


=f, 2, ..., and, consequently, we have 4, = 


N 
fy (2) = Ay | 2 Ap Sin ( i Zt 1 | (11.8) 
R- | 


2th v nk a 
* In fart, we have sin [ ~—{ z+) un |=sin (= qu) eet | 2 


_ ( nk : 
— Sli ———— I a 
7 : } fe 
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is a periodic function with period T since the number JT is a period 
of all the harmonics* and the least period of the first harmonic. 
Similarly. a superposition of an infinite number of such harmonics, 
or, nore precisely, the sum of a convergent series of the form 
+00 
2k 
a ee 4, sj bie ee : 
f(z) = Ap Dy Ansin (= 2+ qn) (11.9) 
h=4 
is also a periodic function with period T. 


Equalities (11.8) and (11.9) can be transformed in the following 
way. Taking into account that 


; 2h | \ ; 2k ; . 2k 
wl, SIN — X-- |p, | = Ay Sin Gp COS —— £-7- “Ap COS Ga SI —Z— = 
7 / Lr tT 
we put 
—O = Ay. Qnr—= AnsSin gr, OR=AgCOSP,, 21=T7 
and rewrite (141.8) and (41.9) in the forin 
= k h 
ay , CAT - AML 
fy (z) =: Dd) (ax cos = 4- by sin = ] (11.10) 
A=i 
ancl 
+o , : 
ag ™ 9 0 re ‘ a OF os : 
{(z)==-3- D (a, cos = -3- by sin (11.11) 
h=1 


Alb the lunetions on the right- and left-hand sides of (11.10) and 
(11.19) are periodic, with period 21. 
It should be noted that the functions f.. Gr) and f (x7) are of a more 


: , keaur 
complicated nature in comparison with the harmonics cos — 

e Kea - ) . ae oa . a 
aria sin—F— , fe = 1, 2, ..., they are formed of (e.g. see Fig. 11.70). 


The series on the right-hand side of (11.11) is called a trigqono- 
wmetric series. A relation of form (11.11) (provided it is valid) 
is called the expansion of the frunetion f (x) tuto a tri- 
gonametric sertes. 


G. Statement of the Key Problem. The main aim of the present 
chapter is to elucidate the following questions: 

(1) What are the periodic functions with period 22 whieh can 
be expanded in trigonometric series ({1.11), i-e. can be represented 
as a sume of this kind? 


* We remind the reader that the canstant 1, can be regarded as a periodic 
function with an arbitrary peried, in particular, with period 7. 
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(2) Hlow can we determine the coeflicients a, a, and b,, k = 
= |, 2. ..., of expansion (f{41.11) if it is valid? 

(3) What is the comnection between the character of convergence 
of series (11.11) and the properties of the funetion / (2)? 


7. Orthogonality of Trigonometric System, Fourier Coefficients and 
fourier Series. Helation (11.11) is the expansion of the function 
f(z) into a series with respect to the system af functions 

{ LE 8. kyr . AAr 


“>? COs —— , si i ae COS l ? Sin i > * # « (11.12) 


ww 


which will be referred to as the trigonometric system. 

Trigonomelric system (11.11) possesses the property that the 
integral of the product of any two different funelions of this systeni 
taken over the interval [—/, 4) is equal to zero. This property is 
referred to as the orthogonality of the system (the general definition 
of orthogonal functions will be given in See. 1 of § 3). Besides, 
the integral of the square of every function belonging to (11.14) 
is unequal to zero. 

Indeed. we have 


- 4 ie AX lr t win, Aa —0 
\ = co: pO ae pe ae Wey 
af 
i } (11.134) 
rf Avr 1 cAL [X= ee 
\ sin l dx == =o ha ae ns 
1 h k 
= S111 = 0 | 
and 
t 
: Atlx  . AN 
| cos 7 sin, dz = 
=i 
[ 
4 i; 7 e , k — = ey) 
oo { | cos SP cos Sa" x lax = for Aun (11.1034) 
-! 


Similarly, 


\ 
: raz . 7 
{ sin -— sin 2 dx=QQ for 4#>4n 
7 ” 
(11. 1-53) 
° “ he: a 3 
\ sin cos <= dxz=Q for any & and x | 
a ' 


31i-— da 4 
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Finally, 


(11.13,) 


dr=l 


) ) 
\ cos? — dir= eemnee 7 dzx=l 


Now tet us discuss the problem of determining the coelhcients @y, 
Q,. YO, h-7z1, 2, -.., of expansion (11.11). 

As was proved, a functional series convergent in the mean or 
uniformly convergent cau be integrated term-by-term (see $§ 2 and 6 
of Ghapler 8). Let us suppose that series (11.11) converges unilormty 
or in the mean to the function f(r) on the interval [—Jl, 2). lt remains 
convergent (im the same sense) if we multiply both sides of rela- 
Lion (TI. 11) by any continuous function. This property and the 
uiLhogonality of system (11.12) enable us to perform the operations 
civen below and to determine the sought-for coefficients dy, aj. fn, 
pe ie ee eed ee 2 

Integraling equality (11.11) lermwise we find 


f t 1. 30 t 
4 ea a, Ping 2 | a 
| j(e)dx => \ Ux > | ay COS dx —— by \ Sin Td | ay 
of = =O "| ae, 
whence 
: 2 
ay \ f(x) dx (11.14) 
a 
; , nur 
To determine the coefficient a, in cos—— we multiply equality 
(li.f11) by eos = and integrate it’ with respect to zx from t 
to ¢. This results (by (11.13,)-(11.15,)) 
f [ OS i : 
: TL 2 Ag TE % ctr NT 
f (2) cos du- : eae \ COs -— a an | cOs— cos ="7— dur 
=i i k=1 ~I 
oN ; i 
: F ‘ a UNE 
1. s by. sin — — -~ COs a Lr = ay cos- ; da=tal 


k= I —{ —{ 
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and tlhius 


d 
ay, — { (x) cos —= dx (11.14;) 
1 


e- ° @gs ° ° *® | e 
Similarly, to find the coefficient 6, in sin we multiply equa- 


lity (AL. t) by sin ~ and integrate it with respect to z from —Zto 2, 
which vields (by (11.13,)-(11-134)) the relation 


i 
i (2) sin = da = byl 
=| 
and thus 
t 
bras | f(a)sin “F ae (11.149) 
ay 
Depinition t. The numbers ag, a, and baz, nm = 1, 2, .. .. deter- 


mined by formulas (11.149), (11.14,) and (li.l4.) are called the 
Fourier coefficients of the frunctton f(r) with vespect 
to trigonometric system (11.12). 
Definition 2. The trigonometric series 
+oco 
aS: BS (a, Cos : 


k=] 


AZ . &Witx 
= +. by sin 7) (14.45) 


whose coefficients are specified by the function f(x) according to forinu- 
las (11.149), (11.14,) and (11.14.) is called the Fourter series 
af the fasnetton F(z). 

IL should be noted that the Fourier coeflicients dp, a,, bn, A - 
= 1, 2, .... determined by formulas (11.149). (11.14,) and (11.14,) 
can be delined wilhout tmposing the requirement that series (11.11) 
is convergent. Indeed, for integrals (11.14,9)-(11.14.) to exist it is 
suffieient that the funetion / (z) be integrable on the interval |—J, ZI. 
Therefore, to every function / (z) integrable on the interval [— 2, /] 
there corresponds its Fourier series. This correspondence can be 
written in the form 


pe) ers y (a. cos hy sin — ) (11.16) 
h=1 

where the series on the right-land side ts the trigonometric series 

whose coeflictents are determined by formulas (14.14)), (1f.14)) 

and (14.14.). But in the general case when the function f (x7) satishes 

only the condition that it is integrable on (he interval [- @, 7) the 


1% 
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sign of correspondence ~ in relation (11.16) cannot be replaced by 
the sign of equality. In § 2 we shall introduce some sufficient condi- 
tions for expansion (11.11) to be valid. 

8. Expanding; Even and Odd Functions in Fourier Series. A func- 
tion f (x) delined on an interval [—Jl, l] is called even if 


J (—2x) =ftr) for all x € [—1, ]J (11.17) 


Ifa function f (x) defined on an interval [—J, | satisties the con- 
dition 


{/(—z) = —/(z) for all x2 €[-7, UJ (11.18) 
we say that it is an odd function. 
These detinitions iinply that the graph of an even function Is 
symmetric with respect to the axis of ordinates and the graph of an 
odd function is symmetric with respect to the origin. 


If # (vz) is an arbitrary function defined on an interval [—d, 2] we 
can form the functions 


i (x) = Ler and fs al Se (11.19) 


where the former is even and the latler is odd. We obviuusly have 
f(z) =f, (xv) + fe (x) for all xeE(—é, J (11.20) 


and, consequently, every function f (x) defined on an interval of the 
form [ 7, d) can be represented as the sum of the corresponding 
even and odd functions. 


If f(r) is integrable for 2 € {[—i/, l] we obtain 
0 I t 

J(r)dx~= \ f(a)dx + \ f(xydz=\ (f(z) + /(—z)l dz (11.21) 
ee 0 


0 


' 
ne ~a 


because substituting —-z for zx we get 


0 l 
70 dx=—J f(--2)dz—{ f(—aax 
-? l 0 


lt follows from relation (14.21) that 


¥ 


i 
Z { f(z) dx if the function /(z) is even 


\f(c)dr= 4 4 (11.22) 
7 () if the function f(z) is odd 
: 1 wr 2Az Aur 
The funetions =, ¢oS—+-, Co8—>—, ..., Cos are 
: a She -  25te a. WAL 
even and the functions sin-, sin a Lovee, Si, 


are odd. 
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Let f (z) be integrable on the interval [—Z, Z]. Then if this func- 
tion is even its Fourier = is of the form 


Q 
= 3 pr COS 


k=1 
and if the function f (z) is odd its Fourier series has the form 


oOo 
: AN 
>; bx Sin ; 


(11.23) 


(11.24) 
k=1 
Incleed, if the function / (z) Is even the expression f(r) cos 7 


- ; . AM, 
is also an even function whereas the funetion f (z) sin —- is odd, 


and therefore in this case 


d ’ 
1 2 
ay = SA a=Z\ sat 
=t 0 
i 
| : _— 4 9 | - 
m=z \ te 0, A=14, 2, 1 (14.25) 
4 : ,! fe 
Ch =+ \ f (&) cos a di= = \ /(E) cos = d=, kh=1, 2.... 
-1 0 J 
Accordingly, if the function f/ (7) is odd the function f(z) cos = 


: . KAD, 
is also odd and the funetion f (z) sin 7 is even, and hence 


- f(E)dE—-0, ag= 7 (E) cos si dE - -0 


—! 


(14.26) 


br 1 Tp @si 


= 


9. Expanding Functions in Fourier Series on the Interval [—<z, x]. 
If it is required to expand a function { (x) defined on the interval 
J|—z. x] into Fourier’s series we put ¢é = a in formulas (11.13) and 
(11.17) and thus obtain the following expressions for the Fourier 
cocfherents and Fourier series: 


d 
TJ j() sin 8 dk, A=1,2, .., | 
J 


Pa ( 


ag= af (de an=t | f(®cosnt ae 


1 +350 
1 ere a a ; 
by, = \ {(S)sinn—d’s, f(xz)~ >; >, (ax coSkz }- bp sin kx) 


a AK- | 
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The general case when a function f (z) is originally defined on 
an interval [—Z, Z| is reduced to the above by means of the change 


of the independent variable 2’ = — In fact, if thefunction f(z) 


is defined on the interval [—J, Zl the new function ¢ (2’) = f (=) 


is delned for —a<2’ <a. But in view of the applications of 
Fourier series to the problems of mathematical physics we shall 
deal with the general case of an arbitrary interval [—2. /] to unify 
the notation and facilitate the reader to learn the corresponding 
(echniques. 


gs 2. FUNDAMENTAL THEOREM ON CONVERGENCE 
OF FOURIER SERIES 


In §$ 2 our main aim is to prove that Fourier series (11.16) of 
ww periodic piecewise smooth function f (vz) with period 2/ converges 
lo f (rv) at each point of continuity of f (z). 


1. Class of Piecewise Smooth Functions. A function f (x) is said 
to be piecewise continuous on an inferval la, Ol tf it ts 
contitunus everywhere on this ilerval except posstbly ata finite number 
uf points of ordinary discontinuity (i.e. discontinuity of the trst kind 
av Jump discondinuity). 

Such a function has finite left-hand and = right-hand limits 


f(x—U). limf(z-; 2), f(r--0)-= bi J(a--s) (11.27) 
=-+0 i— 


eof} z>0 


at each interior point x of the interval fa, b] and finite limits 
f(e - UW) and f (6 — V) at the end points @ and 6 of the interval 
la. 6B). At each point of continuity of f (z) we have f (z — 0) = 
= f(z +0) = f(r), and thus f (x ~— O) and f (x + Q) do not 
coincide only at a finite number of points at which f (z) has the 
jumps f (x -|- 0} — f (2 — 0) 0. 

A piecewise continuous function f(z) defined on an interval la, dh, 
a<ib, is said to be ptecewise smooth if the derivative f(z) 
exists and is continuous everywhere on [a, b\ except possibly at a finite 
number af points al which finite right-hand and left-hand limits 


Mic: 9) limf'(x~+s), f/ (2—0)=lim f' (x—2) (11.28) 
z— 0) o—»f) 
2520 >> 0 


exsh. Tt is alsu supposed that finite limits f'(a -; O) and f(b -) 
exist at the end points of the interval f[a, b}. 
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A piecewise smooth function f (z) possesses finite left-hand and 
right-hand derivatives 


j (z7 — 2) — f (2 — 9) 


anh 


f (z-+-2)—f (z+0) ala 


eee 


f(z) — lim 


ut cach point z of the interval [a, Ob). In fact, applying the formula 
of finite increments* and using relation (11.28) we obtain 


jim HESS) Lim fp (2 4 02) -=f' (x £0) (11.30) 
z+0 — z—+Q) 


2>0 z>0 
and hence the derivatives f7 (x) and fR (z) exist and besides the 
rela lions 

fi (x) =f" (© —O) and f(z) = sf (x + 9) 
holed. 


The graph of a piecewise smooth function f (2) possesses «a uni- 
quely specilied tangent line at each point except possibly at a finite 


‘N 
‘ 
] 
oa 
{ 
I 
\ 


@ee ee & 
- 2 = = ee 


Fie, 11.2 


niitiber of points but at these there must exist uniquely speeitied 
left-hand= and right-haud tangent dines (see Fig. 11.2). 

if f Gr) is a piecewise smouth function on la, b| we can break 
up the interval fa, b] into a finite number of subintervals 


(Zo, ay,l, [a,, a.|, gsr. eee [a;, Qiaal, eS. Sas lax, dyad] 
where 


Cty, Ol, .. Oa; oO Ca yy, = 


* Weve we apply the formula of finile increments written in the farm 
f(e- 3) -- Ff (7 + 0) = cf (x -- 62) where 0-2) 0-21 which can he derived 
in the following manner: we lake 5, 0 -<7 6 <7 zc. and write down Uhe ordinary 
formuda of timite increments 


f(x -- 2) — f(r -- 8) = (2 ~— 8) # (x + 95) 


Wheres Ob Kw ‘ ts tlicu pasta Les (lie Aitail its O — UI, 
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such that the functions f(7) and /"(z) are coutinuous at the interior 
points of each interval [a;, a;.,], 6 = 0, ..., , and tend {to finite 
limits 


f(a; + 9), f(a; + O) and f(ajz., — 0), f' (aia, ~— O) 


when z approaches @; from the right and @;4, from the left. Ut follows 
that the functions f(z) and f’(z) are bounded on each interval 
[a;, ie and, consequently, they are bounded on the whole interval 


la. Oj. 

2. Formulation of Fundamental Theorem on Convergence of Fourier 
Series. 

Theovenc tf.t. If f(x) is a piecewise smooth function an an 
interval —lsix <l, tts Fourier series converges ai each point x of 
fhe interval and the sum 

- +O 
=o : -Y 
Sir) =— + a), COS 


R= 1 


— +b, sin =F) (11.51) 


of this series satisfies the following relations: 
(1) S (x) = f(x) if —l<trz<tl and f(z) is continuous at the 
point x, 


(2) S(x) AS oiil Dies A ceed) if —l<x<ctl and x is a point of 
discontinuity of f(x), 


na, oO f(¢ -2£;5-0)-4 f—O 
(or se N= S (yates. 


Wote. Ii Mr) is continuous at a point zw —é< r< l/l. we have 
f(z — VO) == f(x | 0) = f (2) and, consequently, 


f(x-| 0) Ff(e—9) f(z) __ 
fen Sythe) EE) ef (2) 


Therefore equalities (1) and (2) can be replaced by the relation 


[oe aa (11.32) 


2 


which holds for every interior point z of the iuterval [—ZJ, df. 
3. Key Lemma. To prove the theorem we need the following lemma 


* In fact L, " ae redefine f(z) and f'(z) at the end points of an interval 
la;. Gat), 1, ee by putting / (a:) = =F f (a; te 0), f (d;51) = 
== i (Quast -- 0), Ha, : = eye (ct; +O) and f'(ajis) > Paia3 — 0), the Saeed 
f(r) and ff (x) become continuous on the closed interval [a;. aga] and. conse- 
quently, bounded on it. Bul, tin this construction. the values of f (r) and }’ (x) 
may only change at the end points of the inlerval [a;. a;,,) and henee the ori- 
ginal functions { (z) and /‘(z) are also bounded an [4;. a;-)\- 
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Wey Lemma. If f(x) is @ piecewise smooth function on ar 
interval arb we hare 
fy 


lim | f(z) sinazrdz=0) (10.53) 


({£—> oO e 
a 


Proof. Let us divide [a, b] into parts 


(a5, a;], la;, ao), .. ., (aj, @iagl, . . ., fay, Aye yl 


where @ = Gy) <Q, <0... OQ; aie Oe Cay Caygy SE 
in such a way that the functions f(z) and f'(z) are continuous in 
the interior of each subinterval fa;, a,2,;], € = 0, 1... ... AN. and 
tend to finite limits 


{ (a; -+- 9), f(a; +O) and f (ajs, — O), fF (azz, — 9) 


when z tends lo @;,, from the left and to a; from the right, respecti- 
vely. Since 


b N “i+! 
| f(2) sinazrdxr= > { f(z)sinardx (14.94) 
‘ i-0 4, 
it is sufficient to prove that 
“i+ 
lim | f(r) sinardr=0 (11.35) 


CL—- © 
i 
for O<icc NM. We can regard f (x) and f‘(z) as being continuous 
on Lhe closed interval [a;, @;4.,;] (sec footnote on page 488), and there- 
fore it is allowable to integrate by parts, which gives 


a; a. 
é+1 f (2) x=a,,,-0 , i+] 
. 2) COS Q@T i+ 
| f(z) sin axdz = ————. + — \ f(z) cosardz 
. &% x=a;+0 tL 
aj ay 


(11.38) 


The functions f(z) and f’(z) being bounded on [a, b], there exist 
constants Af and Af" such that [f (@j{<ar and f f’(z)[<Al’ 
everywhere on la, b]. Hence, relation (11.36) implies the inequality 


itt 
: 2M AT’ (az.)— a; ree 
| { f(z) sin vadz PN aN SL (11.37) 
a; 


Passing to the limit in equality (14.37) for @—» co we obtain cela- 
lion (11.35). The key lemma has thus been proved. 
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Note 7. 1t can be shown that the above lemma applies to a consi- 
derably wider class of functions. For jnstanee, if f(z) is an absolutely 
b 


tutcerable function on fa, b], that is the integral \ | f (x) [dz <l -+-00 


a 
(which may be improper) exists, the lenima remains valid. 


Nolte 2. We can similarly take cos az under the sign of integration 
instead of sin az. 

4. Proof of Convergence Theorem, Let f (z) be a piecewise con- 
tinuous and piecewise smooth function on an interval —/<z7<l. 
We shall extend the function f (7) as a periodic function with 
period 22 from the interval [—2, Z] to the entire z-axis and prove that 


{s,(z)—-4 He} +0 for n—-;0o (14.38) 


for every x where 
n k k 
Sn(z) = tS) (an cos == + ty sin - ) (114.39) 


2 i 
==} 


is the 2th partial sum of the Fourier series of the function 7 (z) 
corresponding to the inlerval —il<a2<< l.* Substituting the expres- 
signs of the Fourier coceflicients 


é 
a+ | s(@de 
= 
d 
a, = | / &) cos = ak, a a (11.40) 


be= 7 | f)sin=Bdk, k= 1, 2, 
d 


* After the periodic extension has been performed, f(z) becomes a pcrio- 


IUX - XE 
—, cos — sin-—- 
y) 9 ? ? d ? 


are also periodic with period 2l. Therefore 


dic function with period 2/, and the functions 


Xr 

4 a 

the integrals appearing when we compute the Fourier cuefficients ag-= 
l d l 


Anz : 
~ « COS Sin 


o , 4 It 
= - ( t (x) dz, a= \ f (z) cos — dz, Oy, oo \ 10) Sill “ ax, ne. 
1,2, ..., can be taken not only over the original interval [—?¢, 2] but 


aise over any olher interval of length 22, whieh dues aot affect the values of 
these coefficients, 
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into (11.39) we obtain 


n i 
Sn (2) == 1 7) d+ > Ji f (){ cos 4X8 cos si 4 


nm 
. KMe . ks dt { | kx (2 — ee 
+ sin = sin | ds = + \y r(&)| + >) cos Ge? | de = 


k= 
ti (r+ 2)[>+ ty cos = | de (11.41) 
— k= 1 
where z=E—z. Now let us derive an expression for the sum 
Cn (2) =>+ s cos se (11.42) 
h=1 


Miltiplying both sides of (11.42) by 2 sin = we obtain 


ots j ‘ TZ k; 3 
2On (2 * = sin 45) 2 sin = cos = 
h=1 
Tr 
Tz 1\ nz 1 Nz 
== SIN aS OT » [ sin (x ars a a (i —z) =| = 8m (n +=} =a 
h--1 
whetice 
1 : KiNz Paes (n+>) > 
Gn (3s) ais + »> cos —— = a ae (11.43) 
h—1 2 8in ~> 


Substituting (11.43) into (11.41) we arrive at the following formula 
for the wth partial sum of the Fourier series: 


i= sin [x Bae Balls 
Si(zy= > | f(z4+2) oud ade 1 (11.44) 


The function f (z) (after it has been periodically extended from 
the interval [---2, /] to the whole z-axis) is periodic with period 21, 

sia (n+) = 
and the expression ——————— is, by (11.43), a periodic 


UZ 
251n — a7; 


fuuction of 2 with perind 27. Therefore the product of Nae ye 
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2 sin oY, 


and the integral 


is also a periodic function of 2 


AND SERIES 


with period 27. 


of this product taken over any interval of the 


z-axis Of length 2/ has one and the same value. Consequently, the 
limits of integration —/— x2 and 1 — z in integral (11.44) (which 
is taken over an interval of length 22) can be replaced by the liniits 


f we deduce 


(11.48) 


But the expression 


—l and 27. This resulls in 
1 sin (n—y) + 
S,(z)=—> \ f(r- 2) — 
a = sin 
Integrating (11.43) with respect to z from —é to 
1 Ne 
Ewalae d= : 
1 2 l [ f¢ 
Z De: 12 21 o 
ne | < SID ST, ae 
I 
: kz 
since { cos ; ds =) for k=1, 2, 3, 
=! 
. 1 by 
Sin (1 -s) ae 
——— == is an even function of =z (see § 
3 ey ele 
2 sin > 
consequently (11.46) implies that 
0 sin = )=> f sin (n+ 
| 2 i 1 { 
— | dz= > and — 
a 2 sin 7 a sin 
mf ad Qi 0) = 


1, Sec. 8), and 
1 oe 
| >) 7a 1 
ee 
RA} 
(11.47) 


Multiplying the first equality (11.47) by f(¢ ~ VY) and the second 
by f (x +9) and adding together the results we obtain 


a 
~—QO) {-f (z-1- 0) 1 ¢ 
I ( mi (z -| =- \ fia 
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Now subtracting (11.48) from (11.45) we get 
S; (1) — Soe (x =-0) = 


| id 
a ee sin { n -—) — 
== \ Uf @—s)—f (x—0)] ( r) des 
1 2 sin oy 
é sin | at-— = 
ir = / 
—> \ [f(a --s)--f(z-+ OQ) ( r) tds (11.40) 
0 2 sin = 


Let us prove that both integrals on the right-hand side of equali- 
tv (11.49) tend to zero when m—» - oo. For instance, let us take 
the second integral. We can represent the integral in question in the 
form 


6 2 
1 fe r—cs)—l{zx 7-0 21 : , 4 tz 
X . sete 2 l 

. ene ae 


t 

I ¢ f(x+s)—f(7--Q) |... “4 ; zs iz 
<) Per ates" sin(nt>)Fas=Jn J (11.50) 
2 sin — 

a7 | 

where 0 < 6 <0 l. Suppose we are given an arbitrary ¢ > 0. Let 
us Show that for sufficiently small 6 <> O the first integral in (11.50) 


ix less Chan _ im oats modulus for all 2 = 1, 2, .... In fact, 


He+2)—14+O peg 40) as 


z->+ QO -+ O*, and therefore, for 


u sufficiently small 6 <>Q and all z belonging to the interval 
Oamz<&, we have the inequality 


a <|{f' (r-+-0)| i- 4 


Furthermore, ———-— 1 for z-+Q and, consequently, for a suffi- 


Sin ap 


ciently smal! OO and all 3s frem the interval 6<2<d we have 
the inequality 


* See relation (141.3), 
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Finally, for all real zs and all m==1, 2, ... we can write 
Sin (n+>} = < | 
Thus, the relation 
6 [as 
; 1 f(zt+s)—S/(x+0) Jl 2 ae | ay —— 
JJal< Z| Sees ae a sin (2 3)> rh ieee 
0) ee 
24 ry , ' 
STi (z =O) | 1) 
is fulltNled for alla = 1, 2, ... provided that 6 >» Q ts sufficiently 


2) 
small. Taking a sufficiently sinall 8 <- O such that zi L| f) (r—O){ -+ 
~}. —, we see that 
[Jal<s forall wv  o1, 2... (11.51) 


We now fix a value of 58 > 0 thus determined and proceed (o esti- 
ate the second dategral in’ (11.50). We have 


: l ¢ f(z--2z)—f(r#tf).. 1 \ «tz 
-_= — —_— SS d 7 -d 
" i eet Ne mn (; 2 Eee 
d = Sif) ar 
v . { a aay —s r--() = a ° . 
where (he function ot eed AC al) is piecewise continuous aud 


280 = 
zt 

piecewise smooth on the interval 6 <0 2 <7 (lor 6 >> WU) because 
here the numerator is piecewise smooth and the denominator ts 
a continuously differentiable function which does not vanish on that 
interval. Then, by the key lemma, we have Jp —- U for 2 — +00 
and, consequently, for all suffiefently Jarge values of a we obtain 
the thnequality 


EArt (11.52) 


Taking into aecougt (11.50) we conclude, on the basis of (f1.51) 
and (Ub.52), that 


ae 4 e .e = 
[Sn is [Jal-- [snip came (11.53) 
for all sulficiently large 2 which means that lim J, = U. 
ML -»-[- 20 


We similarly prove that the first integral on the right-hand side 
of (11.49) also tends to zero for m— -Fec, and (hus 


lim S, (x) - eis eel ae de (11.54) 


1) — eee = 
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We remind the reader that the function f# (z) is regarded as being 
periodically extended, with period 22, from the interval [—/, JI 
to the whole «c-axis. Therefore 


Pi --O) =f (—2-! 0) and f (—-l— 0) = f (i — OO) (11.55) 


Now substituting z= —/ and xr = 7 into (11.54) and taking advan- 
tage of relation (11.45) we obtain 


1.0) /(i—0) 
*? 


lim Sa(—!)~ lim Sa() -: 4 (18.50) 


Tr» 7 Nl—»--. wo 
and thus the proof of the theurem has been completed. 


>. Examples. {. Let us take the function 7 (z) = z regarded as 
being defined on the interval [— 2. 7) and expand it into a Fourier 
Series. Vhis function is odd, and hence 
2 . ar 
Gal, @y= 0, Us =o / (x) sin 
0 


di, n:=i, 2, 


[ntegratiny by parls we obtain 


! 
7 ¢ nar 
bn =F | a sit —— d 
1 
“9 : —=! , 2] 
_— J(— 5 a me) x ANT ' tyne 
ie | ny ONY c--0 f da - ar ) 


Consequently, according lo the convergence theorem, we have 


ae __ yyk- . 
S (2) == 2; psec eee 2 - sin at 
ke 
oA Clea Bit Sai Se for —leca<!l 
~ f(—#-—9)--4 (2 MO  -EF a) fou aes ded ne) 


Zz -_ 2 

Yhe graphs of f(z) ~2 and S(z) are shown in Fig. 11.0. 

The funetion S(z) is) periodic with period 2/, and S(a4) — + 
only for —baar<cl At the points 2 = (A - 1)l kA -O. =I, 
4-3. 2... the function S(z) has discontinuities, its left-hand and 
right-hand limits aut respectively, equal to f (2Qé& + 1) 2 — Of] = 
= —] and f (QPF 3 tt) 2 -- Oo) = 4. A=O, Ht. 42, .. al these 
points. AL every soi Pees 2 Aleds gee OU. 4ely S22 5. 4 
the funetion Sr) assumes the value whieh is the half-sum of the 
left-hand and right-hand limits, tee. equal lo zero. In Fig. It. 
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h of tl ial . boyy (1 
oo SEO:Ep ) - > arvibe § ada — s 
we see the graph of the partial stm $8; (z) = » ° I 
k=! 
constructed on the iterval —d-2. 2-00. 
Jf 
4 
7 
7 
a 


“SE “Zi -L GQ ¢ 


Fie. 11.3 ‘ 


Fie. 10.5 


~2o 4 og 


2. Let us take the function /(7) = 2? 


This function being even, we lave 
t 
Ze lt os 
=7\ z* COS 
{) 
After the coefficients @) and a,, 2 = 41, 2, 


rsiTT 


dz, 


we find, by the convergence theorem, 


rd il SL $l = 


2 on the interval [—Z, JJ. 


b, = 0, n=, a 


..., have been computed, 


that 


for —I<xetl (11.58) 
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The graphs of the function f (z) = z* and of the sum S (2) of 
Fouricr’s series (11.58) are depicted in Fig. 11.5. The function S (z) 
is continuous everywhere including the points x = (ek -+- 1) 1, 
A= QU, +1. +2... .. since for the function f (z) = xz? we have 
f(—1+0) =fl—0) =F. 

If we apply this expausion to the interval [—a, a], that is for 
f=a, equality (11.58) takes the form 


+20 
1 , (— 1h J © 
a =—- -- 4 NS Ee COS hx, — Ts. =<. U ( 1]. OY) 
3 ra k> 
k=} 


Substituting 2 = UO into (11.59) we obtain the useful relation 


qyhe- J ; 
©, Sla-pegogs ee (Hat... UE.G0) 


= 
aS 


3. Let f (x) be delined on the interval {—2, ll by the relations 


fe, for —lor<c0 


& 
I(r) oe ‘ton Oe 
Then 
0 t 
{ { i¢ 
flo oe y { Cx) dx ge \e dx a aaier pe Co adr =~ Cy, 1-€o 
=] —{ a 
f 0 
i ¢ 1 1 sx 
Qn-=7 \ f(x) cos — dx = —- | ce, cos —- dx } 
BY, ~! 
t 
| 2s 
+7 | e.cos = dz —(), Wee Ve 2: ies 
0 
and 
i 0 
ir : 7. | : 1: 
by, ars \ f(z) Sih = : dx = —- | csin dxf 
y —! 
! 
Io : : 
4 7a Co SIM — dx. n=l, 2. 
u 
Consequently, &, =O for even va and by 2a fur odd av. There- 


32 —Us "4 
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fore, by the convergence theorem, we obtain 


__ Cy ee 2 (Co— 4) . Mx 1 . gar , 1 2: ; 
S (x) =A SESE {sin F 4 Fin +S si + _} = 
Cy for —(<r<—0 
= Co for Ocxr<cl 
! 
1 for x=+1, r=0 


The graph of S(z) is shown in Fig. 11.6. 


G 


Fig. 11.6 Zl Gl $2 «Sl GE 


“51-42 -3l -22 -1 O 


“OE 


fn Fig. 11.7 we see the graphs of the partial sums S,(z), S_ (z) 
and S, (z) for the case c, = —1 and co = +1. In this case the series 


turns into 
S (x) =—+ | sin + J sin 5 See — +> : sin oa 1. _ aan 
—1 for rer 
— 1 for O<cr<il 
Q for x=0, r=+1 


6. Fourier Sine and Cosine Series for Functions Defined on Interval 
[0, 7]. Let a piecewise continuous and piecewise smooth function 
J (x) be delined on an interval O<zx<l. It can be extended in 
various ways to the interval —/< 2x < 0, in particular, (1) as an 
even function or (2) as an odd function. In the former case we obtain 
an even function on the interval [—2, 2], for which 


d 
2 au 
a= | 1 (8) de, a= F]16 Ecos 2 dé, bn=0, k=1,2,... 
0 
(11.61) 


and whose Fourier series, on the interval [—d, lJ, is of the form 


{ (2) ~ “2 +. >) an cos (11.62) 


k=1 


CH. {1. FOURIER SERIES AND FOURIER INTEGRAL 499 


In the latter case we have an odd function on the interval [—l, J] 
with Fourier’s coefficients 


d 
ay=0, ax=0, bx=—( f(t) sin ak (14.63) 
0 
and Fourier’s series 
-+ 00 
f(z) ~ >) by sin (11.64) 
k=] 


Each of the series (11.62) and (11.64) converges to f (z) on the 
interval 0<¢ z << l at the points of continuity of the function / (2). 


Thus, we see that every piecewise smooth function f (x) defined 
on an interval 0 < x <1 can be expanded beth into a series of 
form (11.62) involving only cosines whose coefficients are determined 


ze 


tnd 
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by formulas (11.61) and into a series of type (11.64) containing 
only sines wilh coefficients found by formulas (11.63). Series (11.62) 
and (11.64) are termed. respectively, a (Fourier) cosine series and 
sine series (they are also referred to as Fourier’s half-range or incom- 
plete series). 

for example, let f(z) = x on the interval O< zal. Ii f(x) 
is extended “in odd fashion” we arrive at the function f (z) = x 
defined on the interval —2 < x < éd whose Fourier series has already 


Fig. 11.8 wm ol « 

been studied (sce Isxample 1 and Fig. 11.3). bsxtending f(z) “in even 
fashion” we obtain the function f/ (z) = | z {| on the interval —/ <= 
<a<l. Expanding f (z) = |x | into a cosine serics on the inter- 


val O<2x<l we obtain, by formulas (11.61) and (114.62), the 
relation 


+ 30 
a Krour 
z= + >) @n cos —— for O<zr<cl 
k=l 
where 
t 
2 2 ¢ 
an= >| xdx=l, an = 7 LCOS dx = 
0 0 
y () for even n 
= ——>{(—1)"—1] = 
sent ll | ae for odd n 
: m2 
Consequently, 
eS ee ee 
er pb ar COS — + Bs i 
for U<zrel (11.65) 


The validity of equality (11.65) for z =O and x =? ean easily 
be established if we regurd (11.65) as Fourier’s series of the even 
function f(z) = | x | defined on the interval [.-l, ll. Such an inter- 
pretation of series (11.65) enables us to construct the graph of its 
sum for any values of x (see Fig. 11.8). 

Generally, when an arbitrary piecewise continuous and piecewise 
smooth function f(z) defined on an interval (QO. 2] is extended itt 
even fashion to the interval |[—/, 01 we always have 


f{(—0) =f (10) and f(—2 ; O=/ClL—O) (11.60) 
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Consequently, the sum of the corresponding Fourier series is contl- 
nuous at the points z — VU and z = +1, and its values at these 
puints are, respectively, equal to f (+0) = f (—O) and f (—! 4+ 0) = 
= f(t — 0). Hf, in addition, the original function f (z) is continuous 
at the end points of the interval [0. 2], that is f ( }0) = / (WU) and 
ij (i — 0) =f (J), the sum of its cosine series is equal to f (z) at these 
end points. 

On the contrary, if we extend a function f (z) (originally defined 
fur 0U <2<il) in odd fashion to the interval —/ cz <Q, the sum 
of the corresponding sine series may have discontinuities at— the 


Fig. 11.9 


points x = O0 and z = +/ despite the continuity and smoothness 
of f(z) on the interval O<z<l. In Fig. 11.9 we see the graph 
of the sum of the Fourier series corresponding to the function f (z) = 
= z+ 1 originally detined for Ug xr<cl and then extended in odd 
fashion. In the general case, when a function f (x) is extended as 
an odd function from an interval [0, 2] to the interval [—d, O] we 
always have f (--0) = —f (+-0) and f (—l -|- 0) = —f (@ — 0). But 
for the sum of the corresponding Fourter series to be continuous at 
the points rs =O and xz = +/ it is uecessary that the relations 
f€ O) = f(-0) and f(—l -+- 0) = f (f — 0) hold, and hence this 
sum is continuous only if 


f(--0) =0 and f(L—0) = 0 (11.67) 


§ 3. FOURTER SERIES WITH RESPECT TO GENERAT, 
ORTITOGONAL SYSTEMS. 
BESSEL’S INEQUALITY 


Fourier’s trigonumelric series expansion of a function f (x) is 
a special case of expansion of f (z) in a series with respect to an 
orthagonal system af functions. 

f. Orthogonal Sysiems of Functions. Tuo functions ¢ (x) and ¥ (2) 
imfegrable® onan interval ja, bl are said to be orthogonal aon 


* In what follows, unless otherwise stated. integrability is understood 


tm ofthe seren nf nenner tintearal aad the fenefinnes are cupnaced fra hn ray] 
4 ] a é 


9302 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


la, b] if 
7) 
\ e(2) ¥(2) dx =0 (11.68) 


A system of functions 
(Py (Z), G2 (2), - - -s Pn (Z), . ~~ (11.69) 


integrable on la, b\ is called orthogonal on la, bl if 


fy 
- 1 QO for isé&é ; 
| 1 (2) x (2) da = | | (11.70) 
. >O for =k 
Let us consider some examples of orthogonal systems. 
(1) The trigonometric system 
1 . 4 k e k3 = 
7 cos, sin — pete. “COS — sin — jae Cadel.) 
is orthogonal on [—l, 2]. 
(2) Hach of the systems of funetions 
1 wr 2IUr kx 
(a) —, coS——, COS F—, .--, Cosa, 
and (11.72) 
. NZ . LUE mr 
(h) Sin F— 5 SIN, wey SIN, .-- 


is orthogonal on the interval (0, ZI. 
(3) The system of Legendre’s* polynomials 


t dn 
= 2Mnt dzn I( 


Pn (x) x*—1)"], m=z1, 2, ..., Po(a)=1 (11.73) 


is orthogonalon the interval [—1, 1] (see Appendix ! to Chapter 11). 
Tf a function q(x) is integrable on la, b\) the nonnegative quantity 


h 


etl =({ @ (@ ax)” (11.74) 


¢ 


is called the norm of @ (rz) on la, b|. According to relations (11.7Q), 
the norms of all the functions of an orthogonal system are positive. 
Using the notation (11.74) we can rewvite relations (11.70) as 

ty 


() for i=-tk 
\ pi (x) Pr (x) dx lle, i? for ize 


rz 


(14.75) 


* Legendre, Adrien Marie (1752-1833), a noted French mathematician. 
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We now consider the norms of the functions of some orthogonal 
systems. 
(1) By definition (11.74) and relations (11.13,). the norms of the 
functions forming trigonometric system (11.71) are 
=YV i, | sin S* J =V7, k= 1, Z. eee 
(11.76) 


(2) It cau be easily verifed that the norms of the functions of 
systems (11.72) considered on the interval [0, /] are equal to 


i i Vi kz 
S|. fo 


KAZ 


{ as 
z|=h [les 


(a) wR te 6 oS Bi ess 
and (11.77) 


. AX Lb 
(b) | sin — l=V > k=1, 2. 


(3) The norms of J[egendre’s polynomials on the interval 
{—i1, 1} are 


——_ 
——we 


: 1 


[| Pn (x) | = ( \ Pa (x) dr) "= if (11.78) 
“| 


(the calculations connected with computing || /?, (a) || are given 
in Appendix 1 to Chapter 11). 


2. Fourier Coefficients and Fourier Serics of a Function / (4) 
with Respect to an Orthogonal System. Let a function f (x) be integra- 
ble ever fa. A] and tet the equality 

-+ oo 

f (z) ee AnGin (2) (11.79) 
hold where a, are constant numbers and ¢,(z) are the functions 
of an orthogonal system of type (11.69) on the interval fa, Bl. The 
coefficients a, can be easily expressed in terms of f(x) if we multiply 
equality (11.79) by g(r), nr 1, 2, ..., and integrate the rela- 
tion thus obtained term-by-terin over [a, b1.* Indeed, multiplying 
equality (11.79) by @,(z) and integrating with respect to x from a 
to b we obiain the relation 


b a ceed b 
f(a) gn la)da= >» Ak | Or (2) Un (x) dz, n=l, 2,... (11.80) 
a pee a 


* For termwise integration to be permissible it is sufficient that series 
(11.79) converve uniformly or in the mean ta its sum on the interval [@. 51. 
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AU the integrals on the right-hand side of equalily (11-80) are equal 
to zero tor & xn (see orthogonality relations (11.70)). Consequently, 
we have 


i) 6 
| 12) Ga (2)dx san gi (a)dz=anilgall  m=4, 2. 
a a 


whence 
2 
\F() Pn (x) da, ce ee ae (11.81) 


a 


a i 
"Waa IP 

The numbers a, determinined by formulas (11.81) are called Fourier’s 
coefficients of the function f (x) with respect to orthogonal system 
(11.69) and series (11.79) whose coefficients are specified by for- 
mulas (11.81) is referred to as the Fourier series of the function 
f (x) with respect to orthogonal system (11.69). 

For the numbers a, determined by formulas (11.81) to exist it 
is sufficient that the function f(z) be integrable on [{a, b] (because 
the integrability of the functions q, (z) is one of the conditions 
Of the definition of an orthogonal system). Thus, with every fune- 
tion f(z) integrable on [a, b], we can associate its Fourier series 
wilh respect to system (11.69) orthogonal on fa, Ob}: 


-+ 90 
iG\e Ps Ann (2) (11.82) 


where the coefficients of series (11.82) are determined by formu- 
las (11-81). 

‘The conditions under which a given function /(z) can be expanded 
into series (11.82) (i.e. the sign ~ can be replaced by the sign of 
equality) depend on the properties of the orthogonal system {q» (x)}. 
[In the case when we expand a given function with respect to the 
trigonometric system the conditions of the convergence theorem 
proved in § 2, Sec. 4 are sufficient for such an expansion to be valid. 
Similar convergence theorems for other orthogonal systems involve 
special investigation which we shal!) not) present here. 


3. Least Square Deviation. Bessel’s Inequality, Consider an arbi- 
trary fixed number of functions belonging to system (11.69) ortho- 
sonal on la, db}: 


T1 (2), Po (2), - 5 Gn (2) (14.83) 


AX. linear combination 


Sonn (2) (11.84) 


= 
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of functions (11. 83) with arbitrary numerical coefficients a. * 
= 1, 2, .... nn, is called a polynomial of order 2 with respeet 
orthogonal system (11.69). 

Let f(x) be an integrable function on fa, bl and Jet it be necessa 
to solve the following prohlem. 

It is required to determine the values of the coefficients @,, & = 
= 1, 2, ..., m”, for which the corresponding polynomial of for: 
(11.84) has the least mean square deviation (see Chapter 8, § 6. Sec. 
from the function f(z) on the interval (a, 6b). Thus, we must fin 
the values of the coefficients a,, @e. ..., @, for which the quantit 


e*(/, Stans) = [§ (2) — SY ane (2) ] (z) | de = r- kane i 
a Ke 2] 


hoi 
(11.85 
achieves its absolute mininiui. 
Opening the square brackets we obtain 
nr uy b 
o? (7, Sang) = ‘7 (1) dx—2 3 an \ f(x) pr (2) de + 
h=1 a a 
b n js b 7 n 
+ | (>) ane (x) ) dx =| fr(x)dx 2 DY) anan (gn ll? +- Dd) on dda ll? 
a k=t a hat hat 
(11.86) 


b 
becuuse, by (11.81), we have \ f(z) Gn (x) dx = ay |] Gx ||? and 


a) b 
\ p:(z) en (z)da=—0 for izék an d | qt (x) dx = || Qa ||* 


¢ J 


Completing the square we derive from (11.86) the relation 


n ty re rn 
p (4, >! ange | =| f(x) dc— >) aki Ge IP +S) (en — an)? He II? 
k=} n N-=t ae | 
(11.87) 


Among the terms on the right-hand side of (11.87), only the last 
sum depends on the coefficients @,. This sum being nonnegative, 


ils greatest lower bound (equal to zero) is attained for a, -= ay. 
ral 


. : 2 e | ‘ 
[In this case the mean square deviation p* (f, \ tyr) achieve 
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its absolute minimum which is equal to 


n b tt 
min 0? (7, > un» | — \ | f(z) — >; AnPr (x) |’ adx= 
a k=! 


k=1 
6 n 
=\ P (2) dz— >} ak ll gn IP? (11.88) 
a k= { 
The polynomial 
2. anh (2) (11.89) 


whose coefficients a, are the Fourier coefficients of the function 
f (xz) with respect to the given orthogonal system {, (z)} is called 
the Fourier polynomial of the function f (x) with respect to the 
orthogonal system {q,, (z)}. 

Thus, among all the polynomials of order n (where 7 is arbitrary 
bul fixed) corresponding to the given system {q@,(z)} orthogonal on 
la, bj, the Fourier polynomial of the function /(z) with respect to 
the system {, (z)} has the least square deviation from the func- 
tion f(z) on the interval fa, 6]. 

Equality (11.88) expressing the least square deviation of the 
Fourier polynomial of a Function f(z) from this Function is known as 
Bessel’s* identity. 

Noting that the left-hand side of equality (11.58) is nonnegative 
we obtain the inequality 


n b 
S) ak |l ge Ir < | f? (x) dx (11.90) 
ee | a 


which holds for all 2 2 1 because its right-hand side is independent 
of n. The sum on the left-hand side of inequality (11.90) is non- 
decreasing as nm-—» --oo and therefore, since it is bounded from 


b 
above by the integral i? (xz) dz, it tends to a finite limit for 


n—» -+oo. Passing to the limit in inequality (41.90) as n— +00 
we arrive af the so-called Hessel’s inequality: 


+430 b 
Dd) ak ile ll? <P () de (14.91) 


A=] 


* Bessel, Friedrich Wilhelm (1784-1846), « German astronomer and mathe- 
matiryon 
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By relations (11.76), in the case of the trigonometric system inequa- 
lily (11.91) turns into 
+= i 
az 1 4 Q 
So 4S (ah + BASF \? (x) dz (11.92) 
hol -t 
It should be noted that we have established Bessel’s inequali- 
ty (11.91) for any function f(z) which is integrable in the ordinary 
sense on the interval [a, 6) but it can be generalized to a wider class 
of functions. 
We say that a function { (x) is square-integrable or square-sum- 
mable (quadratically integrable or summable) if the integrals 


om 


b 
{(z)dz and 7 (x) dx (11.93) 
a a 

exist aS proper or improper integrals. 

It turns out that Bessel’s inequality (11.91) and, consequently, 
inequality (11.92) remain valid for any function f (x) square-inte- 
grable on fa, dj. 

Moreover, Bessel’s inequality (11.91) is also valid in the case when 
the functions @,(z) of the orthogonal system are square-integrable 

b 


on ia, dj. In fact, the convergence of the integrals \ f? (x) dx and 


a 
b 


{ pk (x) dx and the evident inequalities 
f2 (x) + p} (2) _ pF (z) + pe (x) * 
| f(x) pn (2) [< -———-— and |q@; (x) @r (x) |< ——_, —— 


imply (by the comparison test) that the integrals 
b 


b 
{ f(z) on (2) dz and \ v (x) pp (x) dx 


are absolutely convergent. But when deducing Bessel’s inequality 
we deal only with such integrals.** 

Using the notion of a square-integrable function and introducing 
the concept of orthogonality with weight function (see Appendix 2 
to Chapter 11) we can derive the generalized Bessel’s inequality which 
holds for a still wider class of functions. 


* In fact. we have 0 < (| f(r) | — [| gy Cr) DE = fF (2) — 2 1S (2) gy Ct) + 
+ py (2) whence | f (z) Pr (2) 1 < a If () + @, Gl. 


** On some further generalizations. see Appendix 9% ta Chantor tf 
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bessel’s inequality for the einen ee system (see inmequalhi- 


+20 
ty (L1.92)) >; (ai - b%) is convergent 
ney 
and. consequently, we have 
; 1 : ' 
lint @, = lim v f(z) cos ““* dz = 
hk» —- 20 R-»++ 99 ‘; 
and (11.94) 


dz =0 


i 
lim 6, = a lim | f) sin 


K>-:- a0 kp 20 


Relations (11.94) are a special case of the more gencral relations 


lim | f(z)cosaxzdz—QO and lim | f(z) sinazdz=O0 (11.95) 
a—»-+- co a a—>-}+-900 = 


which, according to Note 1 after the key lemma proved in § 2, 
are valid for any absolutely integrable function f (2). 


§ 4. SPEED OF CONVERGENCE OF FOURIER SERIES. 
ACCELERATION OF CONVERGENCE OF FOURIER SERIES 


We shall first consider the conditions guaranteeing uniform con- 
vergence of a Fourier series and establish the relationship between 
the degree of smoothness of a function f (x) and the rate at which 
the coefficients a, and 0, of its Fourier series decrease as k ~ -- 00. 
This will enable us to estimate the speed of convergence of the 
series. 


Conditions for Uniform Convergence of Fourier Series. We 
shall prove that Fourier’s trigonometric series of a continuous and 
piecewise smooth function f (z) satisfying an}additional tecessary 
condition is unifornily convergent. We remind the reader that a func- 
tion f (z) is said to be continuous and piecewise smooth on an interval 
{—l, Z] if it is continuous and its derivative /‘(x) is piecewise con- 
tinuous on this interval. 


Theorem 11.2. If a continuous and piecewise smooth function 
f(x) defined on an interval | —l, Ll) assumes equal values at the eud 
points of the interval, ie. f(—l) = f (2, its Fourier series 

4-90 
‘ ap. , hta . knzx 
S(nj= sy > By (cr, COS ans hy, sin 


(11.904) 


oe | 
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in which 


i i 
{ a 3 | a Fy ae 
a= \ A(E) ds, ay T | f (&) cos — di. 
a { ee 
. & 
in = — | f(g) sin 2 dt, k=1,2,... (11.97) 
at 


is uniformly convergent on the interval [—l, fl] and S(xr) = f (z) 
at each point of this interval. 

Proof. To establish the uniforni cotuvergence of series (11.96) 
it is sufficient to prove that the dominant number series 


-++-o0 
Lol tS and i] be) (41.98) 
| 
or, Which is the same, the series 
Y (lan| | | onl) (11.99) 
n= 1 


is convergent. Indeed, this will imply, by Weierstrass’ test (see § 1, 
Sec. 2 in Chapter 8), that series (11.96) is uniformly convergent 
on the whole z-axis since we have 

bs a 
d 
for all x, —co < x <t +00. Let us denote the Fourier coefficients 
of the derivative f(z) by a, and O,, i.e. 


. &k& 
a, cos | <Jan| and by sin =) <bn, es fn 2s 


t ! 
; Lo a ak ; { P . &: 
ak =7 | f (x) cos —= dz, by. == ly (x) sin “dz 
ay Z 


Integrating by parts in the formulas expressing the Fourier coef- 
ficients of the function f (zr) we obtain 


7 
1 
an =| f (2) cos — dz = 


. l 
—f 
1 1 kuz [x= 1 7 . kax Lb, 
= pg f(a) sin SE pas | sin Fde= — SF 
if _ 
. kent: . 
{ since Sin =" turns into zero for z=+4 1} ana 
l 
t kote 1 i Any |x=! 
A, == — ry} s —-- ad -—--—— Uv) Cas : 
Mh ; \ f (x) sin da age J (rv) co oe 
si 
/ e 
1 l ¥ f Acer [ a, 
sees ns dr OL 
TRA \ P(xjens dr 2 


y 
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because, in view of the condition f(l) =—f(—l), we have 
cos = f (z) = =F (—1s— 4-9 (— 1)" = 

= (— 1)" (4) —f(—D] =0 


‘Therefore 


ee “ 
lan | ~ ite (E+), k=1,2,... (11.100) 


But, by the conditions of the theorem, the function /’(z) is piecewise 
continuous on the interval [—J, Z|] and hence it is integrable on this 
interval and Bessel’s inequality 


2 -+- 00 d , 
a ‘ = 22 s 
7 - D) (ai 4- bk < +) f° (x) dx 


k= am f 
is fulfilled for f'(x). Consequently, the number series 
a” ca n . 
+ Dd) (an i Oe) (11.101) 


h=1 


converges. Furthermore, the inequalities 


° 1 2 ¢2 a tH | I 
0 (Iai|—t) aaa il 
and 
1 \2 2 | bp | 1 
O< ({b,|— TV =b;°-2 2 4+- 


imply the relations 


Ue and Wal — 1 (bi'\+ <3) 


Thus, we have 


clay tor) to (14.102) 


The series >! “2 is convergent (this can easily be established on 


h= | 
the basis of Cauchy's integral test), and therefore, since series 
(11.101) is also convergent, we conclude that the — series 
-[|-20 


; 1 . 
s" Ly (ai wy | rr} converges. Consequently, by the compari- 
Joes me ,™ 

hk ? 
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son test and inequalities (11.100) and (11.102), the series 


+-a0 
Lol + Dd) (an [+ [4% ) 
k= 


l 


(which is dominant for the Fourier series of the function f (z)) also 
converges. It follows that Fourier’s trigonometric series of the 
function f (x) is uniforinly convergent to ils sum S(z) on the entire 
x-axis. The validity of the equality S(z) = f(z) on the interval 
[—i, 4] is implied by the convergence theorem proved in Sec. 4 
of § 2 because the conditions of this theorem are fulhtled here. 
Thus, the theorem has been proved. 


Note. The condition that the values of the function f (7) at the 
end points of the interval |—/, J] are equal is necessary fur Fourier’s 
series (11.96) of the function f (z) to be convergent to f (z) at the 
end points. In fact, if the sum of the series satishes the equalities 


S(-J=f(-O, SM=f (4) (11.103) 
the relation 
S(—) = S (2) (11.104) 


(which is a consequence of Lhe perfodicity of the sum of series (11.96) 
whose all terms are periodic with period 22) implies the equalily 


f(i-)=/@ (14.105) 


Therefore, for Fourier series (11.96) of the function 7 (z) to be uni- 
formly convergent to f (7) on the closed interval [--2, 2] it is uwecessary 
that equality (411.100) hold. 

If the values of a continuous and piecewise smooth funetion f (+), 
which is defined on an interval [—J, /] and assumes equal values 
al its end points, are changed at a finite number of points this resulls 
in a discontinuous function whose values at the end points of the 
interval may vo longer coincide. But the Fourier coefticients of the 
modified function remain the same since the integrals expressing 
these coefficients do not change. Consequently, by the estimates 


co 


obtained in the proof of Theorem 11.2, the series >. (lax| -}+ [bx!) 


=f 

is convergent and thus the Fourier series of the modified piecewise 
continuous and piecewise smooth function is also uniformly con- 
vergent on the inlerval [| —/, ¢] and its sum is equal to the original 
function but not to the modified function. But it can be proved that 
for the Fourier series of a piecewise continuous and piecewise smooth 
function f (z) defined on an interval [— 7. ¢] tu be uniformly con- 
vergent on that interval, il is mecessary that all the discontinuities 
of the function he removable and that the equality of the limiting 
values at the end points of the interval hold. i.e. fF (—7 0 
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= /(f — VU). This can easily be proved on the basis of the theorems 
on continuity of the sum of a uniformly convergent series and 
the pussibility of termwise passage to the limit in such a series 
(see § 2 of Chapter 8). 

Theorem 11.2 can be stated in a different manner. First of al! 
note that if a function f (z) is continuous on an interval [--J, LI 
and takes on equal values at its end points, the function obtained 
when f(z) is periodically extended with period 2/ is continuous 
throuzhout the z-axis. 

Nexl, let us agree that a function f (x) will be called piecewise 
smooth on the whole x-axis if it is piecewise smvoth on every finite 
interval of the z-axis. Then Pheorem 11.2 can be restated as follows: 

Ii a periodic furction f (x) with period 21 is continuous and piecewise 
smooth on the entire z-axis its Fourier series (11 .QG) converges uniformly 
to this function on the x-axis. 


2, Connection Between the Degree of Smoothness of a Function 
aud the Speed of Convergence of Its Fourier Series. The investigation 
of the connection between the properties of a function f (2) and the 
speed of convergence of its Fourier series 1s important for applica- 
tions of Fourier’s series to soine problems of mathematical physics 
in which the sum of such a series is replaced by its th partial sum. 
[It is also important in view of the possibilily of term-by-term «i- 
fferentiation of such series etc. 


Theorem 114.34. If a function f (x) and its derivatives {'(z), ... 
2. FO(x) (re SS 0) are continuous on an interval [—l, ll and 
assume equal values at its end points, thal is 


fC D-fM, FC-O=AHHLM, ©. FP (-/ = FM (E) (11.106) 


and the derivative f'™i) (x) is piecewise continuous on the interval 
{ —l, I], the Fourier coefficients 


i l 
a, = + \ f(B)cos—32d& and by= +> { /(&)sin “5 at 
ath ~f 


of the function f (x) satisfy the relations 
1 | 
an == 0 (Gavi } and b, =o ( <=) Jor k— oo, (11.107) 
and the series 


S Ie (| Ay, | | Poy, l). v= (Q, 1, Jo... (1 1.108) 


= 
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are convergent, * 


Proof. Integrating by parts, as was done in the proof ol 
Theorem 411.1, we obtain 


1 Ane oe 
ax=z | f(b) cos * dé — 
os 
ft 2 Ams [&=! 1 { ; ANE ye 
gael ra | f @sin a 
=! 
t 
= —7 Is’ @sin = dé = 
=] 
' 
Le, | me f=? DW ppg RAE eo 
=sjaral (§) Tar | f" (—) cos = de = 
=I 
l k 
3 18 
= —~ F252 / (€) cos Ty até = e 
=i 
AoE 
es Fm een? dé (11.109 
+0 > E Garigetl 7 (SE). ant po ae) 
—! oar ie 


In these calculations we take into account that (1) condition (11.10) 
of the theorem is fulfilled, (2) the cosine is an even function and (3) 


Anz . 
the sine of the argument —~, & =: 1, 2, ..., turns into zero at 


the end points of the interval [—Jd, 7] and therefore we have the 
relations 


. E=l : : A= js=/ 
f'(&) cos it = QO and /*(&)sin ob = () 


{ |e=-2 
for O<is<m 


The curly brackets under the sign of integration in (11.109) mean 
that, depending on the number of times the integration by parts 
lias been performed, the factor by which the function /‘"tP (§) is 
ATE . Ae 
i or “Ln —, -—@ 


multiplied is either cos 


—-_ 


* Relations (11.107) mean that 
. a ; b 
lim —2 st and dim te 
kh—~—ao k—»t-30 
fotath jem+1 


= () 
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In just the same way we obtain 


! 
[mel I A pipe l ma , | 
Oh earings fos™ (&) naz f &5 (11.110) 
of COS ] 
From (11.109) and (11.110) we derive 
| mm+1 [apt | | fy( mse) 
Jax || be l= 7 (Gen + aa) (11.111) 


where a,."*" and 6{"*” are the Fourier coefficients of f*? (z). 


ince ar** and O,"*” tend to zero as k—-»—oo, it follows 


from (11.111) that 
1 
Qp 0 (sai) ’ bk =0 (ga) for y—> -- co (11.112) 


Relation (11.111) implies that 


; [m+ a | | pst 
RN (lan | + [On ed uroaaeaeh . 
hes l quren = +1) | | y 
Samet yan? |F- | BRT |? - (1.11.5) 
because 
| aynty { I | data i 1 
: Rd 5 (1 qu 2 _ ; a (| oy ed |? + 7) 


Therefore, by, Bessel’s inequality 
t 


-+ 90 
afM4+1)]2 — 4 fucm 
| 0 5 | + > (| ay"*? |? - | byrne} y<+ \ [fo tP (x) |? diz 
k= 1 —l 
-f-00 ' 
and by the convergence of the Series » zx we conclude that the 
h=1 


‘ 
=; Co 


series S$) k™ (jan| + |Onl) is convergent. It follows that all 


k=1 
the series (11.108) are convergent and thus the theorem has been 
proved. 
Note 1. To apply the above theorem to the expansion of a func- 
tion f (z) which is defined only on an interval! [Q, 7] into a series 
kyaz 
5 Weert, 2 2 bas 


with respect to the syste in— 
we must verify the validity of the conditions of Theorem 11.3 for 
the function F(z) defined on the entire interval [—d, Z| which is 


obtained when f(z) is extended as an odd function. In particular, 
for the function F(z) to be continuous at the point x = 0 it is neces- 


CH. 11. FOURIER SERIES AND FOURIER INTEGRAL 545 


sary that the equality f() =O hold because, if otherwise, the 
extended function would have a discontinuity at z = Q. Analogously, 
at the point z = 4 we must have f (/) = 0 because the extended 
function should satisfy the equality F(—l) = F(l). The derivative 
of an odd function being even. the condition F’(—l) = F’(/) aulo- 
matically holds for the derivative of the function F(z). 

Generally, for the derivatives of the function f(z) to be conti- 
nuous on the interval {—2, /l and to have equal values at its end 
points we should impose the conditions 


{ 0) =f" =O for v =0, 2, 4, 


Then the corresponding conditions of Theorem 11.3 automatically 
hold for the derivatives of F (zx) of odd orders. 
In particular, for the series 


+ 90 
Sk’ {da l, v=O0, 1, 2 
k= { 


kn 


- d& are the Fourier coefficients of 


t 
(where 6, = + \re® sin 


6 
a function f (z) defined on the interval [0, Z]) to be convergent 
it is sufficient that the function f (z) satisfy the following conditions: 
(1) the function / (x) and its derivatives f' (z) and f” (zx) are 
continuous and the derivative /” (z) is piecewise continuous on the 
interval [0, 7}: 
(2) 7 (0) =f (2) and f" (0) =f" () = 0. 


Note 2. lf a function f (c) satisfying the conditions of Theorem 11.3 
on an interval [—J, l] is periodically extended with period 2/ from 
the interval [—2. Z|] to the whole z-axis, the extended function and 
its derivatives up to the order m inclusive are cortinuous and periodic 
with period 22 for all 7, —o < z< + cc. Therefore Theorem 11.3 
can be rephrased as follows: 

If a periodic function f (x) with period 21 and its derivatives up to 
the mth order inclusive (m > 0) are continuous for —oco << x < +00 
and the (m + 1)th derivative fi) (z) is piecewise continuous, the 
Fourier coefficients a, and 6, of this function with respect to trigono- 
metric system (11.12) satisfy the following conditions: 


(1) ax =o (aa) and b, =0 (an) for k-~» 4-00 


tao 
(2) the series >) k¥(lan]+ [on]), v=O0,1,...,m, 
k=1 


are convergent. 

Hence, this theorem establishes a relationship between the degree 
of smoothness of a periodic function and the speed of convergence 
of its Fourier series. 


33% 
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Note 3. 1f the conditions of Theorem 11.3 are fulhitled for a2 >> 0 
the Fourier series of the function f(z) can be differentiated term-by- 
term at least ym times, that is we have Lhe relations 

09 
f® (2) =D) (an cos 5 by sin =) (14.114) 
kati 


for 1<saim, —/<r<il 


Since the dominant series 
-+-70 
bt ; : ” 
“we Dy F (lanl On|), Lcscm 


are convergent. 


Note 4. The proof of Theorem 11.3 enables us to estimate tle 
speed of convergence of a Fourier series, i.c. to obtain an cstimalion 
for the error arising when the sum of the Fourier series is replaced 
by its partial sum. In fact, under the conditions of Theorem 11.3, 
we can apply relation (11.111), the Cauchy-Bunyakovsky inequality 
for sums, Bessel’s inequality for Fourier’s coefficients of the func- 
tion /("+) (7) and the obvious inequality 


1 oO ¢ 
1 Zz 
> james = | yom? 
k=kho+!1 ho 
which leads to the relation 
-7 00 
kour 
| > (a), cos = + bysin“*) |< y (| Ar |; | Oy )\< 
k=hy-+ | h=ho+! 
fm pe en 
2 [m+t —~ { | - Sta 
Soar V d: joam+ \ > (fant) =. [ byt? |°) 
h=lo-+t R=Rg-- { 
l | s ad 3 Me 
m x fe { 2 : /2 
<a | | via} (= \ pee) [? dz) == 
ity —{ 


1 1 \ 


ye fg 
gee, fans (mee) zr *dr) ai) 24 
sti (f mere)" po (a) 
kg 


9 


3. Acceleration of Convergence of Fourier Series. A Fourier series 
with respect to the trigonomelric System appearing in a concrete 
problem may turn out to converge so slowly that it is impossible 
to use it for practical purposes when its sum is unknown, 
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In this connection it is natural to pose the question whether 
it is possible to choose for a given slowly convergiug Fouricr series 


f(zy= 3+ > (a, cos“ + by sin =), aa lie ye l (A) 
=! 


a new slowly converging trigonometric series whose sum ¢ (zx) is 
known such that the series eutering into the relation 
+35 
f(x) =¢ (4) + >) (cen cos — -1- B_ sin si ) (B) 
h=1 
converges fast enough, that is such that its coefficients a, and p, 
tend to zero sufficiently fast as hk —~ —o. 

When passing from representation (A) of the function f (x) to 
representation (B), we say that the convergence of series (:\) is 
accelerated (improved). 

[f some singularities of the funetion 7 (x) (such as the limiting 
values of f (x) and of the derivatives f( (rc). s =- 1, 2, ..., m, 
at their points of discontinuity and for z—» --/ elec.) are known the 
convergence can be accelerated by means of a simple function «p (7) 
(which is known) having the same singularities as f (zx). 

For instance, suppose we know that f (z) is continuously differen- 
tiable on the interval [—/, Z|] and lin f(z) = +2. The values 


x— | 


t 
of f (x) assumed at the end points of the interval {—2, 2] being ime- 
qual, series (A) converges nonuniformly on this interval. Let. us 
pul qm (2) = zg. The fatter function is also continuously dilferen- 
tiable on the interval [—/, /] and possesses the same limiting values 
at its end points as f (x). Therefore the function / (z) = x is cun- 
tinuously differentiable on the iuterval |[—2, 7] and its end point 
limiting values are equal. Consequently. the series entering into 
representation (3) of the function f (v7) for ~@ (rv) = x is uniformly 
convergent on the interval [—é, J]. 

Now let us discuss another method of improving convergence 
of series (A) which is applicable when we have no additional infor- 
mation concerning its sum. This approach was suggested by 
ALN. Wevlov*®. The basic idea of the method ts Lhat we select tnose 
coefficients a, and 6, of series (A) which contain the lowest powers 


i ce 
of the quantity — and try to compute the sum of the auxiliary 


series with these coefficients by using the tables of Fourier series 
expansions of various functions whose lourier series are Slowly 
convergent. 


* Krylov, Aleksei Nikolavevieh (1863-1945), a prominent HKussian mathe- 
matician and engineer. 
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For cxample, let it be necessary to improve the convergence of the 
Serjes 
--29 ‘ 
f (x)= >) (— 1)" —"— sin nz, —ACLON (11.115) 


n+*—1 
n=Z 


We have 


and therefore 


fa=> Cone pee z ts sin SLD sere 


But we have already found (see Example 1 in § 2, Sec. 5) that 


x=2 > (1 Set) gern 


n= i 


(to obtain the last expression we must put 7 = x in the above-men- 
tioned example). Hence, we can write 


+00 
>) (—1)" See —= 4 sin z, —ner<cn 
n==2 ~ 
Consequently, 
f(x) = —>+sinr+ >} (—~ 1)" ==, —neor<cn (11.116) 
n=2 


Series (11.116) converges much faster than the original series (11.1195). 


§ 5. UNIFORM APPROXIMATION OF CONTINUOUS FUNCTION 
BY TRIGONOMETRIC AND ALGEBRAIC POLYNOMIALS. 
WEIERSTRASS’ APPROXIMATION THEOREMS 


Let ¢ >0O be an arbitrary fixed number. If the inequality 
le (z)—p@i<e 


is fulfilled for all x € la, bj simultaneously we say that the function 
p (z) is uniformly approximated on the interval [a, 6) by the function 
w(z) to an accuracy of e&. 


Theorem 11.4 (Weterstrass’ Trigonometric Approxt- 


mation Theorem). If a function f{ (z) tis continuous on en 
interval —l << xz < land assumes equal values at its end points, then 
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jor every @>U there is a trigonometric polynomial 


2 : ik | 
T(z) = 304. 3 (ay cos = + by sin =} (11.117) 
k= 


which uniformly approzrimates the function f (xz) on the interval 
‘—L=ae<l to an accuracy of €. | 
The proof of this theorem is based on the following 


Lemma. For every continuous function f(x) defined on an interval 
asxix<bh and for every ¢ >O there exists a@ continuous plecewise 
smooth function g(x) defined on this interval such that 


f(t) — gelz) |< forall xE€la, dl — (11-118) 


and 


Ge (a) =f (a), ge (6) = f (0) (11.419) 


Proof of the lemma. Since the function f (xz) is conlinuous on the 
closed interval [a, 6] it is uniformly continuous on it, that is for 
every e> 0 there is 6 = 6 (e) > U such that the inequality 


(2-1 (2")| <5 (14.120) 


is fulfilled for any xz’ and z” belonging to the interval [a, 6] and 
salisfying the condition | xz’ — x” | << 6 (e). Therefore, if we break 
up the interval (a, 6] into subintervals {z;, z3441, i = 0, 1, ..., 2, 
of leneths less than S by means of points of division rg =u < 
Ey O.. O jpgy <o... 2y4, = 0, inequality (11.120) 
holds for any two points z’ and x” belonging to one and the same 
subinterval [z;, Xj44). 

Let us construct a continuous piecewise smooth function y = 
= g, (z) defined on the interval [a, b] by putting g, (z;) = fF (z,) 
fori = 0,1, ..., m+4 and ge(x)= ge. (wi) + SENS EEEY (zg 7) 

oan 
for 2S 2 S2zj44,;. This means that the function y = g, (x) 
is linear on each subinterval ([z;, z;4,], i=0, 1, .-.., 2%, 
and its graph is a polygonal line inscribed in the graph of the func- 
tion y =f (x). According to the construction of g, (x) we have 


Be (a) = f(a), ge (0) =f () 
Now we can show that 
[f(z )—#ez’)l<z 
for any x’ Ela, bl. Indeed, let, for instance, 2’ € ([z;,, x;4,]. The 


funclion yg. (z) being linear on the subinterval [z,, 2:44), the value 
yoy a alae oe. (8 io | —— 
g. fr’) lies hotweon the values gee) — fai) aid ge (ein) = 
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= f (434;). As is known, a continuous function assumes all inter- 
mediate values lying between its end-point values and therefore 
the function f (z) takes on all intermediate values between f (2;) 
and f (z;4,) on the interval [z,;, z;4,]. Hence, there is 2” € {zj, 2344) 
such that / (2") = g, (z’). Consequently, 


e , f ” & 
H(z’) ~ge(2"I=1f (2) H(z") <4 
since 2’, xz” € [xz;, t34;], which is what we set out to prove. 


Proof of Theorem 11.4. By the hypothesis, the function f (z) Is 
continuous on the interval [—J, /] and has equal values at its end 
points: f (—l) = f (2). Let us take an arbitrary ¢ > 0. According 
to the above lemma, there is a continuous piecewise smuoth func- 
tion xy, (x) defined on [—Z2, Zl] such that 


|f (z)— ge (x) |< = for all z€(—J, @| (11.121) 
and 
Be(—) =f(—4),, g @) =f) 


which implies 


Be (—l) = ge (i) (11.122) 
f(—) =/ 


By Theorem 11.2, Fourier’s series of the function g, (x) is uni- 
formly convergent to g, (x) on the interval [—I, ~]. Hence, for 


a sufficiently large m, the mth partial sum 7, (x) = + 


since 


r 5 (a. cos sa 4-6, sin a of this series satishes the rela- 
‘inn 
| e(z)—Tn(z)| <> for all r€(—1, J] (11.123) 
From (11.121) and (11.123) we conclude that 
| f(z) — Ta (z)| SI f (2) — ee (2) [+] Be (z) —Tn (2) |< E+E. -e 


(11.124) 
for all « ¢[—Z, 2]. The theorem has been proved. 


Note. Taking a number sequence ¢€;, &5, ..., &%, -. - Convergent 
Lo zero we can construct the corresponding sequence of trigonometric 
polynomials Ta, (z), Ta, (2), .-- uniformly convergent to the 
function f (x) on the interval [—/, Z]. But in the general case these 
trigonometric polynomials are not partial sums of one and the 
sdine Uigutiuletric series. In fuel, the polyuomial Tye) (wurrees 
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ponding to a given ¢ > 0) which enters into inequality (11.124) 
is Fourier’s polynomial of the auxiliary continuous piecewise smoolh 
function ge(z) whieh changes when & varies and heuce the coef- 
ficients of the polynomial 7,(z) also vary. But it should be noted 
thal the above fact is not a consequence of the specific method used 
for constructing the polynomials 7,(x) in the proof of Theorem 11.4 
because it can be shown that in the general case a continuous func- 
tion f (z) may not be the linnit of a uniformly convergent sequence 
of partial sums of oue and the same trigonometric series. Indeed, 
if f (z) were the limit of a uniformly convergent sequence of partial 
sums of a trigonumetric series 


+a 
ay <— kar . AAZ 
> -|- >» ( cen COS a a + Br Sin =) 
k=1 


on the interval {[—2, 2] this series would necessarily be the Fourier 
series of f (z). But there are examples of continuous functions 7 (z) 
detined on an interval |—J, 2) whose Fourier series diverge at a finite 
(and even at an inlinite) number of points belonging to the interval 
[—/, Z|. Such examples are rather difficull to construct and we shall 
not consider them here.* 


Lheorem 11.5. (Weierstrass’ Poltynonial Approctma- 
tion Theorem). If f(z) is continuous on an interval az <b, 
then for every ¢€>>U there exisis an algebraic pulynonial 


igen (1) = Aq Saas it =e A 2x” r oer 2 a od a 


such that 
f(z) —P,@)|<e (11.125) 


on the interval [a, dj. 


Proof. Take a sufficiently large / > 0 such that the interval [a, b] 
is strictly contained within the interval [—Z, Z]. Lel us construct 
a continuous function #({x) delined on [—2, 2] by putting F(z) = 
=f(z) foraxz<th, F(—D=F () =O), 

i ()= f(a) (x+/) for —l<ar<ca and F (x) = 7" (@—2) 


al 


forb<x<l (i.e. F(x) is a linear function on the intervals [—J, a] 
and [b, JJ). By the Weierstrass’ trigonometric anproximation theo- 
rem. for every ¢ > O there is a trigonometric polynomial 
Tm 
Amr , . AMx 
PS 2 + » (as, COS = ~-— Dy sin ==) (11.126) 
k=—1 


" Ligh. pee fay. 
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such that for all —l <2<l we have 
|F(z)—Ta(wl<sz (11.127) 


Let us expand into Taylor’s series the trigonometric functions 
entering into (11.127): 


| ken? | hint Pere 
and 
_ Anu ka a8 | k'as f° 
sin i rules t— 3173 in ie ee (11.129) 


Power series (11.128) and (11.129) are absolutely convergent for 
all z, —wo << 2r< +00, which can be, for instance, proved by 
applying D’Alembert’s tesl. Substituting (11.128) and (11.129) 
into (11.126) we arrive at a power series 


T, (2) = Ag + Aye + Age? + oe. bh Ame™ Hee. (114.130) 


which is convergent for all xz, —c%o <2z< +0oo. Consequently, 
series (11.130) converges uniformly on every finite interval of the 
z-axis and, in particular, on the interval [—, 7]. Therefore. taking 
a sufficiently large m we obtain the mth partial sum 


Pm (zt) = Ap t+ Aye +... + Amz™ 
of series (411.130) such that 


| Tn (2) — Pm (z)|<-% for all x€{—2, J] (11.131) 

From inequalities (41.127) and (11.131) it follows that 
| F(z) — Pm (2) |<] F (2) —Tn (z)|+| Tr (2) — Pm (I< E+ =e 
(11.432) 


for all z € [—Z, ?] and, in particular, for all xz € fa, 6]. But we have 
F (x) = f (x) for all z € [a, b) and thus inequality (11.132) turns 
into the relation 


| f(z) — Pp (x) |<e (11.133) 
which is what we set out to prove. 


Note. If we take a number sequence g&;, &, ..., &,, ... Conver- 
vent to zero we can construct the ccerresponding sequence of algebraic 
polynomials Py», (x), Pm, (z), ... uniformly convergent to / (z) 
on fa, 6). But in the general case these polynomials may not he 
partial sums of one and the same power series which can be confirmed 
by an argument similar to the presented above in connection with 
tricanametric polynomiale (see the nate after Pheorem 44 A) 
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Weierstrass’ theorems do not provide effective means for practical 
construction of polynomials uniformly approximating a_ given 
continuous function to any preassignued degree of accuracy ¢ > 0. 

The problem of constructing polynomials yielding the best appro- 
Ximation was posed and solved by Chebyshev*. Chebyshev's polyno- 
mials make it possible to construct effectively polynomials appro- 
ximating a given continuous function. 

We now denote by #H,, the totality of all algebraic polynomials P,, 
of degree m <n. Let P,, (x) € Hp, and let f (z) be a continuous func- 
tiou on fa, |. The number 


Ef, Pm (Z)) = max |[f (2) — Pm (%) | 
a<x<b 

is termed the deviation of P,, (z) from f (a) on [a, b]. The greatest 
lower bound £,, (f) of the values of the quantity EZ (/, Pm) when 
Pm (x) runs through the whole set H,, is called the least deviation. 
Chebyshev proved the existence and uniqueness theorem for a poly- 
nomial of the best uniform approximation, that is a polynomial 
P., (z) € AH, such that 


Ef, P in) = E (/) 


and also developed some methods of constructing such polynomials. 
He found the so-called polynomials of least deviation from zero, 
also known as Chebyshev’s polynomials (see [2], vol. 2, Chapter 4). 
In practical problems of constructing a polynomial uniformly 
approximating a continuous function f (x7) on an interval fa, 6] 
tu an accuracy of e it is important to obtain a polynomial whose 
dlegree 1s as low as possible. It is obvious that such a polynomial 
is the polynomial of the best approximation (for the function f (z) 
on the interval la, 6]) belonging to the totality 4, with n such 


that 
En (f) <= € <— | ae (7) 


§ 6. COMPLETE AND CLOSED ORTHIIOGONAL SYSTEMS 


Let us denote by Q [a, 6] the class of functions containing all the 
piecewise continuous functions defined on la, &]. We shall introduce 
the notions of complete and closed orthogonal systems for the func- 
tions belonging to the class Q la, bj. Basic theorems concerning 
these notions will also be proved for this class of functions (Theo- 
rems 11.6-11.10). But it should be noted that this theory can be 
generalized to a considerably wider class of functions, namely to 
the square-integrable functions on la, b] and even to the functions 


_ ™ Chebyshev, Pafnuty Lvovich (1821-1894). a famous Russian mathemati- 
cia. 
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which are square-integrable with a weight function p (z) on [a, 5} 
(see Appendix 2 to Chapter 11). 


. Complete Orthogonal System. An orthogonal system of functions 


Gi (2), Ge (Z), ~~~, Pn (Zz), .- - (11.134) 


on la, 6] is said to be complete if for every function f (z) belonging 
to O la, bl its Fourier series —— respect to orthogonal system (11.134) 


pa Chr (2) (11.1305) 

where 7 
; : * 1’ “yee 
c= Tei iN (x) gx (z) dz, |G I= (Jak dr) * (11.136) 


is —n* in the mean to f(z) on fa, b], that is 


e*(f, 3 eats) = {[1—-> enitn (2) | dx—0O forn-» -- co 
~ ~ (11.137) 


In this case we say that system (11.134) is a basis of the functional 
space (/ [a, b] since, in the case of completeness, for each “element” 
{(z)€ O fa, b] we can write the generalized equality 


3°90 ts 
f(x) = S\ can (x) where cr = Tc A | f(t)q@n(z)dx (14.138) 
k=! 


which should be understood in the sense of convergence in the mean 
on the interval la, bl], i.e. in the sense that relation (11.137) is ful- 
filled (see § 6, Sec. 1 of Chapter 8). 


2. Parseval Relation as a Necessary and Sufficient Condition for 


oma © 


an Orthogonal System Being Complete. Let us make use of Bessel’s 
identity 


nm b n 
0? €s > crip | = \ | #(z)— > Cen (2) | dz= 
h=l a k=! 
6 n 
= (7 (x) dz— >) ch lpn II? (11.139) 
a k=! 


(see $ 3, Sec. 3). Passing tu the limit in (11.139) for m—» +00 we 


obtain 
n bi -4-00 


lim p? (7, 3) cnn) = | f(x) dz—S ckllqu|l2 (11.140) 


Tl & -42. ‘ ' .. bet 
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whence it follows that the relation 


lim op? (f, » we S sinh (14.1414) 
N+ +00 
is equivalent to the equality 
b 3-09 
\ 7 (x) dz= Di chileall? (11.142) 
a k= 1 
Equality (11.142) is known as Parseval’s relation. Thus, orthogonal 
svstem (11.134) is complete if and only if for any function f (z) € 
€ Ola, b| Parseval’s relation (11.142) is fullilled. 


3. Properties of Complete Systems. An orthogonal system 
F1 (x), Po (XZ), = +r Fn 2 eee (11.143) 


un an interval fa, b| is said to be closed ij every function f (xz) € 
€ Ola, b) which is orthogonal to all the functions af system (11.143) 
is the zero element of the functional space Q la, bj, i.e. f (x) is equal 
to sero at all its points of continuity and hence is different from zero 
only at a finite number of points of the interval fa, Oo). 


Theorem 11.6. If sysiem (11.143) is orthogonal and complete 
on fla, b| it is closed. 


Proof. Let a piecewise continuous function f (z) be orthogonal 
on la, 6) to all the functions of system (11.143), i.e 


b 
(f(z) pn(2)dz=0 for k =1,2 


Then the Fourier coefficients of the function f (z) with respect 
to system (11.145) are eyual to zero: 


b 
= z ee ), = oe v2 e i 
Cp Tet?) f(x) pn (x) dx--0, k= 1 (11.144) 
By the completeness of system (11.143), Parseval’s relation 
: ve 
P(ajdz= » ce lpn |}? (11.445) 
a k-={ 


is fulfilled for any function / (z) € O Ta, db}. But then, by virtue 
of (41.144), equality (11.145) implies that 

is 

| f° (x) dz=0 (11.1 46) 


a 
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Suppose that f (to) 3 VU where zp € la. G} is a peut at which f (z) 
is continuous. Let us embed the point 2) in an interval [@’, 67| 
(ying within [a@, 6]) on which f (z) is continuous. The function /? (z) 
being continuous and nonnegative on la’, b’], we have | P (2) dx > 

cr 


> 0 since f* (<p) >> O. But this implies that | 7#* (c) dr > U which 


Pm, 


contradicts equality (11.146). Consequently, f (7) = 0 at all the 
points of continuity on la, 6], and thus the theorem has been proved. 


Theorent tli. If twa functions f (x) and g (x) belonging to 
Q la, b] have the same Fourier series with respect to complete orthogonal 
system (11.143) on lu, b], these functions coincide us elements of the 
space ( [a, 6], thad is they may differ only at a finite number of points 
of the interval {a, 6}. 


Proof. The functionw (rz) = (f(z) — g (z)) € Y la. 6b] is orthogonal 
to all the functions of system (11.143) on [a, b]. In fact, we have 


36 b u 
(2) gn (2) dx = | f(x) gal) de— {gu (2) de = 


= ch [| Gall]? —eF [| pa II? = (ch—c#) Il pe [2 = 1, 2,3, --. (41.147) 


where c, are the Fourier coefficients of the fuuction f (z) and ck 
are the Fourier coefficients of the function g (z). By the hypothesis, 


the Fourier series of these functions coincide, i.e. ch = cf for k = 
= 1, 2, ..., and hence it follows from (414.147) that 

b 

\ 4 (x)¢x(z)dzr=0 for k=—4, 2, 3, ~- (11.148) 


But then, by the foregoing theorem, the difference wp (z) = f (c) — 
— g (zx) is identically equal to zero on fa, b] at all the points of 
continuity of 4 (7) and thus may be different from zero only at 
a finite number of points of the interval fa, 6] which is what we 
Set out {o prove. 


Theorem 1.8. If system (11.143) defined on the interval [a, bi 
is orthogonai and complete an fa, b\, then, for any two functions f (x) 
and g (xr) belonging to O la. bl we have the yeneralized Parseral 
relation 


b {m0 
| f(x) g(a) dz= S) chek il ex II? (11.149) 


a ha 1 
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where ch (ck) are the Fourier coefficients of f (x) (g (x)) with respect 
to orthogonal sysiem (11.143). 

Proof. Ikquality (11.149) is obtained if we write Parseval’s rela- 
tion for the functions f (z) — g (zr) and f (x) — g (x) and then sub- 
tract the latter from the former and take half of the result. 


Theorem 11.9. Let f(r) €Q la, bl. Tf an orthogonal system 
of functions {q; (x)} defined on [a, b| is complete, the Fourier series 
of the function f (x) with respect to the sysiem {p,(xz)} can be integrated 
term-by-term, that is 


x 4-70 x 
[/@ de= Sy cel crak (41.150) 
Xo h=1 Xp 


for any tq and x belonging to the interval l(a, bl. 

Proof. This theorem follows from the fact that the Fourier series 
+20 
> C,P, (Z) converges in the mean to f (zr) on [a, b}. Indeed, as 


k=1 
was proved, it is allowable to integrate terinwise the Series which 


converge in the mean (see Theorem 8.142 in Chapter 8, § 6, Sec. 3). 
4. Completeness of Trigonometric System. 


Theorem 1.10. The trigonometric system 
1 AG. AL knte  . Ate z 
++ COS —+-, SIN F—,.--, COS—F—, SIN ... (114.1401) 
is complete. 
Proof. It is required to prove that the relation 


ef, 78).-( U(a)—Th(a)idz+0 for n--- 20 | (ALS? 


holds for every piecewise continuous function f (z) defined on [—/, 2} 
where 
Tr 


k: . «I 
Vue (x) => (a, cos —~ + by sin =] 


h= | 


is the Fourier polynomial of the function / (z) with respect to 
system (11.151). 

Let {f {x)]| < Afon[- J. Z] and let e > C0 be an arbitrary number. 
Without loss of generality, we can suppose that f/ (xz) has a single 
point of discontinuity xz) tying in the interior of { 7, 7]. We shall 
construct a continuous function g (xz) on the interval [.-é, Z] such 
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Lhat it assumes equal values g (—/) = g (J) at the end points of this 
interval and satishes the inequality 
' 
9 : ° € ax 
Pr =) If (z)—g(@)hdr<Z (11.153) 
se 
For this purpose we take a sufficiently small 6 > 0 and put g (z) = 
f(z) for —l = 2lQiryo —Sandforr, + 6 Ss rcel—é, gil) = 
f{—l), and consider g (z) being linear on the intervals rz, — 6 < 
ZN% ~A8andl—db Qe (see Fig. 11.10 where the graph 


ee 


Fie. 14.t0 


of f (x) is shown in the continuous line and the graph of g (x) in the 
dotted line). According to the way g (zx) has been constructed, we 
have g (—l) = g (1) = f (—2). and the difference f (z) — g (rx) may 
be different from zero only for z7 ~S<r< 27) -}+- Sand /—6b6< 
<2x<0 /. Therefore we can write 


) xo+5 
a (f, #) = \ [f (2) —g (2) [P da - \ if (a) -g a)? ax 

F . 

+ \ if (2)-g@Par< \ W1(@)|-<le(o ide 
ea, es 
I 

“| | {| f (z)|+| g (2) 2 dr <4M?226 4. 4M%6 = 12M a 
i—6 


provided that 5 >> O is sufficiently small. Since the function g (z) 
is continuous on the interval [—Z, ¢] and takes equal values at its 
end points (g (—/) = g (4), Theoremn 11.4 (Weierstrass’ trigono- 
metric approximation theorem) implies that there js a trigonometric 


polynomial 
2 


r Aq \ kitx . | & 2 
F'n, (x) = 7 -}- > ( au a tL Br Sin ~~) 
A=] 
such that 


(—Tm (DI</ & for all r€{—/, | (14.154) 


Consequently, 
a a 
P? (ge. Tng)— | lg (2) —Tng(x)Pdr<zp | dr=— (14.155 
—f = 
Now taking advantage of the inequality 
(a -- b)? < 2a*® + 2b? 
and putting a = f (x) — g (z) and b = g (2) Pn, (x) we obtair 
tf (2) — Ta, (2) <2 {lf (zt) — g @)I? + le (2) — Ta, (2173 
lt follows that 


O° (f, Ln) = \ [f (4) — Tg (a) Pdr <2 \ (f («) — er) P da 
a —l 


t 


, 2 | ig(z)—Ta, (a) Pdzr< 274 2 -=8 
mt 
If we substitute the Fourier trigonometric polynomial! ie (a) cor 
responding to the function f (x) for the trigonometric polynomial 
Tn, (Z) in the fast inequality we shall have 


o (f, Thy) < # (11.1503 


} 2048 : . 
because Ty, gives the minimum to the mean square deviation. 

Making use ef Bossel’s identity we can rewrile fneqaahly (ib. iouy) 
in the form 


2 
O°), Tao) = \ P(x)dz— ‘nee (Qh | bi) | <e (11.1573 
x k=] ‘ 
Consequently, we have 
r 2 n 
pf, Pi= | P@dz—1 tS + DS (ak sb} <e (L158) 
= k= 


for all 2 3 ry. Since ¢ > has been chosen quite arbitrarily, i 
follows that 0? (f. 7))-- U for n-> --0° which is what we set out 
to prove. 

The cempleteness of the trigonometric system which has been 
established here implies that this system is closed. It also means 
that a piecewise continuous function f(x) is uniquely specified by 
its Fourier series with respect to the trigonometric system every- 
where on the interval { 2. /) except possibly afoa finite number of 
points (at whieh f (2) is discontituous). The completeness of the 


34 S24 
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trigonometric system was for the first time proved by A. M. Lya- 
punow™*. 


3. Completeness of Some Other Classical Orthogonal Systems. In 
mathematical physics we deal with various orthogonal systems, 
other than the trigonometric system, whose completeness is establish- 
ed similarly. As an example, let us prove that the system of Legen- 
dre’s polynomials is complete. Consider a piecewise continuous 
function f (z) delined on the interval [—1, i]. Suppose we are given 
awn arbitrary ¢& >> O. By analogy with the proof of the completeness 
of the trigunumetric system, let us construct a function ge (@) which 
is continuous on [—1, 1] and satisfies the relation 

ne 
0, B= \ Ue) — ee (edz (11.159) 
d 


—l 


(but here the requirement that gp, (z) must assume equal values al 
the end points of the imterval [—1, 1] is dropped). Theorem 11.9 
(Weterslrass’ polynomial approximation theorem) indicates thet 
there exists an algebraic polynomial 


Cm (x) eae A = A qv + A a oa +- a ks -- Ag." 


| te (2) —Om (I< ty = 


for all —1 f2ze<ait. This implies the inequality 
1 
0° (ge, Om) = \ (ge (4) — Om (x) Pdr (11.160) 
-1 


The functions 1, z, z*, ..., 2" are linear combinations of 
Leeendre’s polynomials** and therefore 


Om (2) = Bo + BPs (2) + Babe (2) +. E BinPm (@) 
where /?,; (z), ..., Pm (v) are Legendre’s polynomials. 
Taking advantage of the inequality (a + 6)? < 2a? + 2h? we 
conclude, on the basis of relations (11.159) and (11.160), that 
26 (11.161) 


F. 


07 (f, Om) =< 29? (f, Be) + 297 (ge, Om) <2 +2 = 


Let us substitute the Fourier coeflicients of the function f (z) with 
respect Lo the system of Legendre’s polynomials for the coefficients 


* Lyapunov, Aleksandr Mikhatlovich (1857-1918), a prominent Russian 
mathomatician. 
** See Appendix 1 ta Chapter 11. 
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Bo. ..., Bm in the expression of np? (f, Vm), i-e. replace B,, k = 
=(Q. 1, ..., m, by the quantities 


t 


| f(x) Px(a)dz, k=O, 1,...,m (11.162) 
*f 


| 
Cie aL 
l Pr [|" 


Since Fourier’s polynomials minimize the mean square deviation, 
the above substitution cannul inerease the mean square deviation. 
Therefore, introducing the notation 


QM (x) — tog ~t- cl’, (x) —.- ao sat Se -- € Cl ae (x) (1 J ‘ 109 
we arrive at the inequality 
of, je (11.164) 


Furthermore, by Bessel’s ideutity 


f r 


o2(f, 04) = \ f2(z)dz—S' cil gull? (11.165) 


—1 k=1 


we conclude that relation (11.164) implies the validity of the ine- 
quality 


og, Gye (11.1656) 
for all 2 > m. Since & > 0 has been taken arbitrarily, it follows that 
wo (Ff, C3) O for m—> --oo (11.167) 


and thus we have established the completeness of the svstem = of 
Levendre’s polynomials. 


§ 7. FOURIER SERLES IN ORTHOGONAL SYSTEMS 
F COMPLEX FUNCTIONS 
Ifere, besides real functions, we shall also consider complex 
functions of a real independent variable z which are of the form 
p (x) = p* (x) + ig** (2) (11.168) 
where @* (z) and g¢** (x) are real functions. The function which 


is the complex conjugate of @ (z) (i.e. the one which differs froin 
@ (z) only in the sign of its imaginary part) will be denoted by 


p(x). Thus, _ 
@ (x) -= ¢* (x) — ig** (2) (11.168") 
lt should be noted that 
pe (x) (x) = Iq* (xp)? -1- Ly *#* (PF = 1g (@) FO | (11.165) 
A function g (xz) = q* (2) + ig** (z) is said to be continuous 
(piecewise continuous) on la, b] if its real and imaginary parts, that 
34* 
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is the functions q.* (z) and q** (xz), are continuous (piecewise con- 
linuous) on fa. Ol. 

The derivative and the integral of a function q@ (2) = q* (2) + 
— ig** (xz) are delined, respectively, by the equalities 


dy dp* adg.** 


ee ae (11.170) 
and 
b db b 
t (2) dx \ y* (2) dx i \ pr* (a) dx (11.174) 


and the function @ (Gz) = q* (x) + ig** (xz) is said to be differen- 
tiable (integrable) if g* (x) and ¢** (2) are differentiable (integrable). 

If two functions @ (x) = ~* (x) + ip** (x) and & (z) = YF (z) + 
~ if ** (2) are integrable on {a, b], it is obvious that the function 
gq (x) yw (x) is also integrable on la, bj. In particular, if q (zx) is 
integrable on la, b] the function  (z) @ (x) is also integrable on 
la, b| and 


7) le t, 
\ (p (2) (p (2) daz == \ | <p (x) |? dx — {1y* (c)]* + [pt* (2) ]°} dx v2 0 


Two functions q (7) and (2) integrable on an titerval fa, 5] 
are said to be orthogonal on this interval if 


‘i 
os 


q (ar) ye) dae -= (Ui.t72) 
A system of complex functions 
U4: (2) 5 Ga). a oy i 2), (V1.1 
integ¢rable ou fa, 8] is called orthogonal on fa, b] if 
f. 
— QO = hk = 
j (pj (2) YR (a2) dz — ie va (11.174) 
: lee lf? > O for jak 


b 
where |] qy, {| -- \ lay Gr) [P dais the norm of qa. Generally, Che nerin 
r 


of an integrable complex function (xz) is delined as the nonnega- 
hive quantity 
4) 


ly t=(facrgurdey = (Vip ieds) tar 


e 
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One of the most important examples of orthogonal systems of 
complex functions 1s the system 


nx 
t 


oo, 0, 4 osu (11.176) 


which is orthogonal on the interval [—Jd, 2]. The orthogonality 
; kaix Pichon’ 
of e ! and e § for Asén is established directly by integra- 


ting the product 


. atx . mex _RAX _ wt (R—nonx 
mr jeu vase Fe bee ee 
ce (¢ ) == ¢ e == = cos rae Teal -;~ 


.... (k—ajar 
— = SIN a 


. CbTy 
, eee 
over the interval [—J/, 2]. For the norm of the function e 
we obtain the expression 


ra t . etx vrU3TX t 
pee =(fe Mei T de) "( (ar) "=VR (10.177) 
=—{ 


—? 


The Fourier coefficients of a function f (z) (integrable on la. b]) 
with respect to orthogonal system (11.173) are determined by the 


formulas 
{ 


C= 
A Wee I? 


b 
\ f (2) Gx (2) day, ke4, 2)... (14.178) 
a 

The fourier series of an integrable function f (2) with respect 
to orthogonal system (11.173) is, by defnition, the series 


-{200 
f(z)~ on Crip (X) (11.179) 
=1 
whose coeflicients ¢, are determined by formulas (11.178). 
In particular, the Fourier coefficients of f (7) with respect to 
system (11.176) are equal to 


Reese litxye f dz, k=O, 41, 42,2... (14-478’) 


and the corresponding Fourier series of f(r) with respeet to this 
evstem is) the two way = sertes 
+00 . mi7ux 


i(t)~ SS cae! (14.4709 


r— ~~ 
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Let us prove that. if the function f (z) is real on the interval [—£. @], 
relations (11.178') and (11.179') are equivalent to the relations 


if 
— { f(x) cos = dr, h=0, 1. 2,... 


a2] | 
t (14.180) 
bn + | f(xysin dr, ket, 2.20, 
ail 
and 
f(r) ~ + x (ay cos 7 4b, sin ~~) (14.181) 
f= | 


that is relations (11.178’) and (11.179’) are the complex form of 
Fourier’s cuveflicieuts and series of the function f (z) with respect 
to the trigonometric system. 

Applying Euter’s formula 


eo? = cosq | éSin y 
(A1.17S") we obtain 
{ 
1 f¢ - 
at 
; RIX 
{ ( f : ! A 
Ck = nye (r)¢ fi 
1 
: A 
{ er r oar 1 i - 
= || f (z)| cus — isin |dx= 
~{ 
en Hs ee (11.183) 
an 
1 ( hyix 1 : 
eu=az \ (ze dx = 3, \ f(2)[ cos "aie 
-{ =i 
: -!- al ; : 
+ €$in | da ae, Mads 2 ee (11.184) 
Series (11.179) can be rewritten as 
390 5 x +50 ; festx - f-90 _ ikax 
NS) Ca@ ! -seg + >) Cre f+ NI Cn t (11.185) 
ns —~ 0 h =| k =] 


Substituting expressions (1.182), (1.183) and (11.184) of the 
coefficients cp, ¢, aud e¢_, into (11.1355) and taking advantage ol 
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ek 
Muler’s formulas 
ei Axe Tl : ee i 
cos q = 5 » SIG = oF 
we arrive at the equality 
aes ‘ TLILN “NM b ; kur ica 7 _; AX 
1 ee ao. a}, — ORK Y GR-— Vk { 
a ae gee be Beet i 
7 a k=! R- | 
RAN AX 
= R may, 
ay ’ € = ¢ : 
= > -L E -) 7 
k= ] 
Asx st 
| 
e —é ag 
—: —— -+- 
+ by De 2 ' 
+x» ; k 
a ne lS = > we 
+ > ( an cos is by, Sit ; } (11.456) 
hzs 


which is what we set out to prove. 

If the function f (2) is not only integrable bul also piecewise stuooth 
on | —Z, é], the theorein on convergence of a Fourier series and rela- 
liom (14.186) enable us to write down the expansion 


tor ; NMNX: 
f(z) = > Cn€ dj (11.187) 
2 =— oO 
where the Fourier coefficients are determined by the formulas (1.178). 
At the points of discontinuity of the function f (z) the letl-hand 


sile of equality (11.187) should be replaced by eo) 
if -Laxr<al and by cea eee te Woes +i. 


‘4 
Complex form (11.178’), (141.179’) of expansion of functions into 
trigonometric series is widcly used in mathematical physics and 
iis applications. This form is especially convenient for performing 
calculations and transformations, in particular, when the expres- 
sions we deal with involve the products of Fourier’s series and also 
for Fourter’s series of functions of several independent variables. 


§ 8 FOURIER SEHTES FOR FUNCTIONS 
OF SEVERAL INDEPENDENT VARIABLES 
Let a funclion f (2, y) be defined in a rectangle —/, << xz <2 dy, 
—ly Dy Slo. We shall suppose that for every y € [—/.. 72] the 
function f (z,. y) satislies the conditions under which it can be expan- 


dt) MULTIPLE INTEGRALS, FIELID THEORY AND SERIES 


ded into Fourier’s series as a function of x on the interval [—d,, d]. 
Then, using the complex form of Fourier’s series we can write 


za oe 
f(t, y)= 2D enlyye % (14.188) 
n=——c 
where 
dy 2 T1sTS 
ea(y=a- Je ype " di, n=0, 41, 42,... (11-189) 


me 


Let each of the functions ¢,(y), in its turn, have the Fourier 
series expansion 


+20 ; my 
Cn (y) — = Crmel lo ? Tt — O, +- 1, 7 2. ecsve (11.190) 
m= — oo 


ou the interval —l, <= y < ly. The coefticients cy are determined 
by the formulas 
; reFTt) 


iz = 
| ce, (Ne ts dy, nm, m=O, +1, £2,... (11.191) 
Ih 


{ 
Cr raQ =f, 


Now, substituting (11.189) into (11.191) and (11.190) into (11.188) 


we obtam 


}- 0 -{-00 Py ci 
f(z yb= M SM cume 8 0 bs (11.192) 
cilia r= - WO IS ~- ©C 
l lo a nits MILT 
Com=ap- | JF we 8 ded (11.193) 
—ty —lg 


Thus. we have obtained, in complex form, the Fourier series expan- 
sion for the function f§ (z, y) of two independent variables 

Making use of Kuler’s formula e? = cos » + isin @ we can 
rewrite expansion (141.192) in the form 


+ 29 


RIX . . AMZ mILy 
ge ae) ys Cin (cos 7 --tsin ; (cos ; + 
a l a 
nN, wMt=— co 
-f-a0 
a Meer miyly “ NILE rae Us 
“+ 2 SUN may ) = > Ainmn | Qaner COS - I ~€OS i si 
2 i 2 
mM, N==s—00 
° mrt P) . mit 
i Dis Silt CoO J as Conn Cas ek J -1- 
d ., Lo 
: RUT ‘ Uru! 
' ding SIN ;— sin — | (11.194) 
1 2 
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where 
- | 
| arg for m=n=O 
_ 4 : 3 
naan = for ne =O, n=O and m>Q, n=O (11.192) 
[ 1 for m>O, n>O 
and 
fy fe 
ry sr neaty 
mn = tls - } Ly; la diz dy 
i 
a ae 
ban = \ 7(z, y)sin — COs -—t dz dy 
Eye, { 2 
> (11.196) 
Cmn = IT - | \ fe y) cos sr sin a dx dy 
Shy Hts 
ly dy 
ii \ | f (2. y) sin NT sin bb Stil dx dy 
i J l L, 
ag sets 


lf f(z, y) is an even function with respect to cach argument, that 
is af 
f(—r MN =fe—y=fey (11.197) 
we can easily see that 6,,,, = Cun = dmn = U and therefore the 
Fourier series of such a function takes the form 


20 
yg ATX nity Ae erga 
f (2, y) = Dy AoanGinn COS r, CUS E (1 | IO) 
m, n= 


If f (z, y) is odd with respect to each argument x and y. only 
its coecflicienls d,, cau be dilferent from zero and, consequently, 
its Fourier series is of the form 

te 
- RIT ‘ 222851! 
fa y= S dann SiN 7 Sin — (12.1509) 
- 1 ° 


as 


m, n= -Q 


If f(z, y) is even in y and odd in z its expansion contains only 


. ° : PLE *r2 SU! ° « J 
the functions sin ->— cos — “and if it is an odd function of y and 


ast 
ap 


an vven function of az the expansion involves the functions 
mo 


nyt: Sin 
fj = l. 


COs 
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tlere we do not investigate the conditions guaranteeing the possi- 
bility of expanding a function of two variables /# (z, y) into a Fourier 
multiple series and limit ourselves to the formulation (without proof) 
ol the following assertion: ¢ f (xz, y), 7 = Lud ee are con- 
finuous functions perivdic in x with period 2t, and in y teith period 2ta, 
the Fourier double series of the function f (2. y) converges to f (x. y) 
al every point. 


$9. FOURIER INTEGRAL 


1. Formal Derivation of Fourier Integral) Formula. In tlus section 
we present a formal derivation of Pourter’s integral formula which 
Is Obtatmed i we take the Fuurier series of a function f (2) en an 
interval {—Z, @) and then extend this interval to inhinity, i-e. pass 
to the limit as é-» ;-oo. Then the Fourier series turns into the 
Fourier integral. 

When we consider a function / (cz) delined on an arbitrary linite 
interval [—Z, 2], it is expanded into a sui of “harmonic oscillations” 
Whose frequencies form a descrete number sequence. Dut when we 
lake the limit fur ¢— --c9o we pass to a function defined over the 
whole z-axis (or on the semi-intinite iuterval [O, --o0o] of the z-axis) 
Which is presented by an integral, i-g. a sum of “harmonic vibra- 
tious” whose frequencies A coustilute the continuous interval O = 
- #&<l :-o0. Let us consider this formal passage to the Ttmit: trom 
(he Fourier series to the Fourier integral. 

Let { Ge) be deltued on the entire waxis. We shall suppose that 
the function / (z) is piecewise smooth on every tinite interval [—-d. él. 
Then. liv the convergence theorem for trigonometric series. we have, 
for exery 2 >> 0. the expausion 


a eee 

J i ts é Witz ‘ ¥ 

f(r) =r » (a, cos Ay Sin ) (11.200) 
es | 


whiere 


j f 
f Ct c i 1 : vr kK: = » 
Qg= 7 j] (<) dé, ak = 7 f (<) COS = cde 
“t = 1 (411.201) 


—- |i @sin a a ee ee 
=! 
amditev (1.200) is valid if a is an interior point of the interval 
(—¢2, 2) at which / (c) is continuous. If 2 is an intertor point of the 
interval at whieh the funetion # (x) has a discontinuity, the left-hand 
side of equalitw (1Y.200) must be replaced by the expression 
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a) Substituting formulas (11.201) into (411-200) 


we obtain 


t 8 
M(x)=sr \f(9dE-+ SY [p@eos FZ E-—NdzE (11.202) 
=! hal —l 


If the function f (zx) is absolutely integrable over the whole z-axis, 
that is 


60 
| f(a) |dxr =U < boo (11.205) 
then. by virtue of condition (11.203), the first summand on the 
right-hand side of (11.202) tends lo zero for 1 — oo. Consequently. 
we have 


-- 59 i 
. . . k; 7 ; 
f(x) = lim — > \1@ cos — (E— 2) dé (11.204) 
f-»+ro aes 
) i FST. 2 a1 e . : : 44 2 
Putting -- =A, and 5-==A4, We can rewrite relation (41.204) 
i othe form 
; 9 ( 
f(r):= jin + ») Np f(e)cos 2, (€ — 7) dé (11.25) 
f vero - bad 
=I 


NA, 0 mo -t 


We can now conclude. intuitively (wilhout any rigorous argmiment). 
Diya] 
(1) the jnteyral \ £(E} cus hn (E—a) dé ean be replaced, for taree 
a! 
—{ 
1 


valnes of ?. by the integral | £(&) cos An (3 —2) da. and 


— oo 
+20 oo 

(2) the expression >» Ni | {(&) cosa, (§6—2z)d— is an integral 
k=l —0o 


oo 4.00 
sum corresponding to the integral { di. | f(&) cos 47 (& —- 2) és. and 


-—- Ww 


qj 
(has. relation (11.205) implies the formula 


-+ ao -Loo 
fiz) + | ak | ssi G—2 a (14.20%) 
rT ws 
If «is a point of discontinuity of f(z), the left-hand side of (11.206) 


CRUE ACRES 


ed 


should he replaced hy the expression 
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on (11.206) is called Fourier’s integral formula (theorem) and the 
integral on the right-hand side of (11.206) is called the Fourier 
integral. 


2. Proof of Fourier Integral Theorem. The ahove derivation of 
formula (11.206) is formal because it involves some passages to 
the limit which have not been justified rigorously. But it turns 
out that it is easier to present a direct proof of formula (11.20b) 
than to justify these passages to the limit. 


Theorem Ti.tf. If f (2) is a piecewise smooth function on every 
finite interval of the x-axis absolutely integrable on the whole x-aris, 


he. \ |f (x) | dx is convergent, then 
_ +00 
lim - | da, \ f(B) cos 2. (E— 2) dE= LE TOFIE—O 44 297) 
l-s-fae “1 ; ee 2 


+-co 
Proof. Note that the integral [ f(&) cosa (E— x) dE dependent 


— oo 
on the parameter A is uniformly convergent with respect to A for 
UviA<--co since |/(E)cosa(E—z)|<[f(&| and the integral 


+o 
[f(c){d& is supposed to be convergent. Consequently, it is per- 
— oo 


umiissible to reverse the order of el ae bos Sec. 3, § 2, Chap- 
i 


ter 10) and rewrite the integral 1% { fi{—&) cos A(E— x) dE in 


the forin 


10 00 / 
+ (a | s@cosag—zydt=t dé | { ) cos'A (E—2) dk = 
0 es = 3D 0 
oe sin L(& —2} = sin It 
eo in — TJ ~ i Pe 
= \ / (8) — > d= al f(x + ¢) —— de (11.208) 
me 5 : . 
where €:- 2—.c, dl =d& Wence we mnst only prove that 
0 
; | sin le yy f(z —Q) 
om ee. 1.205 
— jie ae 3 ieee 
and 
1.0 
lim | f(x) ty SE ade i (11.210) 
l-s-l-o 4 
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For this purpose we shall take advantage of the relation 


1 sin lf 1 : 
= | dl = (11.21 


which is implied by formula (10.50) derived in § 2, Sec. 5 
Chapter 10. 

As an instance, we shall establish the validity of relation (11.2! 
(formula (41.209) is praved similarly). By equality (11.211). 
cau write 


j(x +0) 1 
y - 7 


N tee gy SUUts. ge 24 


. 


a) —} 


sin ?= 
A 


ol 


fo) 
f Es oe 4° = 1 ¥ ) & 
Fherefore the ditference between the variable — | fie a) 
"0 


> 


and the constant Es Sawai entering into relation (1L.280) is equ 
to the expression 
+0 
1 SIN LC 4g f(z an 
Jose =— | H2+0=5+a—-te 
@ e > and 
6 
. ae 
a Sun I~ 4 
= a \ [f(x-FC)—f (a *-9)) - fs (11.21. 
0 


‘Thos. we oritst show that the integral on the tight-hamd side « 
(11.215) tends to zero as f-> -; oo. For this purpose we divide 
interval of inteeralion O <= os fe, into tliee parts, named 
ys GSO, ON CSA and <€< -oo. Then the integer 
we are imterested in is Ronee as Llie sum of the correspondit 
Intevrals: 

Jo, +0 = Jo.6 + Jaa Sa, 4% (14.21 


We shall first take an arbitrary ¢ > 0 and prove that for all su 
heiently small oO > 0 and all sufficiently large \ > 6 we have tt 
inequaliltes 


|fo.at<—p and |Jasyo0)/<— (M424! 


Which are fulftled for all 2 2 L simullaneousty. Then we shall fi 

some values of 6 and \ for which inequalities (11-2156) hokl an 

then choose a sufficiently large é 2 1 for which the relation |! Js x [< 
eo. a a a ae : ; 

<_— is satistied. Lhe key Jemma (see § ov) indicales that sue 


af 
a choice of 4 > 1 is possible. Then, by (19-214). we shall eouchad 
that | Jo.u0 | <e for all sufficfently Jarge 7 | 
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Thus, let us begin with estimating the integral 


8) 
LP f(eLoy—f(et+a 
Jog = | ete 2) = f(e+ 


y 


sin l6 d= 
0 


For all sufficiently small 62>>0 we have 
TNE) | <{fie(a2)|-- 1 for all SE (0, 6) 
Conseguently, 


‘ oh pe, t E:T 21: 
Jo.sl<—tl inl) - 1}< for all $< Stem (141.216) 


and for all values of JZ. 
Next, let us estimate the integral 


ot ° .., “SIDES 56 f(r: O) oe Sindee 
J A, peo = “7 \ f(a --—«) = d2— = \ : IC 
‘ nN 
We can write 
[J a, po | [ne , | f(z SL ae - tiie a | ~~ dy 
A 
1. 0 , 
Say | le alas ee tte bo | F KLE a 
_ iA 
? f/(ai yt f ¢ sinc* [ete ee eee age 
ecole the y rate | where GF =: 1 (11-217) 
fd: 
By condition (11.203), we have G= ( if (z)|da<—< co and, there- 
= “©! i 0 ; 
fore. for all sufficiently large A>>O the ne ~<s 


SU a 


is fulfilled for all 2. Furthermore, the integral : d=* beg 


0 
couvergent, we have 


LAs 20) | ( sin tt oe, 
———-| |) —* dt 


ol 


t 


< 
as 
for all suffielently lareae A tO and all £2 1. Hence, by virtue 
(11.207), the inequality 
| Ja, t0 |< (11.208) 


holds for all suffletently large A > O amd all @ pd. 
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Finally, let us estimate the integral 
- U 
{ r+ 2)— f(r ‘ oe . 
Joyce ( LEE E sin ied (11.219) 
i) JT . ‘ 
b 
Pe yay 
Phe expression Gi Cpar oat 2 Ces) is a piecewise smooth function 


of the argument £ on the interval 6-<2-< \. Consequently, by the 
kev lemma (see § 5). the inequality 


_— (11.220) 


is valid for all sufficiently large ¢ 2 On the hasis of (11.216). 
(11.218) and (44.220) we conclude cae for all sufficiently wae 
f{>1, we have the relation 


| Jo, toe | <o t (11.224 
Which is what we sel out to prove. 


Nolte. The above theorem ou Fouricr’s integral can be proved under 
more general conditions imposed on the function f(z). Namely, 
if the function | (z) is absolutely integrable over the z-axis and satisties 
the conditions thal (1) if ts piecewise sivoth on every firrite interval 

ee 
of the x-aris and (2) the expression RA Sins Beet iA Clin a is bounded 
for any taxed « and all siufticiently small t> Q, the above theoren 
remains valid. 

lndeed. the proof of the theorem reduces (o estimating the three 
integrals Jes. Jy. 4. vod Jy) po for Joge and the three integrals 
Jo.n, Js. and Fly, whieh are cousidered similarly. By the 
absolute iutegrability of f (x), the integral Jo.6 is small for all 
sufficiently large A. Vhe integral Jo9.6 1s smail for all sufficiently 


—f(x-L0 
smatl Oc 0 provided that the expression Le es) ITN | 


Is vente for every fixed x and all sufficiently small ¢ >> OQ. ‘To esti- 
mate the integral 


A 
Jo px (LEO H EHO On ae 


> 


=>* 


(Ct) = Je) 


we note {hat the Function IS precewise 


continuous on the inlerval 0 < 6 <0 <0 A for any fixed zx. Let 
fa, 6) be an interval on which @ (f) is continuous. Take an arbitrary 
& > 0. Leto us construct a piecewise sinvoth function gy, (x) such 
thal the inequality 


le()—geQl(<ae efor Wm ALA 


44 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


holds (which can be done as in the proof of Weierstrass’ trigono- 
metric approximation theorem). Then we have 


vb b 
)\ #@sinieatl< | ly @—ge) a+ 


+f re (5) Sin lode 


for all sufficiently Lirge 2 > 0 since the key lemma is valid for the 
piecewise smooth function ge(C). Breaking up the integral J», , 
into the sum ol inlegrals taken over the intervals of continuity 
of gq (S$) we see that Js, ,-+ U for l-—+ -—90, which completes the 
proof of the theorem. 


3. Fourier Infegral as an Expansion into a Sum of Harmonics. 
Fourier’s integral formula (1.206) can be rewritten as 


++ ao 
(yee j [A (A) cos dz - 2 (2) sin Aa] di. (11.222 
0 
where 


cd l ‘ c> & w& =, 2 h vs hea ° <s jo 
A (A) ae Lee en B(A)=— | f (=) sin Ae dz (11.223) 
Relation (11.222) is analogous to an expansion of a function into 
a trigonometric secies, and expressions (11.225) are siuutar lu the 
formulas for the Pourier coefficients. Let us transform expression 
(11.222). We have 


A (4) cos ac -- B (A) sin Ar = WY (2) sin (Ar + q,) (11.224 


where 


—— l(7\ ; 

N(A)= Po APA) BRYA), cos = PET ; sin t=O (11.225) 
Thus, relation (14.222) can be inte preted as an expansion of a fune- 
tion f Gr} delined for atl 2, -co <r — + oo, into a suin of harmonie 
oscillaliuns whose lrequencies A coutinuously cover the semi-infinite 
interval 09 <A < -bo3. The functions .1 (A) and / (A) (see (11.225)) 
vive us the daw of distribution of the amplitudes and initial pha- 
ses «p; When A varies over the positive half-axis A, O SZ A< 4-00. 

(f a funetion f Ge) is defined on a dinite interval J—f. Z| it can 
he evnonded. under the conditions stated obove, into harmonic 
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vscillations: 


-+-00 
kuz 
ao, 
i(2)=—- 71 >) (en cos 7 Op, SiN i )= 
r= 
+0 
ay 
= 2S) Ny sin az} Gn) (11.226) 
k=! 
: : A5 
where the frequencies A) =, AK=1, 2, ..., form an arithmetical 


progression, 


4. Fourier Integral in Complex Form. The Fourier integral formula 
can be rewritten in the complex form 


, --00 ++ 90 
f(a)=s— | aa | f(speme-Dat (14.227) 
— 90 —o ge 
equivalent to  (411.2U6): the integral { f(&) cosa (x — E)dé 
: 


is an even function of 2% and = the integral \ {(&) sin A (2 — &)dé 


— 


is an odd function of a, ancd therefore, we have 


= ao + 30 + +a 
= \ aa | f (E) cos 4 (&—2) dE= \ di. \ {(E) cos? (2-8) dk 
and 
+. a6 -|-o0 
ares | da | {(&) sin & (a —€) dE=0 


Consequently, by Euler’s formula 
et(x— 5) == cos A (x — £) + isin A (x — &) 
we Can write 


-{- 00 +o +00 - 00 


1 : 7 4 : ; 
se | & | 1@ere-vat=— ( ai | f@eosa(e—Ha 
+90 +09 
tae | d | s@sin2(z—Hat= 
+ 70 


ar] d?. i f (E) cos ?. (x —) dE 


35—O 824 
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whence it follows that formulas (11.206) and (11.227) are equivalent. 

But it should be noted that in the general case the integral 
/ 30 +09 

= \ di. \ f (&) sin A (x — —&) dE = O entering into the relation is 

understood in the sense of Cauchy’s principal value (see § 3 of 

Chapter 9), that is 


40 +00 
=n \ dh { f(®) sin A(z—®) dt= 
” on 
= lim \ aa | (8) sin A (z—8) dE=0 
a = { — 00 


3. Fourier Transformation. Equality (11.227) can be rewritten 
in the form 


ee foo 
{ (2)= \ et dt. (= { £@e-* a) (11.228) 


Introducing the notation 


dies 
f 1 — int 
iW= Te j /@e a gE (11.229) 


we obtain, by (11.228), the formula 
oe 5. 
\ F(A) ett dh (11.230) 


-— oo 


1 
Ven 


Thefunction f (A) is called the Fourier transform (or spectral characte- 
rislio) of the function f (z) defined on the real z-axis, —oo<l x<l +00. 
The transformation from f(z) to f (A) performed according to for- 
mula (11.229) is called the Fourier transformation. Formula (11.230) 
(Fourier’s inversion formula) expressing the original function 7 (x) 
in terms of its Fourier transform f(A) describes the (Fourier) inverse 
transformation, and f (x) is termed the Fourier inverse transform 
of f (A). 

Now we can rephrase Theorem 11.11 on Fourier’s integral as 
follows: 


f(x) = 


Theovem 14.1°. If f(x) is an absolutely integrable function 
(on the whole x-axis) piecewise smuolh on every finite interval of the 
x-axis, then (1) the Fourier transform determined by formula (11.229) 
exists, and (2) we have inversion formula (11.230) which should be 
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undersiood as the limiting relation 
t 


lim 7 (A) et4* dd 
Y2n t—»-+-00 


MD= TE 


Note. According to the note after Theorem 11.11, we can assert 
that Theorem 11.12 remains valid for every function f(z) which 
is absolutely integrable over the entire z-axis and piecewise con- 
tinuous on every finite interval of the z-axis provided the expression 


ae is bounded for every fixed z and all sufficien- 


tly small |¢ | U. Fourier transforms of functions defined for 
—oo <0 z << 7-00 are widely applied to various problems of mathe- 
matics and mathematical physics (see Appendix 4 to Chapter 411). 

For functions defined over the semi-infinite interval 0 = xz <-+ co 
we also use the so-called Fourier sine transform and Fourier cosine 
transform. Let us dwell in more detail on these notions. Applying 
the formula 


cos A (E — xz) = cos AE cos Ax -;- sin AE sin Az 
to the integrand in formula (11.206) we deduce 
-+-oo oo 


f (z)— = ! di ) }/ (E) cos AE cos Ax dE + 


- oo 


re +f di, t f (E) sin AE sin Ax dt (11.231) 


— co 


where, by the absolute integrability of f (a) uver the whole z-axis, 
both integrals are convergent. If f (€) is an even function the product 
#(&) sin AE is an odd function while the product 7 (&) cos AE is an 
even function. Therefore the second term on the right- hand side 
of (11.231) turns into zero and we thus obtain 


-+- 00 -} 00 
f(z) ==. \ cos Az dA { f (&) cos AE dé (14.232) 
6 iF 
Similarly, if f(z) is an odd function we find that 
f(x)=== | sindzda \ /(&) sin Ak aE (11.233) 
0 


If xis a point of discontinuity of the function / (x) the left-hand 
sides of equalities (11.231), (11.232) and (11.233) should be replaced 
hy the expression pA ta last Atom 


3o* 
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Now suppose that a function /(z) is defined only on the interval 
O<xr< +o. Then it can be extended to the negative half of 
z-axis in such a way that we obtain an even or an odd function 
defined for all 27, —w <xr< -+oco. If f(x) is extended in even 
fashion we obtain the representation 


arr “7 30 re 
/ (x) = |) a cos Az da (j/ 2 | f(s) cos AE dé) (11 .204) 
0 
and if it is extended in odd fashion we get another representation: 
— +» —— +99 
(2) = 2 | sin Az da i= { {(E) sin AE dé ) (11.235) 
6 0 


If the function f (z) defined on the semi-axis 0 <x <t +c Is 
continuous at the point z =O then, after it has been extended as 
an even function to the entire z-axis, it remains continuous at the 
point z = O, and therefore relation (11.234) will also hold for x = 0 
in this case. On the contrary, for the function f(z) extended in odd 
fashion relation (11.235) does not hold for x = 0 in the general 
case even if the original function is continuous at the point x = O. 
It is clear that this relation may only hold for z = 0 if f (0) = 0 
f (-{-0)-1- f (—0) 

¥ 


since we have the equality =Q for every odd 


function. 
Raqualitw (11.234) can be rewritten in another form. Putting 
__ +00 
je) =|7 = | 4 @cosrédt (14.238) 
0 


we derive from (141.234) the formula 


f(=V = { fe (A) cos Ax dA (14.237) 


0 


which is equivalent to (11.234). The function f, (A) is called the 
Fourier cosine transform of the funelion f (z) defined ou the semi- 
axis OX x<t too. Accordingly, the transformation from f (x) to 
f. (2) performed by formula (11.236) is termed the Fourier cosine 
transformation. The Fourier inverse cosine transforination described 
by formula (11.257) yields the expression of f (7) (which is Fourier’s 
inverse cosine transform of f, (A)) in terms of the function /,(A). 

We see that transformations (11.236) and (11.237) are inverse 
to each other. 
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Similarly, instead of relation (11.235) we can write the formulas 


[s(KV=YV = | 1@sin r€ae (11.238) 

ancl : 
f(2)= Lam \ fe (A) sin Axdd (11.239) 

a 


which are equivalent to (11.235). The function f, (2) is known as 
the Fourier sine transform of the function f (x) defined on the semi- 
infinite interval O<iz< }-oo, and transformation (11.238) from 
j (x) to fs (4) is called the Fourier sine transformation, Formula 
(11.239) describes Fourier’s inverse sine transformation which expres: 
ses the original function f (2) (Fourier’s inverse sine transform o! 
fs (A)) in terms of f, (A). 


Exam ples 
4. Consider the function 


1 for Oa<<ca 
{(zr)-= a for z—a 
QO for r>a 


Its Fourier cosine transform is the function 


fe(h) =|; rete passes foi Sin Ar 
a 


Applying formula (11.237) we obtain 


1 for OcSaca 
dk =f (x) = fur z=a 


Sin Ad CUS AZ 


’ 


= 
Jt 


seat | 


) for z>a 


2. For the function / (z) = e7**, a>O, x oVO, we find, per 
forming integration by parts in formulas (11.236) and (411.238) 
the expressions 


frre rmx 
= —ac Pe ee fe ee e 
fe (2) y/ = le Ecos PEdE== Jo = 4 
a 
and 
-+-90 


a a%-4-7.2 


hs (ay—p/% e- sin AEdE \/ 2 i 
(a) 
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Accordingly, applying formulas (11.237) and (11.239) to the above 
equalities we obtain 


48 a2—A 
and 
Oo 
2 dA SiN AT ape 
= { dae, z>0 


We see that Fourier’s cosine and sine transformations enable us 
to find the values of some integrals dependent on a parameter. 
But the inain application of these transformations lies in using 
them for solving various problems of mathematical physics (see 
Appendix 3 to Chapter 11). 


6. Fourier Integral for Functions of Several Independent Variables. 
We shall begin with the case of two independent variables. Let 
a function f (z,, Zz) be defined for —o <¢ 7, <l+ 0, —wW <l4a,< 
<< too. We shall suppose that f (z,, x2) is absolutely integrable 
with respect to each variable x, and x2 from —oo to -++oo for every 
fixed value of the other variable. If, in addition, the function f (z;, X9) 
is continuous and piecewise sinooth with respect to z, (z2) for every 
fixed value of z. (z,) we can apply Fourier’s integral formula to each 
variable for every fixed value of the other. Fixing an arbitrary 
value of v2 and applying Fourier’s formula (11.206) (for the variable 
x.) we obtain 

foo fw 


f (x4, t2) = — \ dh, \ f (Ei, X_) COSA, (1,—E,) dE, (11.240) 
0 —o 
Similarly, we can fix xz, = & and apply Fourier’s formula (41.206) 
to the variable z. which results in 
I Gen a2) = | ae | f (Gs, Ge) Cos Ae (2— be) dE (11.241) 


=_ 6S 


Substituting (11.241) into (41.240) we derive the formula 


co 4-00 + 00 -+-oo 

f (24, x)= | day | cosay(zi— tid | ade | Ey &) x 
0 — oo 0 —a00 

x COS A» (2 = Eo) dEo =. \ dh, \ dey \ dhe \ f (1, Es) x 
: 0 — oo 0 —oo 


x cos A, (2; — &) COS Ag (x2 — Ey) dee (11.242) 
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lf f (z,;, 22) is an even function of each argument 2, and z, formu- 
la (11.242) turns into 
; +00 oo 
f (x4, 2) == \ COS A,z; dA, \ cos Ay, d&y x 
0 
00 +00 


x \ COS AyXy dag [ f(E1, &) cos A ,& d&g (11.243) 
6 6 


Similarly, if f (z;, £2) is an odd function of each argument x, and 2, 
we obtain 
; —- 00 -+- a0 
f (x1, 2) =p \ sin Aya, day \ sin A,E, dE, x 
i 0 

“9 +9 
x \ Sin Agate de \ fi(Esy &) sin Agks dEs (14.244) 

6 


0 


Passing to the complex form of Fourier’s integral we can rewrite 
formula (141.242) in the form 


f (24, Z2) = 
en 
™ (an8 ) ah, ) dk, ) diz \ F (Es, Ee) ettArrm bartaetre ta dE, (11.245) 


where the integrals taken with respect to A, and A, should be under- 
stood, in the general case, in the sense of Cauchy’s principal value 
(sec § 3 of Chapter 9 and § 9, Sec. 4 of the present chapter). If it 
is allowable to reverse the order of integration with respect to £, 
and As, formula (11.245) turns to be equivalent to the following two 
formulas: 


= +99 +00 
F (May de) —= ger J dbs | FCG, Ba) em ertaatel dE, (11.246) 
and 
ee 
f (21, 2X2) ae \ da,' | f (Ag. Ag) etlatzrtaere] ga, = (11.247) 


Formula (11.246) expresses the Fourier transformation from f (z,, zz) 
to f (A,, A.) and formula (11.247) describes Fourier’s inverse transfor- 
mation. Accordingly, f (A;, A.) is the (two-dimensional) Fourier 
transform of f (x,, x-), and f (z;, z2) is the Fourier inverse trans- 


form of f (A,, A-). 
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In the_case of three vr more independent variables the Fourier 
transformations are constructed in a similar manner. Ilere we shall 
give the corresponding formulas for functions of three independent 
variables. The Fourier integral formula is written as 


+20 +00 +70 “7-090 + +o 
{(21 22 t3)=sz | dh | dt | dt | d& | das | 7&8) x 
0 — a0 0 — co 0 — co 
X COS Ay (2; — &) COS Ay (Zz — En) COS Ay (Ly — Eq) CEs (11-248) 
Or 
' Bs +0 7 99 +2 +09 
f (X15 X25 Zs) =e | dry | de | day | de i dh i f (Es Ea Es) x 
0 — 30 Q ) 
« etlAsles ~—61)-+22le2— E2)-Aa(ea— 59] GE, (11 .249) 


in complex form. 

If the conditions which guarantee the possibility of reversing 
the order of integration are fulfilled, formula (11.249) is equivalent 
to the following two formulas: 

+o 


= Pies Bas . 
F (ay Bay ba) = eee J dts | abe | 1h Ber be) x 


% ew HArss-+A2se+A353) de, (11.250) 


and 


f(x, Xz, %3) = aE 3 i diy ij ie | I (Mas Ao, Ag) X 


x eildaxithoxetaaxal Gh, (11.251) 


In the veneral case the integrals on the right-hand sides of (11.247) 
and (11.254) are understood in the sense of Cauchy's principal value. 
We now briefly discuss the justilication of formulas (11.246) 
and (11.247). Formulas (11.250) and (11.251) are proved in a similar 
Way. 
Theorem (1.1.3. Let a function f (2;, 22) be continuous throughout 
the 2,, xte-plane. Suppose that the following conditions are fulfilled: 
(1) The integrals 
so +e 
\ [f(a 22) [day and \ f(t, 2) {dz, (11.252) 


— on — co 


are uniformly convergent with respect to £2 and x, on every fttite interval 
LoS Lp KX Le ante ry Ty < or 
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(2) The iterated integral 
+9 +n 
\ dre \ | f (as, 22) | dz, (11.253 


—oo - oo 


is convergent. 
(3) For ald sufficiently small |¢| ~O the inequality 


holds for every fixed £, and all Zp. 
(4) For all sufficiently small |G {360 the relation 


, , ; “t~ - os ; . ? {) : : 

| i (74, 72 voi 227-V) /<C2 (21) 

is fulfilled for every fixed xz and all x, where C2 (21) is a function such 
+09 


that the integral \ C'. (4,) dz, converges. 


—oa 
Then the two-dimensional Fourier transform 


2 i aS 
F(a a) =r | dey | fGe, Bertie eratenide, (11.254 


of the function f (xr, Zz.) exists, and we have the Fourier 
tnrversion formula 


f (x1, 22) =a ij dh, ij 7 (Any Aa) eflesr+Aaxe] day (11.255) 


which is understood in the sense of the limiting relation 


Fi to 
f(t x2) =—- lim diy \ 74, Ay) et Geeta] da, (11.256) 
an 3, [g-+-+ 00 a 2); 


where we jirsl pass to the limit for lg- > 4-co and then for 1, — --00. 
Proof. The one-dimensional Fourier transforin (with respect to the 
argument 2;) 
io. 
My, te) = — J , Zo) e— tists d= 14.2: 
T( i 2) V 2x f(& 2) S ( at) 


exists since the first integral (11.252) is convergent. The uniform 
convergence of this integral implies that the integral on the right- 
hand side of (11.257) is uniformly convergent and therefore the 


function f(A,. 20) is continuous in re. Ry the hyrathecic, inte- 
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gral (11.253) converges and therefore the integral 
+00 “+0 


+-co 
\ If (Ay, 22) [dz2 = \ dz,| | f { f (Es, xe) et18s dE, 


— (11.258) 
vi 
also converges. 

Taking into account conditions (1) and (3), the continuity of 
f (z,, te) as a function of x, and the note after Theorem 11.10 (see 
Sec. 4 of § 6), we see that the inversion formula 


-+-90 


f (Z;; Io) = = ae J f (Ar, X2) ethixs di, _ 
= Vi Paci | ‘ iii illite (11.209) 


is valid here. By condition (4) and equality (11.257), we can write 


[7 (as, 2+) —F (ar, z2 +0) [< 


+oo -f oo 
< J) NF (Et, mo 1G, 2240) 148, <1] | Co (Bs) a 
that is 
an ae" | 4-00 
| F(Aa, as t2-+ 9) |< \ Co (E) dE, (11.260) 


Since integral (11.258) is convergent the two-dimensional Fourier 
transform 
-f-09 


= 1 =v : 
f(y Pe) = 7g J Fy £2) “Ott des = 


-}+-co +00 
ake ) f (Ey, Bo) en # Oak ¥eb9] dE, (11.261) 
of the function f (z,, 22) exists, and the inversion formula 
+00 
Thy 22) == \i 1 (Asy Ao) ef22 dy = 


le 


iim \ Fu, Ae) ele%adr, (11.262) 
lo 


Vix le+too 


is valid because the function / /(A,, 22) is continuous in z» and condi- 
tion (11.260) is fulfilled. Substituting (11.262) into (11.259) we 
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obtain 
| at lo = 
f(z1, 22) =—— lim \ esi dd | lim | f (Ay, Ao) efers di } 
ei ij-+-- ao Si; Uy +00 2s 


(11.263) 


or, Which is the same, 


f(t» m)—=s- lim \ dh, \ F (day ho) et Barrtiera) day (11.264) 
d 


21 Ey, le-rtoo 


where the passage to the limil is first performed with respect to 
i, and then to d,. The theorem has thus been proved. 

In the case of three independent variables the formulas for the 
three-dimensional Fourier transform and the corresponding inverse 
transform are written in the form 


4-20 20 +20 


(tar dad 7peme J | 1G bes Bd x 


—0o — 0 


x et [Arka +Aese+4363) JE, dE, d&3 (11.265) 


poo p00 -foo 
f(t 2 t)=Trsae | J J Fu de Bs) x 


—oO -@ — 0 


and 


< ef [AixiFAax2tAss3] diy dA, dA (11.266) 
Substituting (11.265) into (11.266) we arrive at the relation 
-foo -foo -f 20 +00 +00 -foo 


Oud 


f(t m=z J J | fj free &x 


—OG0 —G —@® - OO —c -ao 


>< ef [21 (rt~S1)+A2 (xa Ee) +3 (x3—E3))] GE, dE, d&, dk, dAp dig (11.267) 


In the general case of N (N > 3) independent variables the corres- 
ponding formulas for Fourier’s transforms can be easily written 
down by analogy with the above formulas. 

To justify equalities (11.265) and (11.266) we should introduce 
the condition that the corresponding integrals (analogous to those 
entering into the formulation of the foregoing theorem) are conver- 
gent and, in addition, impose the requirement that for all sufficiently 
smatl |¢|] 34 0 the following inequalities hold: 


{ f (zi 4G, Fay 3) —f (21+9, 22, 2s) 
(4) | ahh sm sa) Ate Os 2a 28 


<C,=const 


for every fixed xz, and all ze and Zs, 


(2) |! (Ty, ta+C, ra) — f (21, to+ 0, X94) 


<S Ce (x) 
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for every fixed zx». and all 2, and 23, 


(3) ee (21, Ay eee vy, Ig-7 | <0 (2, Xo) 
for every fixed zy and all x; and x2, where Cz (z,) and C3 (z;, Zo) 
+ oc 


are some functions such that the integrals \ Co (z,) dx; and 


— oO 


-}-0o +90 
{ dZXo \ C3 (41, %2) dz, are convergent. Then, under these res- 


trictions, the three-dimensiona!l Fourier transform of the function 
(Z;, 2, 3) determined by formula (11.265) exists and equality 
(11.266) liolds, the latter being understood in the sense of the limi- 
ting relation 
‘4 oF 
lim \ diy 4 lim \ dis xX 


Z4, Lz, L3) =——= 
f( | ) (Ven) l+4-00 ties: 


iy — . 
lim J J (Ary Bay Ag) ef Darebierebhca] dhs | } (141.268) 
l—+- +90 


where the passage to ihe limit is first performed with respect to 
iz, then to 72 and finally with respect to ?y. 

The general case of independent variables (V > 3) is treated 
similarly. 


APPENDIX 1 TO CHAPTER 11 
ON LEGENDRE’S POLYNOMIALS 
Hiere we shall prove me Legendre’s polynomials 
Puy, £alQ= — = l(2*@—1)"], ae ees (1) 


are orthogonal on the interval [—1, 14], i.e. 
j Py (XL) Pm (x) dx =O0 for msen (2) 


Since m and 2 are involved equivalent!y in (2) it is sulfeient to prove 
that relation (2) holds fora << n. For this purpose we must only show 


that 
{ 


\ Pa(r)r™dr=0 for man (3) 


— 4 
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where m is a nonnegative integer. Putting 
1 abe (z) 2 
d Baie Bae a Pe =— ? nr 
[ n (ir) = D4 | dz ’ un (cr) = [x 1] 
we can write 
: (x) 
| * dtu, (z 
Wr r va 
[ p (7) 2" dz= Pant \ ee re 0 & 3 (4) 


a4 

Integrating by parts in (4) #—1 = times aud taking into account that 
Un (2: 1) --un( Eb 1)S... = uG-Y(t 1) =0 

We arrive at equality (3) and thus the orthogonality of Legendre's 

polynomials on the interval [—1, 1] has been established. 


Now let us compute the norm of the nth polynomial /’, (z). For this 
purpose we integrate by parts in the integral 


> Pa"uy, (x) |2 
Pa (ZIP = seer | [SX] ae (5) 
a4 
Integrating by parts m times and taking into account that u,, (z) 
is a polynomial of degree 2n and up, (41) = uy (1) = 
= um!) (4-1) = O we obtain 


itn (2) dn 2) gg ! atin (2) tn (2) gy 
= = . : 
ee ee 
— 10" | ea te) ae oe 
a 
=(2n)! | (an (1 b2y"dz (6) 


—1 
But we have 


{ | 


\ ({1—z)"(! }2)"dr= 2" \ (I -2)"'(14-a)""'dr=...= 
-1 


— | 


__ n(a—t)...1 , - 
= Th fy(n Ed)... (any ) (1+ x)" dx 

— __(n)" nani “ 
=al@nan’ (7) 
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and therefore, substituting (6) and (7) into (5), we get the for- 
inula 


| Pa (z) ||? = { [Pr (x)? dz == (3) 


2n—-1 


ae 
Consequently, the norm of the nth polynomial Py, (xz) is ex- 
pressed as 


f 2 
I Py (x) | a |’ In 4 (9) 
It should be noted that the rth polynomial P, (x) is of degree v for 
n=O, 1, ... . Legendre’s polynomials Pg, (zr), Py (xz), ..., Pr (Z) 


are orthogonal on the interval | -{, 1] and heiuce they are linearly 
independent. Consequently, the system of Legendre's polynomials 
is a basis of the space of all algebraic polynomials of degree not 
greater than nv. It follows that every polynomial of degree not greater 
than m can be represented in the form of a linear combination of 
Legendre’s polynomials Po (x), 2; (z), ..., Pp (x). In particular, 
we have 


r= Lon! g (x) i inl’, (x) + Ses a gla (z) 
(see Appendix 2 to Chapter 11). 


APPENDIX 2 TO CHAPTER 11 


ORTHOGONALITY WITH WEIGHT FUNCTION 
AND ORTHOGONALIZATION PROCESS 


The concept of orthogonality with weight function is a generaliza- 
tion of the concept of orthogonality of functions in the sense of 
relation (11.68). 

Let p (z) be a nonnegative function which is not identically equal 
{io zero. We shall suppose that this function is continuous in an 
Open interval (a, 6) and that the integral 

b 


\ p(x) dz (1) 


Q 


exists (as proper vr improper integral) and is posilive.* The fune- 
tion p (x) will be referred to as a weight function. 


* This integral may turn out to be improper under these conditions if the 
function p (z) is unbounded for 2 -- a -1- O or z-> b O. We encounter sin- 
gularities of p (r) of this type when studying some important classes of special 
functions (e.g. such a weight function is used at the end of this appendix when 
we consider Chebyshev's  polynontials). 
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Let f (x) be a function defined on fa, 6] such that the integrals 


b b 
| p(z)f(z)dz and | p(x) If (a) dx (2) 


exist (as proper or improper integrals). Then the function f (z) is 
said to be square-integrable with weight function p (x) on the interval 
(a, db}. In partienlar, if p (z) = 1 we come back to the ordinary 
definition of a square-integrable function given in Sec. 3 of Chapter 14 
(see relation (11.93)). 

Let 


yy (x), Pe (x), , > -9% Fn (x), *- 5.2 (3) 


be a system of functions defined on [a, b] which are square-integrable 
with weight function p (zx) on [a, 6), that is the integrals 
h 


b 
\ P (x) Pr (zx) dx and \ p (2) [Gn (x)}° dz, pies 1, 9D. _— (4) 


a 


(understood as proper or improper integrals) exist. If the interval 
[a, 6] is finite the existence of integrals (2) and (4) and the obvious 
inequalities 


(f(z) oa (2) |S Iz) + G4 (21 

and (2) 
| Pn (2) Fm (2) |< IPR (2) +H (2) 

imply that the integrals 


b h 
\ p(z) f(a) @n(z) dx and \ p(z) Qn (2) Pm (2) de (6) 


also exist. Let us agree that if the interval [a, 6] is infinite we additio- 
nally impose the reguirement that integrals (6) exist. 

In what follows we shall suppose that every function we deal 
with is continuous everywhere on la, 6] except possibly at a finite 
number of points which, in particular, may be singular points of the 
functions. 

We say that two functions q@, (xz) and wp, (x) are orthogonal on 
the interval la. b| with weight function p(x) if 

b 


| D(z) Gn (2) 4m(z)dx=0 for men (7) 


n 


System (2) of functions square-integrable with weight function p (xr) 
on the urterval la, b| is said to be arthogonal ou la, b) with 
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weight function pz) if 


7) 
| P(2) Gn (2) Gm(z)dz=0 for nm (8) 


and 
b 
| p (2) ¢h(z)dz>0 for n= 1, 2,... (9) 


ln the case p (z) = 1 the definition of orthogonality with weight 
function turns into the definition of (ordinary) orthogonality given 
in § 3, Sec. 1 of Chapter 11. 

Let f (x) be a function square-inlegrable on [a, b] with weight 
function p (x) and let system (3) be orthogonal on [a, 6] with weight 
function p (2). 

A series of the form 


CiPs (x) + cope (2) +... tenga (2) +-.-- (.\) 


with coefficients c,, m= 1, 2,..., determined by the formulas 


U 
\ p(t) f(t) gn (4) dz 
Fig Nit ep etlacte—— ami (B) 
{ p(x) G3 (2) de 
is referred to as the lourier series of the function f (x) 
meith respect to system (3), and we write 
f (2) mt Oy (x) ar fede a Can (z) See 


We say that series (A) ts convergent in the mean on la, 6b] 
with weight function p(x) to the function f (xz) tf 


b : rr 
lim | pia| fa—> Cr@r (=) ° dz=Q (C) 
771—»—-}- 00 h=1 


If series (A) converges uniformly or iu the mean (with weight 
function p (z)) to the function / (x) on the interval la, b] its coef- 
Acients are uniquely specified by formulas (B). In tact, under the 
riven condilions, the Cauchy-Bunyakovsky inequality implies that 


| ) P (2) Pn (2) | / (x)— D' car (x) | dr\< ({ P (£) Pr (2) dz) Me 
2 h=1 ; 


: — . s) 
x (| p (2) | f(z) — Ee Chr (z) |" dz) a -+ 0 
a kt 


| 
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for m—--oo and any fixed vm. On the other hand, the functions 
qi(z), t— 1, 2, ..., being orthogonal on the interval ja, 6] with 
weight function p(z), we have tbe relation 


> 


p(x) tn w [1a ¥ cuit (2) | da =[pe) 2) f(x) Gn (2) d2— 


S Cle, 


by 
—Cn \ Pp (4) 4 - (x) dx =: const 


2 


where mcm and xn is fixed. nnenerem 


p(x) f (2) @n (7) dx— Cy p(x) 43, (z) dx =0 


a 


Which implies (1). 

The delinitions of complete and closed systems (see § 6 of Chap- 
ter 11) and also the basic theorems related to these notions (see 
Theorems 11.4-11.7 in §§ 5, 6 of Chapter 11) ure easily generalized 
to the case of systems orthogonal with weight function. 

In mathematical physics expansions of functions into series with 
respect to systeins of functions orthogonal with a weight function 
are Widely applied to various problems. Among the most important 
systems of functions orthogonal with a weight function we can 
tmiention various systems of special polynomials (which will be 
discussed at the end of this appendix) and also the systems of cigen- 
functions used in studying the problems of vibration of a cireular or 
a ring-shaped membrane, the systems of eigenfunetions for a sphere 
and for a spherical layer ete. (see [17)). 

Systeins of functions orthogonal with weight function (and, in 
particular, with weight function p (2) — 1) are especially convenient 
for expanding functions into series because the corresponding cocf- 
Acients of such expansions are easily found. 

An orthogonal (with weight function) system of functions can be 
constructed by applying the so-called orthogonalization process 
to a given system of linearly independent functions. 

We sav that functions*® ww, (z), Ge (2), - 4 ; (x) are Vinearly 
dependent on la. bl if there are constants c. Co, ..., Cy, not ail 
zero, such that the linear combination of the functions 4; (2), G2 {Z),-.- - 
~ 2s Yn (2) with the coefficients Cy, Cy, ..., Cy ts identically equal 
to cero on fa, | except possthly at the points of discontinuity of the 


* We remind the reader that all the functions under consideration are 
supposed to be continuous everywhere on [a, db] except possibly at a finite 
number of paints. 


3b—USZS 
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functions * (2), (Po (2)s. xm a6 ‘bn (x): 


Cigy (2) - Cate (x4) + —- CG, (xz) =U (1V) 

{ft identity (AQ) (understood ine - ible sense) implies that all the 
coefficients Cy, Ca... .. C, of this linear combination are equal ta zero 
the functions 4, (x), G2 (x), - ~~. Gn (@) are said to be linearly 


budependent on (a, “bl. 

If a system of functions q, (x). Go (xz), .-., oy, (x) is orthogonal 
ute the interval la, b| with weight function p (x) the functions of this 
system are linearly tndependent ou la, bo]. Indeed, suppose that 

Cigs (2) + Cay2 (x4) — ... 4 Cag, (2) = O on fa, o] (Af) 


everywhere except possibly at a linite number of points. Multiplying 
equality. (41) by p (zt) qm» (v7), m -- 1, 2, ....-, integrating with 
respect to z from @ to 6 and taking into account that the functions 
Gy (x), . 2 6. gy, (z) are orthogonal on la, b} with weight function 
Pp (zx). we obtain 

b 


Cu \ p(t) Gin(z)dz=:0, m=1, 2,... (12) 
a 
The integral in (12) being different from zero. we sce that C,, = Y, 
m= 1, 2, ... . Thus we conclude that C,; = C, =...=C, = 0. 
[f we are given a system of linearly independent functions y, (z), 
Uo (2), - .., tt, (z) we can easily construct an orthogonal system 
(with an arbitrary weight function p (z)) qy (x). G2 (Z), . - ., Gn (2) 
such that 
Mr Cr) = py (7) 
G2 (2) — Wo (2) -! Aas (2) 
(3 (4) = Wy (2) -7- Asif (4) i fog2\| 2 (2) | (15) 


Pu (Z)= Pa (2) Anat y (2) Ange (2) --. + haa ike not (2) | 


Before proceeding to prove this assertion we note that relations My " 
ere they are valid) imply that every function gq, (2), 
eee - nis a linear combination of the functions y, (x). 

_ (x) in which iy coefficient in sp, (z) is equal to unity anil: 
consequently, gy, (Zz), = 4, 2, ..., m, may vaogish only at the 
points of ree the ‘ol the functions wp, (xz), . . -. Wy, (xz). Un fact. 
if otherwise, the functions yy (xz), . ~~. py, (v) would be linearly 
dependent on fa. 6). which contradicts the hypothesis. Thus, every 
function q, (rz) ko = 1. 2.0... n. is different from zero at each 
of its points of continuity, and hence 


{ p(x) Vj, (cr) da, Axed, Bo... (14) 


of 
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It should also be noted that it follows from relations (13) that 
every function d, (z), A = 1. a ... A. is a linear combination 
of the functions q, (Z), @s (2). .» (a (x) with the coefficient 
In @, (z) equal ta unity. 

To justify formulas (13) Gi.e. to prove the possibility of coustruc- 
ting the desired system {q, (z)} orthogonal on [@, 6] with weight 
function p (x)) we must show that the numbers 4;; entering into (13) 
eanin faet be found. This can easily be shown by induction. \loreo- 
ver, it lurns oul that formulas (43) uniquely specify the quantities 2; >. 
Indeed. multiplying both sides of the second equality (13) by 
p(x) q, (x) and integrating with respect to x from ato 56 we derive 


y 


b 
{ P(£) 44 (2) G2 (xz) dx= \ p (x) py (X) Po (z) dx — 


Consequently. by the hypothesis that the functions yf; (2), é = 
= 1, 2...., 2, are orthogonal on fa, >| with weight function p (2), 
we obtain 

b 

V p(x) gi (7) G2 (4) dx 


a al 


f.21 eh Se b 
Um Gedy (a) ar 
a 


and thus the coefteient Aa, has been determined (and is uniquely 
specified by (14)). Now suppose that the coefficients A;;, i = 
ee 2 db. ade 1, youd, 2, ..., @é— 141, have already” been 
computed and that the funetions q, (vz)... .. yx y (2) thus obtained 
are pairwise orthogonal on [a, 6] with weight function p (z). Then the 
conditions of orthogonality 


| p(x) an (a) ay (2) de - | p(x) te (x) @ (a) de — 


a 
ft 


Rt, 


k—t i 
| os hi { P (7) Ge (2) 4 5 (2) da -- 
iv=} “a 
, 
HV pli Cag (ry dr ta p(x) op (ar) dx — 9, 


ee | 
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vield 
h 
\ p (2) py (2) 4; (2) de 
1.5 = ——__-——__ aera A — 1 
\ p(2) gj (x) de 
a 
This determines the function qy (z) = yy, (z) — Ani @) 
re Anh 1k - + (2), and the system cof functions ry (x), 
> P, (2) is orthogonal on la, b] with weight function p (2). Thus, 
the "assertion has Deen proved. 
The above process of constructing an orthogonal system q, (x), 
.. +s Qa (x) from a given system y, (2), . . -, Ya (x) of linearly inde- 
pendent functions performed according to formulas (413) is referred 
to as the orthogonalization process. [n Just thesame way this process 
can be applied to infinite systems of functions. 
Let us consider the systein of functions 


Me: 2s, i, he eae gs eee (10) 


consisting of integral nonnegative powers of the argument z. As is 
known, these functions are linearly independent. Applying to (Lo) 
the orthogonalization process for the interval | 1. 1) with the 
weight function p (z) = 1 we obtain a system of polynomials which 
are orthogonal on [—1, 1]. We do not write down the formulas for 
these polyuomials because they differ ouly in conslant factors from 
Legendre's en, determined fy the formutas 


dit ‘ ji : P 
Pu (2) =5api gos (22-2, 02-3 Po(z) 1 (16) 


Relations isa are known as Rodrigues’* formulas. 
‘ : : 1 : 
Taking the weight function p (rz) = ——G=-—= and applying the 
i” i 


orthogonalization process to the same system of powers (15) on the 
interval [—1, 1] we arrive at the system of Chebyshev's ple ee 
of the first kind. If we take the weight function p (z) = |’ 
we obtain Chebyshev’s polynomials of the second kind. 
Considering system (15) on the semi-infinite interval [0, oo) 
and performing the orthogonalization process with the weight 
function p (2) = e~* we obtain the system of the so-called Chebyshev- 
Laguerre** polynomials. If we take the weight function p (2) = 
= ce", § s>>—1, the orthogonalization process (on the same inter- 
val [Q, + 00)) results in. the voneralized Chebysheyv-Laguerre poly- 
sromurals. 


* Rodrigues, Olinade (1794-1851), a French mathematician. 
** TLaguerre. Edmond Nicolas (1834-1886), wo Vrench mathematician. 
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Finally, taking, for the same system (15), the interval —oac < 
<“a< +oo and the weight function p (x7) = e-** we obtain the 
system of the Chebyshev-Hermite* polynomials. 

There are convenient gencral formulas (similar to Rodrigues’ 
formulas (16)) for all special pofynomials. 

The systems of orthogonal polynomials enumerated above are 
widely applied to various probleins of mathematical phivsics 


(e.g. see [17]). 
APPENDIX 3 TO CHAPTER 11! 
FUNCTIONAL SPACE AND GEOMETRIC ANALOGY 


The set of functions © [a, b] defined in § 6 can be regarded as 
a functional space whose elements are funetions. Two functions 
¢ (z) and y (z) belonging to @ la, b] are considered as representing 
the same element (‘vector’) of this space if they differ at no more 
than a finite number of points of the interval fa, 6). In what follows 
we shall denote the clements of the space Q [a, 6) corresponding 
to the functions q (2). y (z), n (z), .-. by g, Y, yn, . . . omitting 
the argument 2. 

The sum q. -- y of two elements g¢ and y and the product Aq o 
an element q by a number 4% are defined as the elements representet 
by the sum q (z) -- y (z) and by the product Ag (xz). Then the space 
(a, &) with the operations of addition and multiplication by a num 
ber is analogous to the Euclidean space of all three-dimensiona 
vectors with ordinary operations of addition of vectors and multi 
plication of vectors by scalars. The zero element O of the spac 
QW [a, b| is represented by any function which is identically equa 
to zero on the interval [a@, 6] except possibly at a finite number o 
points. 

We now define the scalar product of two elements q¢ and > belongin;: 
to Vila, b| by putting 

b 


(0) = J oz) ¥ (2) dz (! 
a 

One can easily verify that the scalar product thus defined satishe 
the ordinary conditions for the sealar product of geometric vectors 
namely: 

(1) (~p, %) — (Y, '), 

(2) (ag, ) = A (y, Y) Where % is an arbitrary real number. 

(3) (qa i: Fo) = Cy. a) -- (Gs Ho), . 

(A) (y. q) SO, and (yo q) = O Gf and only if gq = O. When pre 


* Hermite. Charles (1522-1901). a French mathematician. 
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ving Theorem 11.6 in § 6, Sec. 3. we established the validity of 
condition (4), and conditions (1)-(3) are evident. 

Thus. we see that the space Y la. 6) with the scalar product delined 
by equality (1) is closely analogous to the Euclidean space of all 
three-dimensional vectors whose seatar product is dehned in the 
ordinary way. 

The “vectors” @ and yp of @ [a. b| are said to be orthogonal if their 
scalar product is equal to zero, that is 


(2 


(4.4) = | 4 (2) (2) dz =0 (2) 


The norm or “length” of a vector ¢ € Q la, b| can now be defined 
by the equality 


ly l=V (Gq, 4) (3) 


q. (z) 


If |[q@ |] sO we can put wp (z) = 1 and thus obtain. according 


to Detinition 3, the relation 


a A} eM g)= 
WW (or: Ten) Tee =! ” 


which means thal y is a “unit” vector. The cosine of the 
angle between f (z) and 7 is defined by the relation 


(7, &) - 
cos (fy) Te lite on 


The justification of this definition lies in the fact that. according 
lo the Cauchy-Bunyakovsky inequality (see § 6, Sec. 2 of Chapter 8), 


we always have 
(Agel ite il (6) 


and hence relation (5) actually determines a unique angle in the 
interval [0, zl. 

The projection of f on g (where g = 0) is defined as the scalar 
quantity 


If iteos (fg) =e (7) 


Now let us define the notion of convergence for the space ¢ la. df. 
We say that (, converges lo q. i.e. G, > q Jor m —» oo. 1 


t oe : 
Iga —4 t= ( | Ita (“)—F¢ (x)|* dz) mea (5) 


for n->+ —oo, Hence. the relation lim q, = q means that the 


Lt teri 3) 


furiclional sequence {q,, Gc)} converges in the mean to q (x) on fa. bf. 
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Soimilarly, the relation 
P= fe fe eas a we ee (3) 


is understood in the sense that 


a hh = ({ (2-3 fn (x) | dx)” + 0 (10) 
=| a hs==e ] 


a “ . 7 : < 
for u—+--oc, that ts the series > f, (xz) is convergent in the mean 
TF 


lu f(a) on la. bj. 

We now proceed to establish the analogy between the resolution 
of a vector x of the three-dimensional Fuclidean space with respect 
to an orthogonal basis e;, C2, ¢3 and the expansion of a function 
f(z) € Cla, b) into a Fourier series with respect to a complete 
orthogonal system 


p, (x), Go (t), -- +) Gn (2), -- et Gn (2) EY la, Ol, 
h aia I, 2. s 2 e (11) 
For every vector x belonging to the three-dimensional Euclidean 
Space there exists a unique resolution of the form 
X = ZC) fF Bats -!- Lay (12) 
with respect to any fixed orthogoual basis ¢,. 2. ¢3. The coefli- 
cients of this resolution can be easily found if we use the notion 


of sealar product. Tndeed. multiplying scalarly equality (f2) by e,. 
p—- 1. 2. 3. we obtain 


(SOQ) Sa (Ge 8) = ee ee ls 0 Se Ty Ba (15) 


since the basis e,;, e). e,; is supposed to he orthogonal.* From (13) 
we <«erive 


ital ¢ 
The quantities 
X (I Ce; | = {x, 3) hk 7 I. 2. 3 (15) 


ler ff’ 
(where the symbol || || designates the length of a vector) are the pro- 
jections of the veelor x on the axes whose directions are specified 
by the veelors e@,. & — 1, 2. 3. 

Taking the scalar squares of both sides of equality (12) we arrive 
al the relation 


Px IP ory they PP 4+ x3 ee IP ~ 2p ifes IP (16) 


* Th the general case Che arthagonal vectors e,. e. and e, are of arbitrary 
leneths. 
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Which expresses the Pythagoras* theorem for the three-dimensional 
cause: the square of the length of a vector is equal to the sum of the 
Syuares of ils projections on any three mutually orthogonal axes. 

For the space Q [a, b] we have a completely analogous situation: 
every “vector” fcan be uniquely expanded with respect to the “vectors” 
of a complete orthogonal system {g;}, i.e. represented in the form 


j= Cid — Col 2 — .. i. Carp + ss (17) 


(see § 6, Sec. 1 of Chapter 11} where the coefficients cx, of 
expansion (17) are determined by the formulas 


(f, Cr) ° oy Ae 

Che ae, kA=—1, 2, 3d, .-. 1s 

Teel " a 

Thus, every “vector” f belonging to @ Ja, b) is uniquely specijied 

by the infinite sequence of its “coordinates” {c,} in every “orthogona] 
basis” {@pz}-. 

The system {@,} being complete. we have Parseval’s relation 


We ir = ci | Py lI? ic U3 | (Po [PF -- ce ce II tr P—... (19) 


(see § 6, Sec. 2) which can be interpreted as Pythagoras’ theorem 
for the functional space Q [a, 6]. 

If we take not all the base vectors e;. § = 1, 2. 3, but only some 
of them. for instance, e; and es, equality (16) is replaced by the 
inequality 

Hx [PP 2 aller HP ~— 7, Ibe IF (20) 
Similarly. if an orthogonal systein {¢,} of the space G@ la, b] is not 
complete, Parseval’s relation (19) is replaced by Bessel’s inequality 


Nf dP SS ef Igy IP i ed Wee IP Hee. ta Ilan IP i ee 8) 


These geometric ideas and analogues are used in the theory of the 
so-called Hilbert** spaces which is widely applied to various problems 
of quantum mechanies and mathematical physics. 


APPENDIX 4 TO CHAPTER f1 
SOME APPLICATIONS OF FOURIER TRANSFORMS 


We now discuss some applications of Fourier’s transformation. 
Many physical devices can be interpreted as the so-catled input- 
Outpul systems. An input signal described by fuuctions f, (4), fo (4), .-. 
is applied to the input of such a systern which results in the appearan- 


* Pythagoras. a Greek philosopher and mathematician of the 6th century 


** THilbert, David (£862 (943). a famous German mathematician. 
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ce of an output signal described by another svstem of functiou: 
x; (ft), co (t), ... . Thus, such a device can be regarded as a conver: 
tor which transforms input functions into output functions. For 
instance, various amplibers can be regarded as such systems trans: 
forming the voltage f (2) of an alternating electric current applied 
(io the input terminals into an alternating voltage appearing at 
the output terminals. 

An iInput-oulput system is called linear if the following two 
couditions are fulfidled: 

(1) if f(¢) is transformed into z (f) then e¢ f(f) (where ¢ is anarbitra- 
ry constant) is transformed into ¢ z(f). 

(2) if f,() and fe (@) are transformed, respectively. into 2,(/) 
and a(t) then f#, (2) — f.(t) is transformed into 2, (4) — ro (/). 

If conditions (4) and (2) are satisfied we say that the principle 
of superposition holds for the system in question. 

We shall also suppose that every steady-state process of harmonic 
vibration with frequency o ix transformed into another steady-state 
vibrational precess with the same frequeney. This means that we 
impose one more condition: 

(3) every function of the form e'@ goes into a function of the 
form -A(w)ei, 

In the general case the factor of proportionality .1(@) is depen- 
dent on the frequency @, which means that an input-output system 
may transform harmonic oscillations with different frequencies in 
a clifferent way. The function A = A(w) is called the spectral 
characteristic of the system. In the general case this funetion mav 
assume complex values: 


(do) = BR (mm) 4 where (mw) =: | Ale) and 
ce (w) = arg A(w) 


Consequently, harmonic oscillations described by a function e™ 
are transformed into harmonic oscillations of the forin A(@) eto! = 
= J? (m) elottrey, 

The modulus & (w) = [A (wm) | of the spectral characteristic 
is known as the frequency characteristic of the system. The 
ainplitude of the output harmonic signal is A(@) times that of the 
input harmenic signal with the given Irequency @. The argument 
q (wm) arg -l(m) of the spectral characteristic Atm) is called the 
phase charactertstie of the input-output system. Tt determines 
the phase displacement of a harmonic signal of a given frequency 
@ When it is) transformed by the svstern. 

IY the speetral characteristic of a linear input output syaten 
Is known we can solve the following two problems: 

[. Given an input function / (4). it is required to determine the 
corresponding ontput fimetion x7 Cf, 


370 MULTIPLE INTEGRAIS, FIELD THEORY AND SERIES 


2. It is necessary to find the input function /f (f) from a given 
output function z(/). 

The second problein is reverse with respect to the first. We shall 
begin with the hirst problem. Let an input signal described by 
a function f (¢) be applied to the input of the system. The Fourier 
transform of the function f(t) is determined by the relation 


— oe 


I (o) = = ) teem (1) 


and the function f(t), the inverse transform, ifs represented by 
Fourier’s inversion formula: 


3 


j(j=—— J f (w) eft diy (2) 
= i 
The integral on the right-hand side of equality (2) can be regarded 


as a sum of infinitely many infinitesimal harmonic oscillations of the 
form 


pala f (w) et dw (3) 
i 


But every function of the form e'@ is transformed into the function 
A(w)ci@! and. shale dae according to property 1 of the system 


Vis 


the harmonic signal (— f (w) dw) got goes into the harmonic 


signal 


a ra iwi — 3| t iwt de 4 
(FF dw) A (w) ciel = ag A (0) F(w) ef! do (4) 
Property (2) of the system implies that the sum of harmonic vibra- 
tions of form (3) is transformed into the sum of functions (4) and 
hence the function f (é) determined by relation (2) is transformed 
into the function 


x(t)= VE \ A (o) f (w) ei! da (5) 


Formula (5) gives the solution of Problem 1. 
Relation (3) indicates that the Fourier transform z (w) of the 
function 2 (f) is expressed as 


x (uw) = A (o) f (o) (5) 


Thus, to find the Fourier transform z (o) of the oatput function x (2) 


we must multiply the Fourier transform f (wm) of the input fune- 
tion FA hy the spectral characteristic of the input-output system. 


-— 00 
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To solve the reverse Problem 2 we find the function 


7a x (0) - 
} (wv) = A (o) (1) 
from relation (6) and then apply the Fourier inverse transformation 
to equality (7), which results in 


a 
= x (a) iwi 
/ (t) —= Win \ Alay da) (8) 
Ktelation (8) expresses the solution of Problem 2. [t enables us to 
reconstruct the input function f (¢) corresponding to the output 
function z(f). To this end, we first apply the Fourier transformation 


and determine the Fourier transform z (qm) of the function z (?) 
and then use formula (8). 

Such problems are encountered in radiophysics, radio engineering, 
in the theory of control systems and the like. 

Fourter’s transformation is also widely applied to solving various 
boundary value problems of mathematical physics. The matter is, 
that the Fourier transform of a sought-for function may satisfy 
an equation which is much simpler than the original equation for 
the unknown function. Therefore the boundary value problems 
of mathematical physics are solved by means of the Fourier trans- 
formation according to the following scheme: we first apply the 
Fourier transformation to the equation which is satished by the 
songht-for function and thus obtain an equation for the Fourier 
transforia of the uuaknown function, then we tind the Fourier trans- 
form of the sought-for function from the equation thus obtained 
and finally determine the solution of the original problem by means 
of the Fourier inverse transformation (see [17]). 

Let us consider an example. Suppose that it is required to find 
the distribution of temperature in an infinite rod at an arbitrary 
imomeut of time #>>O from a given temperature distribution at 
the moment ¢ = QO. Let the z-axis be directed along the rod. Then 
the temperature wu ata point z of the rod at moment ¢ is described by 
a function uw =u(z, t),—o Marjo, Ot < +o, of two 
variables. Asis known (e.g. see [17]). the temperature u (z, 4) satisfies 
the heat conductivity equation 


‘—- = (l 8 —-00O < rFr< -- oO, t>0Q (Y) 


The initial temperature distribution heing known. we can write 
u(r, O) - f(r) -coomr<t +o (10) 


where f (cv) is a given funelion. Thus, to determine the distribution 
of temperature in the unbounded rad at an arbitrary time moment f 
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we must find the solution of equation (9) which assumes the initial 
values (10) at the moment ¢ = QO. 

Let us solve this problem by applying the Fourier transformation 
lo the function u (z, ¢) regarded as a function of the argument z 
for every fixed value of ¢. Designating the Fourier transform of the 


function wu (z, t) by wu (4, t) we can write 
-+0:90 


ye | 


— oo 


wr, t u(x. the" * dz (11) 


i 
VY 2a 
te the resulting relation with respect to z from —oo to -oco under 
the assumption that the function w and its derivatives tend to zero 
sufficiently fast as z—» +-00. Then. integrating by parts, we obtain 

+oo oe 
{ — e-* dx =: \ w(x, the-V* dz = 


-— 6O — oS 


e~-* and integra- 


Let us multiply both sides of equation (9) by 


= +00 
dtu (2., t) o it tu yy. _ 
= = =a W/m \ Dr2 é dx —— 


x=— 
rm 


x= — 00 
X=-|-90 


Ase — 


5» 1 Ou 
© aq ds 


—IAx 


| 


1 
2 Eee ; iAx 


++ 0° 
—. ar? a { weit dy = —atQ2n (2. f) 


h; os 
—oo 


since the expression e~** is bounded* and (by the above hypothesis) 
the function u and its derivative ~ tend to zero when z—> + oo. 


Consequently, the Fourier transform of the sought-for function 
satishes the equation 


du i gt? =0 (12) 
dt 


which is considerably simpler than equation (9). From equality (11) 
we find, by putting ¢ = Q, the initial condition for « (A, ¢): 


u (A, ") = We { td (x, 1)) ed oe \ f(x) e-%#* dx =i (2) (13) 


* In fact. we have [e7**]=:|costr-bisin dx |= Yeostaxt sin? ic=!. 
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Let us solve equation (12) with initial condition (13). From (12 
we find 


aN = —arn? di 


ie 
and, consequently, we have 


Inu = —a@?A2e + In C 
and 


(ht) == Ce-et 
where C is independent of ¢and may only depend on #. The quantity ¢ 
can be determined by means of initial condition (13): 
u(A.0) = C =7(A) 


Substituting the value of C thus found into the foregoing equalit: 
we obtain the following expression for the Fourier transform of thi 
unknown function: 

uw (A, t+) = fF (A) e727h78 (14 


To determine uw (z, t}, we apply the Fourier inverse’ transfor 
mation to equality (14) in which we substitute the expressio: 
Tz 
1 


Va { f(&)e-*3 dz for f(A). This results in 


-{-3 
1 Stee as cae 
—- il (A, t) chs di, = 
V 2n 


— 00 


u(z, t)= 


2 -+ 30 


- { 4 () dt \ e— Att piaA(x—§) J, — 


eae 
= \ £G)d& \ eo cosh (x—£) d= 
~— oo 0 


_ (x—$)? 
ate de 
Da es J I) e : 


because we have (see Chapter 10. § 2, Sec. 5) 
-+-90 pa pz 
( e-=*?? cos BA dA =>) —e ac 
0 
Thus, the solution of equation ()) with initial conditions (10) i: 
expressed by the formula 
' a= (x—-%)2 


u (x, = Vm \ f—)e se de 
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Fouricr’s sine and cosine transforms are similarly applied to solving 
various boundary value problems for the semi-infinite interval 
O<r< +00 (e.g. see [17]). 

The application of Fourier’s multiple integrals and the corres- 
pounding Fourier transforms makes it possible to solve some boundary 
value problems for unbounded regions in the plane and in space. 
for instance. such as the whole plane. half-plane. a quadrant. the 
entire three-dimensional space, half-space etc. 


APPENDIX 5 TO CHAPTER II 


EXPANDING DELTA FUNCTION IN FOURIER SERIES 
AND FOURIER INTEGRAL 


Let us take the delta function 6 (zp, z) and compute (formally) 
its Fourier coefficients by using the ordinary formulas. This vields. 
for z, € (—, Z), the expressions 


1 me kat i Rn: 
an=z \d(z,, 2) cost d=—-cos “3. hal, 2... 
=t 
I  § dz I 
Co (Xp, 5) Ag =: + 
= 
! 
! i < a l 7 AX: 
bn == —- | 5(z5, =) sin = di =—sin —. Wea ly 2s aes 


Consequently, (formal) Fourier’s series of the delta function 6 (x5, Z) 
is of the form 


ke ol ae — Altay ANE ~- ANY .  kazx __ 
O (ay, uy~ yk aie ye (cos i cos ~>— + Sin —>F— sin )= 
k= i 
== ae 15 cus —~ (x — 29) (1) 
k-= | 
or, in the complex form, 
| a ik tx Nn) 
po 9 
d(2z,, x) eas DL >i é (2) 
kz 0 


Let us consider the sequence of partial sums of this series: 


r 
~ ; 1 , f AST iy ae AS = AAX,) F Aste *) 
é,, (2: x) = oy fe » (cos ] COS a a Sti ; Sin j } ‘ (9) 
#-— 1 


Ol 
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The complex form of this sequence is 


ik = (x= Xp) 


Sn (Los oe » e a) ae ee (4) 


If f (x) is an arbitrary piecewise smooth function on an interval 
(—f,2) we obviously have 


rf 
lim | f(x) 8n (2, t)dz=f (a), mm E(—4 I) (8) 
-! 


N—»+— 90 


provided that the function f (z) has been redelined at every point 

oie Bit ce anit ; ae _ f (2*—0)--f (2*-+0) 
of discontinuity z* according to the relation f(z es he : 
We can therefore say (see the nole after relations (7), (8) and (9) 
in Appendix 2 to Chapter S and footnote on page 3851) that the 
sequence {&, (Z9, z)} is weakly convergent to the delta function 6 (Zo. 2) 
(relative to the class of piecewise smooth functions on (—/. /)) or, 
in other words, series (1) is weakly convergent to 6 (xo. x). This fact 
can be expressed symbolically by the relation 


aS 
1 hes k . . 
5 (2, r=a+> >» (cos at cos —= + sin 2 sin = ) (6) 
k= 


Multiplying both sides of equality (6) by an arbitrary piecewise 
sinouoth function / (2) and performing term-by-term integration 
with respect to x from —Z to / we arrive at the equality 
P] ag = ANZo 7 AutLp 
e (x)= =- (a, cos — + hy, SIN ; (7) 
k=l 


where the coefficients a,, 6, are determined by the ordinary formu- 
las for Fourier’s coefficients of the trigonometric series of the picce- 
wise smooth function f (z) on the interval (—2, 1). The validity 
of equality (7) was proved in § 2, Sec. 4 of Chapter 11. 

Equality (6) understood in the sense of weak convergence is 
called the expansion of the delta function 5(z), z) in the Fourier 
series with respect to the trigonometric system. 

Similarly, the delta function 6 (xg, x) can be written in Lhe form 
of Fourier’s integral. .\pplying (formally) the Fourier integral 
formula (see § 9) to 8 (2, x) we obtain 


Wi. tO 


8 (aq, 2)=— \ d?. \ 5 (x,, 2) cos?.(2—z) dz 
0 are) 
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Which results in 


b(ay, 7) = — \ COS A (ay -- 4) a7. (8) 
0 


This relation is called the representation of the delta function 6 (zo, 7) 
as a Fourier inlegral. lt should also be understood in the sense 
of weak convergence. Multiplying both sides of (8) by an arbitrary 
funetion 7 (2) (absolutely integrable over the z-axis from —oo to 
+oo and piecewise smooth on every tinite interval) and reversing 
the order of integration with respeet to z and «2 on the right-hand 
side wei arrive at the relation 


F(x) == \ da | £(8)cosh (ao—O 45 (9) 
Ly] a) 


which was proved, for a function f (z) of this tvpe. in § 9, Sec. 2 


of Chapter 11. 

Thus. when expanding the delta function 6 (zp. 2) in) Fourier 
series (6) or representing It as Fourier integral (8) we can operate 
on © (Zo. £) as if il) Were an ordinary piecewise smooth function 
(absolutely integrable from —oco to --oo in the case of Fourier’s 
integral). We can also say that expansions (6) and (8) (understood 
in the sense of weak convergence) can be dealt with, to some extent, 
as ordinary equalities. 

For greater detail on the delta function we refer the reader to (71, 


[9] uwud [17]. 


APVENDIXN 6 TO CHAPTER tt 


UNIFORM APPRONIMATION OF FUNCTIONS 
WITH POLYNOMIALS 


Llere we present another proof of Weierstrass) polynomial appro- 
ximatlion theorem (see § 5 of Chapter 11) on approximating a cou- 
lLinuous function with algebraic polynomials which can easily be 
extended to functions of several independent variables. In the case 
of a function f (z) possessing the coutinuous derivatives f(z), s = 
—= 1. ..., 4, this proof makes it pessible to construct an algebraic 
polynomial approximating uniformly the function f th such a way 
tirat the derivatives of this polynomial up to the order NV inclusive 
uniformly approximate the corresponding derivatives of the fune- 
tion f. 


Thearem t (Weiterstrass’ Polynomial Approrimation 
Theorem for Functions of One tndependent Vartable). 
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any function {(z) continuous on a bourtded closed interval asi zr<b 
can be uniformly approximated with an algebraic polynomial toe an 
arbitrary degree of accuracy. 


Proof. We shall suppose, withuvut loss of generality, that the 
interval fa, db] is such that Oma <i b<l (Gif otherwise, we can 
perform the corresponding change of the independent variable gz). 
Juet us take arbitrary numbers ¢ and Bsuch that U<a@—mamb< 
<i fi <c 1. Now, considering these ¢ and fi to be fixed, let us continuo- 
usly extend the function f (7) to the whole interval Oc2x< I 
im such a way that / (z) is identically equal to zero (f (x) = QU) for 
Ox<azxiaand Pex <t. 

We shall prove that the expression 


B 
\ f(a) [1 —(u— z)P Jr du 
a) (1 
\ (Lu?) du 
(which is an algebraic polynomial in 2 of degree 2x) uniformly 
approximates, for a sufficiently large m, the function f (x) om the 
interval fa, b) to an arbitrary accuracy. To this end we note that 
1 
— { (1—p")" Re ry ee ea ae ae 
Jn=\(1—v¥)" dv> J (1 —v)" dv = —S I 
U 


WW 
and 
1 


Jt= (1 -—v*)" dv < (1 — 8%)" 
5 


for any 6, U<6< 1. Consequently, we have 


rs 
O< om <(1— 8)" (2; L)-+ 0) for w—> |! © (2: 
a 
provided that é = cunst, O< 6 << 1. Performing the change 0! 
variable u — x = v we can rewrite expression (1) in the form 
B—-x 
\ J (e- r) (1 — eu)" do 
ne) (3 


Y (bo e®)ede 
ae 


Let us now estimate the difference 
B—-x | 
\ Peter) (Leet! de — { f(rjp ql -1-)" dv 


Pr(x) j(z)=2> 77 CO 


°. 
—* 


37—O826 
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on theintervala <q 2z< b. Given ¢ >, we can choose 6, 0 << 6 < 1, 
such that the inequality 


\f(ztuy—f(z[<> foresee sdb and |vl|<6 (3) 


is fultilled and the relation O < 27, uc 1 holds for @lzrxgb 
and [uv |] <6. The numerator of fraction (4) can be represented as 


-? A—x 
\ fv x) —e*)"de-- | f(us 2) (1—v?)" do 
a—-x 5 
6 6 
+) [f(z v)—f (2) (L— vy" du-- | f (wy 12)" doe 
7 — | 
+ \ f(z) 0)" do (6) 
o 


Furthermore, by (3) we have 


25 (Jn —Jal (7) 


6 
| \ (f(a ve) —7 (2) I —e*)" de 
-6 


Now putting If AX EACIE we obtein the estimations 
Qe 


4 
| ) f(v 4-2) (1—o*)"do| <MJ* 
Q—-x 
and (5) 
ae 
| j (v-+ 2) (1—v)" dv]. WS 


since we have —1 <Ca—xc0andOxcp —-r<ctifeoreatrergb 
and the imequalities 


5 t 
| f(z) (1 —v a - MSE and | \ f(z) (i) dv\-. MJ® (a) 
= a. 
Therefore the oumerator of fraction (4) does mot exceed the quantity 


de al, ao 
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in ils modulus. Hence, for (4) we can write the inequality 


22 In 4MsIn ‘ 
| Pa (2) —f (2) |< —yp a te (it) 


for all x € [a, b). But, by (2), the second summand on the right-hand 
side of inequality (if) is less than all for all sufficiently large =r. 


Consequently, for all sufticiently large ne we have 
|P, (v7) — f(z) [<ce for all 2 Ela. 8] (12) 


and hence the theorem has been preved. 
For functions of several variables we can similarly prove 


Theorent 2 (Weterstrass’ Polynomial Approctmation 
Theorem for fuanctious of Several trndependent Vartab- 
les). Supposea function {(2,, Ta, .... £y,) is continuous in an m-dimen- 
sional parallelepiped Il: a;<7;<b,, i—-1,2,...,m, where Va, <b;<1. 
Let us continuously extend f to the entire m-dimensional unit cube F,, 
Os ec 1. 7 == 1, ..., Mm, in such a way that f is identically 
vail fo sero outside al as m-dimensional orale ths gia EP ep 25 
<2, <8; where Oca; a,;< 6; <B, <1, ¢ = 1, 2, ..., m. 
Then the algebraic polynomial of degree nm in the variables 41, Z2, .- - 
- 2+, Lm expressed by the formula 


| eae (x1, 12, se 2 4 Xm) —_= 


(1 Cm 
\ ae \ f (tg, ees Um) [PA (ty — ryt ye... EL = (a — tm )PR)" uy... duty, 
2 eee ee ane ae: 
[ ( (lb —u8jr deaf” 
~1 
uriformiy approximates the function f (ay, ~~ -, 2y) to an arbitrarily 
chasen accuracy in the domain JI for sufficiently large n. 
Note £. Vf the function f (7) Gf (2, ---, Zn)) possesses con- 
tinuous derivatives up to an order NW tnelusive the derivatives of 
P(r) (Py i, -, Zm)) up to the order N inclusive uniformly 


approximate the corresponding derivatives of f (7) (f (z,, . . ., 2m)) 
on the interval la, 4] (in the parallelepiped Il) to an arbitrary degree 
of accuracy for all sufficiently large =n. 

We sha!l illustrate the proof of this assertion by laking the simple 
ease of a function f (z) which is continuous onan interval a@ <= « <= Bb, 
Ucac be i. and has the continuous derivative fr (rx) on fa, 6). 
Let ns extend f (2) io the whole tuterval O s rev t in such a way 
that / (a) and #(r7) are continuous ou this interval and identically 
equal to zero outside an interval @ <0 7 < fi where Octae<aact 
“hen p <1. Differentiating polynomial (lL) with respect io rand 


sit 


380 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


inteprating by paris we obtain 


6 f 

d P ; v : 

ar \FMU—w—apde | iw wera 
mg L 


—) 
a) 


—_——_ 


a-a 


a i 
\ (1 — v2)" dr 


Now the difference 
B-x 1 
J Pere eee, eee 


Pr (x)—f" (z) = 2S n 


can be estimated as was done for difference (4) in Theorem 1, 
and this completes the proof of our assertion. 


Note 2. The theorem below is a direct consequence of Theorem 2. 


Theorem &’ (Weterstrass’ Prigoronectrie Approwctna- 
tion Lheorem). If f(z) is a continuous function on an interval 

L<axlwhich assumes equal values at its end points, i.e. f (—l) = 
=} Q), it can be uniformly approximated on this interval, to an arbi- 
trary accuracy, by a —— polynomial of the form 


>. +} > (a, cos 


k=} 


+ by Sin =) (14) 


Proof. Let us put “ =. Then the function F (0) = t(-—) = 


n 
= f (x) is continuous in the interval —n <0 <a, and F (—n) = 
= F (mn). Let us introduce, on the plane with Gartesian coordinates 
E, yn, the polar coordinates 9, 9: & = pcos 0, y == p sin 8. Now 
consider the function @ (&, yn) = ef (0). This function is continuous 
throughout the & y-plane and coincides with F (0) for p = 1, that 
is p (€&, n) = F (8) on the circumference of the circle &* + n? << 1. 
By Theorem 2, the function @ (6, y) can be uniformly approximated 
inthesquare —1 SE 1. —! Hy <i by an algebraic polynomial 
P, (Eon) to an arbitrary accuracy. Ileuce, putting » = 1 we arrive 
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at the trigonometric polynomial /, (cos 0, sin 0) which approxima- 
tes the function f (2) with the same accuracy on the interval —a < 


10 : 
<= @<n. Next we return to the argument x = — and obtain the 
trigonometric polynomial /, (cos =. sin ) which uniformly 
approximates the funclion 7 (x) on the interval —2 22 <7 witl 


the same accuracy. Replacing in the latter polynomial the products 


. é ITZ : UTZ : 
and the higher powers of cus — and sin — by the corresponding 
linear combinations of simes and cosines of multiple arcs we reduce 


this polynomial to form (14). The theorem has heen proved. 


APPENDIX 7 TO CHAPTER 14 


ON STABLE SUMMATION OF FOURIER SERIES 
WITH PERTURBED COEFFICIENTS 


Suppose that we know the exact values c, of the Fourier coefficients 
af a square-integrable function f (x) on an interval la, &} with respect 
to an orthonormal* system {q, (z)}: 


ay 
cu = \ f (2) Or (2) de, ot a ae (1) 
a 
If the equality 
too 
f(ry= Sener (2) (2) 
k= 1 


is fulfilled for a value of z belonging to fa, b] we can replace in (2) 
the suin of the series by its mth partial sum and thus obtain the 
approximate equality 

vi 


f(a) & cure (2) (3) 


which goes into exact equality (2) when 2 — +00. Thus, increasing 
the number of terms 2 we can obtain equalily (3) which approxi- 
mates exact equality (2) at the point 7 to an arbitrary accuracy. 
But in practical problems we usually deal with approximate 
values of the Fouvier coefficients, i.e. with the numbers 


Ch = c, + Ac, (4) 


* An orthogonal system {q,{z)} is called orthonormal if the norms of 
ull the functions q;, (4). A= 4. 2, .... are equal ta unity. ie. |] rll 
= th 
b 


={ C, (07S 1, hae he 2). ane To 


7 
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Quantities (4) are termed perturbed coefficients and Uhe discrepan- 
cies Ac, are the errors or perturbations. 

If we substitute the approximate values c, for the exact values c, 
of the Fourier coeflicients into approximate equality (3) this will 
result in’ the approximate equality 


ral 
f(z) =X cnn (2) (:3) 
i= 1 
whose accuracy may even be worsened when the number of terms 7 
Is too great. If the perturbations Ac; are not subjected lo any res- 
trictions this assertion appears quite clear. Usually we impose the 
following restriction on the quantities Ac,: 
-|- oa 
> (Aen)? < 6 (6) 
=1 
where 5° is a sufficiently small number. Jf condition (G) is fullilfed 
for a given finite value of 6 it follows that there exists a square 
—— 2 


4 
| ad 


integrable function f (z) on la, b] for which the series > CrYix (2X) 


is its Fourier series* and. besides, by Parseval’s relation 


b _ 4-00 - 4-0 
VF (2) —f(2)P dz = DY) (Cr—-en)®? SH (Aen? (7) 
a k=l h=1 


the mean square deviation of f (z) from f (xz) on la, b] is less than 62. 
Bul the validity of condition (6) for an arbitrarily small oO deco 
not guarantee the convergence of series 


t 


TT 0O 
a — > 
>» ChE K (x) ( 
k=} 
+0 Bes 
* Indeed, inequality 5) (Acp)? <-f oo, Bessel’s inequality » < 
a | Ts | 


b 
< | f-(x)dz and the evident inequality c 2 [c% + (Ac,)?J, kK=1, 2, .... 
Q 


-}- 70 
imply the convergence of the series S' ct. But in the theory of functions 
h 


at 
of a real argument (e.g. see the Riesz-Fisher theorem in (fi) it is proved 


“7-99 
that a series of form DS ez is convergent if and only if there exists a fun- 
h-=1 
-{-o0 
clion f/(z) square-inlegrable on [a, b) for which the serics S! cyepp (z) is its 
frome 4 


fourier Series. 
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with the perturbed coefficients. Therefore. even if condition (6) 
is fultitled, the accuracy of approxiinate equality (9) may even 
be worsened if the number of terms # is too large. 

For example, let us consider the complete orthonormal system 


py (2) = TE he (2) = / cos hz, k=1, 2,... (9) 


on the interval O < z <a. Suppose that a function f (z) is arbitra- 
rilv smooth on the interval (O < 2 < al and that its exact Fourier 
SCrICS 


«1-30 


© ete ths ae + Deh |/ cos hz (10) 


k=! == 1 


converges to it arbitrarily fast at the point z — O. Now Jet us put 


Peer 


hey 0, Acuyy=—- for k= 1, 2,0... SP <e, FSO (11) 
Then we have 
>) (Ack)? = = < 0° (12) 


is | 


which means that condition (6) is fulfilled for the perturbations Ac,,. 
pul the series 


-{-00 “1-00 
bs Cain (2X) = = (Cx --- Acn) Gn (2) 
k=] i= 4 
Is divergent at the point 2=0. Indeed, by the Ihypothesis, the 


+-~«w 
; 1 ; . 
series) catv, (O) converges to {(O) while the series 


= 


*: a0 -}- 00 
ee cas Ax o 1 
> Acrprn (0) =o) ZS ere |e on OV = >, 7 
k=} k=! h=1 
div erges because it differs Trom the divergent’) harmonic series 
ao 
: J 
» a only in the constant factor 6 f= (6 = QO). 
k=1 


Hat nevertheless, if the exact Fourier series of a function f (z) 
converges to f(z) at a point 2 € la, Ob! the validity of condition (6) 
for an arbitrarily small 6 > 0 enables us to make the quantity 

N(O) 


Lf (ry— ™ cngn (x) 


— <a 


become arbitrarily small if the number of terms A(d) is chosen 
iean appropriate mauner. Thus. this makes il possible ta obtain 
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dt the point z, the approximate equality 


N(o) | 
1(2) = es CrPk (2) (-9") 


Which is as close as desired to the exact one. Moreover, it turns out 
that it is unnecessary to impose any additional restrictions on the 
ilegree of smoothness of the function f (2) and on the speed of con- 
vergence of its exact Fourier series at the point zx. Namely, the 
following theorem is. valid: 


Theorem. Let {py (x)} be an orthonormal system on an interval 
la, 6) which satishes the condition 


le, (ce) | SA = const < -|-co for kK = 1, 2, ...; 
axxziib (13) 


Suppose that for every & entering into the right-hand side of equality 
(6) the number N (5) is chosen in such a way that the conditions 


N (5) -» +00 for 6-0 (14,) 
anu 
5°NV (6) -— 0 for 6-0 (14>) 
are fulfilled. Then we have 
N(S) 
lim| {(2)— >» capi (x)|—0 (15) 
5-0 = 


fur every «xc Ela. Gl which satisfies equality (2). 
Proof. By retations (2), (4), (6), (14,) and (14.2) and the Cauchy- 


Dunyakovsky inequality Tor sums we have 


iV(6) -t = Oe 
|f(z)— S ¢. ChPH: (xji=| S a, OPA (x) — es crx (x)| < 
= 
<| 7 y Acute (x) | + | CRE (2X) | < 
k= oe 
Ni) v oo 
>, (Ack)? = a (z)+] »: crpn (2) |< 
h=1 ViS)+1 
AVSN(6)+!1 Y — crepr (x) (16) 
k= N(O)+1 


The term AV &2N V (5) on 'the right-hand side of inequality (16) 
tends to zero as §-+O which is implied by condition Ci4.). and 


“<O 
the term, “erg (x) | tends to zero for 6—/ because we have 
ha=N(6)- | 
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+ 30 
condition (14,) and the series »' CKO, (XZ) converges at the point 2. 
kh=t 


The theorem has been proved. 

We can now draw an important conclusion from the above proof. 
Let equality (2) be fulfilled at a point z € la, bj). Suppose that 
condition (6) imposed on the quantities Ac, is satisfied for a given 


S>U (where Ac,. k = 1, 2. ...., are the perturbations of the 
Fourier coefficients). It appears clear that to minimize the quantity 
N(6) 


if (zt) — S Capen (2) | Cy = en + Ace, B= 4,2, ...) at the 


point z € la, &|] we must choose the number of terms NV (5) in the 
N(6) 


partial sum ~ CA , (z) so that it should not be too small (because 


k=]! 


4-00 

> CpG, (2) | on the right-hand side of inequality (16) must 
k -~N(6)+1 pone ae 
be small) and too large (because the term dA }’ 62N (6) on the 
right-hand side of (16) must also be sufficiently small). 

Kvery method of reconstructing a function f/ (2), to any given 
accuracy, from its Fourier series with perturbed coefficients satis- 
fying condition (6) for an arbitrarily small 6 >> O is referred to as 
a stable method for the summation of Fourier series with perturbed 
coefficients. 

Thus, the above theorem shows that if the quantity 6? on Lhe 
right-hand side of relation (6) can be made arbitrarily small! it is 
possible to choose AW (d) in approximate equality (o') in an appro- 
priate manner so as to perform stable surnmation of Fourler’s serics 
with perturbed coefficients. 

Stable methods for the surmmation of Fourier’s series with per- 
turbed ceefficients were developed by Tikhunov* in [16]. Tikho- 
nov's methods make it possible to reconstruct, from a given Fourier’s 
series with perturbed coefficients, the corresponding function f (2x) 
and also its derivatives but we shall not discuss here these more 
complicated questions. 


* Tikhonov, Andrei Nikolayevich (born in 1906), a prominent Soviet mathe- 
matician. 


SUPPLEMENT 1 


Asymbtotic Expansions 


ln oamany problems of mathematics and mathematical physics 
the investigation and computation of a function f (xz) in the netgh- 
bourhoal of a fintte point 29 or in the neighbourhood of the point 
al inhuity* is connected with considerable difficulties. These dif- 
leullies may often be overcome by means of an asymptotic expansion 
which substitutes a simpler function for the given function f (z). 
Tlus stmplee funetion is chosen in such a manner that it can be inve- 
stivated and computed in an easier way than the original function 
f(z) which it approximates to an arbitrary accuracy when zx tends 
tv Zo Or approaches infinity. 

We shall begin with some examples of asymptotic expansions 
($1) without giving general dehnitions. then we shall dwell in 
more detail on some general definitions and theorems (§ 2) and, 
finally, we shall illustrate Laplace's method of asyinptotie repre- 
sentation of some integrals by deriving asymptotic formulas for the 
asm funetion €§ 3). 


§ ft. EXAMPLES OF ASYMPTOTIC BAVANSIONS 


{. Asymptotic Expansions in the Neighbourhood of the Origin. 
Vavlor’s formula (e.g. see [8], Chapter 8) yields the well known 
asympLlotic expansions for the following elementary functions: 


r2 od 


x : { +E 
e*— ] Pp 2+ 5-4 --- —r 1 or 
m— 1 ‘ 
: x x | 2 Oot 
COS T= ay te a ee a (=i © 
f+o(x") (where 2a is odd) (1) 
vw 
r3 xe cS ans i 
SINX -L—ap tre -+(—1) opie 


+o0(z") (where x is even) 


* The expression “in the neighbourhood of the potnt at intiaity’ means 
“for £2 + joo" or “for z + —co™ or “for |r] —-* wx”. 
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r2 x3 ~ Ti 
DC at ee ee eet oa) 
ah a(a—l 
(Ip a)*ad-} S24 STU ge (1) 
a(a—I1)...(@—n--I 
é rm" 2 Nasi ed a <- 0 (z") 


where the symbol o (z") designates a quantity of a higher order 
of smallness than zx" for z— 0. Expansions (1) are used for eva- 
Juating limits of various clementary Junctions for 2 — O when they 
cannot be found directly from the given analytical expressions of 
the functions. 


2. Asymptotic Expansions in the Neighbourhood of the Point at 
Infinity. We now consider some asymptotic expansions in the neigh- 
bourhood of the point at infinity which are used in various appli- 
cations. 

In mathematical physics we are often interested in the values of 
the function 


W (2) = —— \ e-¥ dE (1) 


for large values of the argument x > 0.* Let us derive the asymptotic 
expansion of the function YW (xz) in the ueighbourhood of the point 
al infinity. i.e. for z— -|-co. Integrating by parts we find 


-;-co «1-00 aH Be le Looe - 
ee ie e~ 26 dé ia a 7 eT 8 < 
e7 F dé = sae ia laa | Ra sey d= 
a E Ra od q -x ~ Hs 
+ x xv 
ee ee 
2x | oe2 =e 
x 
+O p59 
é . Pt . . € & 
Again integrating by parts in the integral \ seq dE etc. we ob- 


= 
dain, after the integration by parts has been repeatedly perfor- 


-90 
‘he : 2 _t2 
* This function can be represented in the form Vf (1) = Wa \ e- > dE= 
xu 
x 


a x 


_t : : al es us 
= { e— =? dt. The integral | =? d= is called the 
iT bd e 
Vi, | 
error function and is denoted by Erf(z). It plays an iniportant role tn the 
probability theory, theory of deat conductivity, statistical physics ete. ‘Phere 
are varinus tables of its values for different values of the arenumert ~, 


9) 


om 


=1—D(r) where «p (2z)- - 
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med (z—1) times, the following asymptotic expansion for WY (z) 


wT 


sa (2k : 1) : 
V(2)-So[4 = > (— typ ay] 2) 
h=1 
where 
nei 1-3... (2n-- L) ox na ei 
Pe Clad ie ex | rinse 26 (33) 


The remainder term &,(z) satisfies the following apparent ine- 
quality: 


-}-00 
1-3...(2n-! 1 , [-3...(2n-+1 
| Rn (|< ew | er 28 = “oa (4) 


x 


Let us designate by O = » for r— co, ever uantity which 
) = yY q y 


satisfies the relation 


1 1 
O (=) |< const-— for =— oo 


Then, by estimation (4), expansion (2) can be rewrillen as 


— E a pa | yr 1.3 se +0(st5)] (3) 


We have O (=) — for r—--=- o and hence, discarding the 


mriTr uw 


W (xr) 


term O (==): We can write the relation 


ye en ae gyn dB... (2k—1) —— 
I (2) = t+ 1} | forz—»+co (6) 


Relations (5) and (6) represent the asymptotic expansion of the 
+ co 


function ‘YF (x) -- ( e-® dé for z— {- oo, that is in the neigh- 


<5 
Vi 
x 
bourhood of the point at infinity. 
extending the summation with respect to the index A to all the 


values A = 1. 2. ... we obtain the asymptotic expansion 
au fds oct Z 
ge 2 [ia Be 


k=1 
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where the series on the right-hand side of (7) is an asymptotic serie: 
This series is divergent for every value of z. Taking an arbitrar 
fixed and sufficiently large value of z we can easily see that whe 
the number & increases the modulus of the Ath term of the serie 
first decreases and then, after its minimum value has been attainec 
increases and tends to infinity. But, according to inequality (4 
the difference between ‘ (z) and the mth partial suin of this serit 
satisfics the inequality 


~ 


: ~x? : 1-3... (2k—1) 

| at é ae pemarel (Pe INE, canis c eas <7” 

| F(z) i Va | 4 ‘ 2 ( l) Dh ek | | 
“ e~™* 1.3... (2n +4) 


PVR 2nelgine (< 


In other words, eStimate (8) shows that the error arising wh¢ 
the funetion Y (z) is replaced by the rth partial sum of series ( 
does not exceed, in its absolute value, the modulus of the first di 
carded term and thus it tends to zero fast, as x -—» -| ©. 

The repeated application of integration by parts is one of tI 
general methods of deriving asymplolic expansions. Using th 
technique we can obtain asymptotic expansions for the exponent 
inltegral 


7 ok 
Ki (x)= \ = 4, —oo<z<0 for r—»-— oo 


cosine integral 


-+-an 
Ci (z) = \ a dk, O—2xr<-!-0c0 forxr—>-4- oo 
and sine integral 
Si (z)= | “2 ag, —coomr<t -+oo for |2|— -+ oo 
a § 


There are various asymptotic expansions which can be obtaine 
by means of some other clementary methods (e.g. see [3] or [6] 
Let us consider a simple example. In some problems connecte 
with studying the propagation of electromagnetic waves near tl 
earth surface anil in some other problems we encounter the functic 


x 
F (x) = e-* \ e® dE 
0 
This function can easily be expanded into a convergent power seri 
> 2 “ + - : . 
(see §$ 4, Sec. 2 of Chapter 8) but this series cannot be convenient 
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used for large values of z. Let us derive an asymptotic representation 
of f (xz) for 2 —~ +o, Multiplying equality (VY) by 22 and applying 
L’tlospital’s rule twice for 2—~ —co we obtain 
liin 2xF (r) = 1 (10) 
Nw :-Xo 

Consequently. we can write the following asymptotic representation 
for F (zx): 

. { ;: F i : 

F(a) =>, 1-0 (1)) for x —»-+ a0 (11) 


where the symbol o (f), for 2 — —oo. designates a quantity which 
tends to zero as z—> -{ oo, Instead of (11) we can also write 
z I : 
I (2) = for x2—-— co (12) 
There are many other simple asymptotic expansions (hat are obtained 
by means of elementary methods but here we shall limit ourselves. 
to the above examples. 


§ 2. GENERAL DEFINITIONS AND TIIFOREMS 


We shall consider functions f (z), g (2), ... defined on a point 
set. V/ belonging to the real z-axis. For instance, as a set / we can 
lake a ftnite interval, a semi-infinite interval, the whole z-axis etc. 

[. Order of Smaliness. Asymptotic Equivalence. We begin with 


discussing the relations of the form f (z) = o (g (z)) and f(z) = 
O (g (2)). 
Definition 1. If 
lim LY —9 (13) 


nay & ) 
xe M 


we say that f(e)éis of higher order of smallness than g (2) or 
the set M for x— zo and write 


f(x) =o(g(x)) for x—~>2Z on AM (1%) 


Vote. Relation (43) means that for every ¢ >> 0 there is 6 = 
— 8 (e&) > O such that 


lf (x) |< e [| # (x) [for all x € AY which satisfy the inequality 
lz—ry [<6 (13) 


Definition 2. 1f there is a constant C, 0 < C< 00, such thal 
for all xr CM belonging ta a stfliciently small neighhourhood of 9 
the inequality 

bite) <C (1.9) 
| g(x) 
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holds we say that f(r) is af the order of g (xz) on the set Ml for 
B+ IX and write 
f(z) = O(g (2)) fer x-> Zz on WM (16} 

Definition 2, If inequality (15) is fulfilled jor all x € AM we say 

that f(r) is of the order of g(x) on the set MI and write 
f (x) = O (g (z)) for cE M (16°) 

If f (2) -= 0 (g (z)) Tor @ > xy on J. Detnitions { and 2 indicate 
that we cau alsu write f(z) — O (g (z)) for 2—- ry but of course 
the relation f (7) = O (g (r)) does not imply, in the general case, 
that f (7) = o (g(z)). 

Note. WOM is an unbounded set we can similarly detine the rela- 
tions f/f (x) = o (g (z)) and f(z) — O (g (z)) tor a2-+-- 0c (or 
r—- —oo or [r[-> oo). 

In concrete problems the structure of the corresponding set V/ 
nay be obvious and then weanay not indicate the set J/ when writing 
the above relations. 


isxani ples 

(1) e —1 = 0 (2) for x-> OQ, 
(2) sin z = O (2) for 2--+ O, 
(3) cos x = O(1) for z-- V, 
(4) sin? z = 0 (x) Jor x--+ QO, 
(5) z- oa (x) for x - OQ, 

(3) a> - O (xr) for x -+ V, 


(4) U7 gy (x°') lor z2-» co, 
- 

(S) Ir (x) a \ ex di — ) (—-) for a2—> '- OO, 
0 


Now lel ous formulate the delinition of asymptotic equivalence. 


Definition 3. We say that ten functions f (x) and g(x) are 
(asymieptoticatly) equivalent (eqialy for x2 —-» xy on the set 
A/ and write 


f(xr)~ g(x) for x-e xr, on MM (17) 

if 
aC een a oon M 18 
ore aes for 2%, on. (15) 


luis evident that instead of relation (17) we ean write the relabion 


f(x) = gixr) ll = ao (QI) for a2 —-ay on MV (14, 
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which is called an asymptotic representation of f (z) in the neigh- 
bourhood of the point z) on the set Af. 

The notion of functions asymptotically equivalent on an unboun- 
ded set 1/ in the neighbourhood of the point at infinity (i.e. for 
z—-» +oo or —» —co or [z|— co) is defined siinilarly. 


Exam ples 


(9) sin xz ~ x for r— JU, 


a 


s- for «4-0. 
AN 


x 
(10) F (2) -=e-*? { es? di ~ 
f 
2. Asymptotic Expansions of Functions. Opening the brackets in 
relation (19) we get the equality 


f(z) = g(z) — o(g(z)) for z+ 7) on MM (19°) 


which is a simple asymptotic expansion of f (z) in the ueighbourhood 
of z» on the set A. 

We now proceed to formulate the general definition of an asympto- 
tic expansion which also embraces the special cases considered in 
$4 of Supplement 1. We shall begin with the delinitions of an asyrn p- 
totic sequence and asymptotic series. 


Definition 4. A finite or infinite sequence of functions {Gy (x)} 
defined on aset Mi is called an asymptotic sequence on A for 
%— Ly (Z-> co) if the relations (ps, (Z) = 0 (My (2)) for r—> Xo 
(xz -» co) hold for ailln = 1, 2,.... 


ifere are some examples of sequences which are obviously asymp 
totic: 


(1). dy. 2p 5 we hs oe ee JOR 2S, 
2) 1, xt, was, ° 8 eg zen e 2 @ (0 <a deg il fo i 7 ¢ « i 
<A, <t....) for z— QO, 


(3) 1, (x — zy). (2 — zo)*, .--, (2 — Xp)", ..- for xr-> ZX, 


(A) 1, a7, ame, an OCA CS... 
2. 0A, <o...) for x74 +00, 


z = toss az —> = 

(5) eX, evant, etre, 1.2. er on, fw. (OCA AL... 
2. A, <...) for r > -;-00, 

(0) hig aoe. Ss, oo ay o's ow a, [00 2 ea oo, 


Sequences (1). (3) and (6) are referred to as power sequences and 
sequences (2), (A) and (5) in which 4; are real numbers that may not 
be integers are called generalised power sequences. 
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Definition 5. If {¢, (x)} is an infinite asymptotic sequence (o. 


-- 00 


the set M) for x — Zp (x > - co) the series >) Cnfn (x) with arbitrar. 
71 =} 
constant cocf{ficients C4, Co, ---, Ca, --- is said to bean asymptoti 


series (on the sef JM) for 2+ 29 (r—> ~-o). 


Definition G. Let {p, (z)} be a finite or infinite asymptoti 
sequence on the set AI for 7 —+ ro (2 — ow). Tf a function f (x) define 
on Vd satisfies the relation 

N 
f(z) are an(pn (x) -- o (py (x)) for r—-> 2p (xr co) (20 
where Q;, Goa. . . ., Ay are some constants this relation is termed the 
asymptotic expansion of f(z) an ll for x2— Xo (x -> oo) erp 
to the Nth term inedusive ectth respect to the sequence 
{fn (2)}. 
expansion (20) can also be written in the form 

N 
f(z)~ >» AnQr(z) for r+2) (2+ co) (21) 

t=] 

If asymptotic expansion (20) holds we can obviously write dowr 
Lhe asymptotic expansions which are obtained from (20) by sub- 


stituting A = 1, 2, ..., .\ Ll for WN. 
Definition 7. Let a Uy, (2) be an asymptotic series on the 
t= I 
set \/ for 2 —+ 2 (x — co) and let asymptotic expansion (20) be valia 
for a function f (x) defined on M for every N = 1, 2. 3. 2. Then 


this series is called an asymptotic capansion of the function 
] (z) for t- Ly (x —> 00 } an MP and we write 


-].20 
H(z) ~ 2 anQr(x) for z+ (zZ—-> 00) (22) 


The asymplotic expansions considered in § ft apparently satisfy 
the conditions of Definitions 6 and 7. 

lt should be noted that an asymptolic expansion in the neigh- 
bourhood of the point z= 0 (x = ry ~ 0) can be reduced to an 
asyniptotic expansion in the neighbourhood of the point at infinity 


Fd 


and vice versa by a change of variable of the form z = — (z _ 


c : . . . 
= but this may not be convenient in some practical 
Cr. RD 


problems. 
Let us discuss the difference between an expansion of a fnnetion 
f (x) in a functional series convergent to this function and its asymp- 


38—0824 
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Lolic expansion. In the former case the dilference between f (xr) 
and the rth partial sum of the convergent functional series tends 
lo zero for every fixed z as N -+ oo. In the latter case the difference 
N 
YI 
f (x) — >, ap, (z) tends to zero, as z— 2) (x-» co), for every 


fixed WV, its order of smallness being higher than that of the last term 
in the partial sum. 

The examples of asymptotic series considered in § 1 show that 
an asymptotic series may be convergent or divergent. Moreover, if 
an asymptotic series for a given function f (x) is convergent this 
may not imply that its sum coincides with f (z). For instance, we 
have the following simple asymptotic expansion for the function 
f(z) =e™: 

e~ = OQ0-l+>-O-nrt+e... 7 O-r™ +... 
(for 2 —> -} 00) (23) 


and asymptotic series (23) is convergent but its sum is unequal to 


e* for all z. 
For practical purposes it is important to estimate the error arising 
N 


when { (z) is replaced by the Nth partial sum 5) a, (x) of its 
k=! 


asymptotic series (22), that is to estimate the remainder term 
(¢ y (v)) in expansion (20) for 2—~+ 2 (4 > oo). 

Analytical estimation of a remainder term is often connected 
wilh considerable difficulties and therefore, in) problem solving 
praclice, we usually try Lo use various computational techniques 
based oa simpler methods, which prove to be sufficient in many 
cases. For exainple, suppose we know that the absolute value of the 
remainder | 0 (py (Z)) | tends to zero and is a monotone (decreasing 
fuaction for z—~> ry. If we manage to compute the value of f (z) 


ala point xz lying sufficiently close to zg and if il turns out that the 
N 
difference between this value and the value of \! ayqp, (x) at the 


same point is less than ¢ > O (in its modulus) we can conclude that 
for all values of the independent variable lying closer to x, than z 
N 


the modulus of the difference f (x) — Ann (z) remains less 
kR={ 


than ¢. A similar situation occurs when we have an inequality of 
the form | o (gy (z))| Sy (2) where py (x) is a Monotone decreas- 


ing function which tends to zero for x—> Zo. 

If there exists an asymptotic expansion of a function f (z) with 
respect to a given asymptotic sequence {¢, (z)} this expansion is 
uniquely specified by f (z). Namely, we shall prove the following 


theorem. 
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iia | 


Theorem 1. Let every member of an asymptotic sequence 
{G, (z)} be different from zero for all x belonging to a sufficiently 
small neighbourhood of 2, (or for x —> co) and let an asymptotic expan- 
sion of form (20) hold for a function f{ (x). Then the coefficients a,, 
k=1, 2, ..., NV, of this expansion are uniquely determined by the 
formulas 

n—-i 
f(x) — >, angen (2) 
h=! 
Qi hissed ao for n=1,2,...,N (24) 
(X++ 0c) 

Preof. Replacing NV by n<WN in relation (20) we put it in the 

form 
n— | 


{(z)= a QnQn (XZ) + @nQa (2) 4-0 (Qn (z)), 1<n<N 
and find 


N— | 


i(z)— S ange (2) — 
ae k= 1 , 0 Pr = r ae 2 
an = ene (z) + “on (x) ; [<n oN 


which implies the validity of formulas (24). The theorem has been 
proved. 

It should be noted that the converse of the above theorem is not 
truc. Namely, a function f (z) is not uniquely determined by its 
asymptotic expansions. that is there may exist diiferentl functions 
having the same asymptotic expansion. For example, the functions 
{ (x) == e* and g (x) = O have the same asymptotic expansion (25) 
with respect to the sequence 1, 274, 27%, ..., 2, ... for x2 —> 

-{-0°o, 


Definition 8 Two functions f(z) and g {x) are said to be 
asymytoticatly equivalent (equal) with respect loa given asym- 
plotic sequence {@, (z)} for x Xp (x —> oo) tf the relation 


f (x) — g (2) = 0 (gq, (2) for x > x (4 > ow) (25) 


is fulfilled for all n. 

It appears obvious that two functions f (z) and g (z) possessing 
the same asymptotic expansion with respect to an asymptotic 
sequence are equivalent (relative to this sequence). 

We can easily show thal for two functions f (z) and g (x) to have 
the same cocflicients of their asymptotic expansions with respect 
to one and the same asymptotic sequence § ({q,, (x)} for x > zy 
(xz —> co) iL is necessary and sufficient that these functions be asymp- 
totically equal with respect to the sequence {q,, (x)} for xr —> 2, 
(x —» 00). 


354 
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We now discuss some operations on asymptotic expansions. 
If we have asymptotic expansions 


-}-00 4-90 
f(z) = = angn(z) and g(x) >) begn(z) for 22 (x-> o0 ) 
= k=i 


(26) 


we can obviously wrile down the asymptotic expansion 
fs 

af (2z)-+ Pe (2) >) (aan+ fide) gn (z) for > x (r+ 00) (27) 
I= 

Which is valid for any constants @ and Bp. 

In the general case it is not allowable to multiply the asymptotic 
expansions of two functions f (z) and g (z) with respect to one and 
the same asymptotic sequence {@,(z)} because it may turn out that 
the products @,,(z) 9,(xz) cannot be arranged into an asymptotic 
sequence, 

Let us dwell on the question of term-by-term integration of asymp- 
lolic expansions. 


Theorem ‘. Let a sequence {p, (x)} of positive functions of 
a real variable x defined on an inlerval a <x < b be an asymptotic 
sequence for x-» b —O. Suppose we have an asymptotic expansion 


f(z) x > Crpn (x) for z>+b—O0* 28) 
k= 
if the integrals 
b b 
fr@ds and [p.Qd, k-1,2,... (29) 
x x 
are convergent the asymptotic expansion 
b +7 b 
(f£(EaE~ NC. lgnd— for r+b—0 (30) 
x k=! x 


is also valid. 


Proof. The relation ,+4; (2) = o (q~, (x)) means that for every 
e > QO we have the inequality | pas, (rz) [<< © | @, (x) ] provided 


that 2 is sufficiently large.** ‘The functions q, (x), k -: 1, 2, .-., 
heing positive, we can drop the sign of modulus and write 
Daa: (Z) < eq, (x) for z+ b — 0 (*) 


* Here b ig a finite number or -00. 
** See the note after Definition 1. 
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for any ¢ > O. Integrating (*) from z to & (which ts permissib| 
since the integrals are convergent) we see that 
b 
0<l ona Bdi<el gn (tas (31 
x x 
b 


for any gE >>O and zy hb —-U whence it follows that | Dn (=) de} 


x 
is au asymptotic sequence for z-—»b—QO. To prove relation (30 
we must show that 


& 


b N b 
\1@ dix »' Cul on (E)d—E for r>b—0 (30' 
x k= { x 
for every N := 1, 2, 3, .... By the pusilivity of the function: 
Oy (x), nm = |, 2, .-., relation (20) (whose validity is implied by 


(25)) can be rewritten in the form 


N 
| f(z) 2 An Pr (Z) | <epy (zt) for r->b—O0 


four any ¢€ >U where NV = 1, 2, 3, ... . Consequently, we have 


Nv b 

|) 7@)de— Shan | mu (Hae|< 
~ h=1 x 
: 


b N 
<\1/— Dy ange ®|de<e | oy Gas for z+b—0 


and auy ¢>>U for every N = 1, 2, 45, ... . Bul this exactly 
means that asymptolic expansion (20) holds for every NV — 1. 2, 
Oo, «.., Which is whal we sel out to prove. 

The assertion below ts a direct consequence of Theorem 2: 


If we have a power asymptotic expansion 
-+ 90 


q a 
{[(x)~ >, Apr 
h=0 


for x + o0 (32) 


-+-co 
and the integral ) [f (6) —a@y—a,E"] dt converges, the asym plotic 


expanston 
“+20 -+-90 
-— % ‘ a 
\ [7 (5) — Ag — ays *| dz —S By oy gone (33) 
x k=) 


is also valid. 
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Jn the general case an asymptotic expansion cannot be differen- 
tiated termwise. But there are some special cases of asymptotic 
expansions when term-by-term differentiation is permissible. Por 
instance, let f (x) have a power asymptotic expansion of form (32). 
Suppose that Its derivative } "(x) also possesses a powet asyv ont 
expansion in which there are no terms coulaining 2? and x7 


a™ 2at na® ' 
iO) Se Se ee for z-» ~— oo (34) 


Integrating (34) we obtain, by the foregoing assertion, the relation 


f(x) x f (+00) 44h 1 ee for Z—» + 00 (35) 


But since the function f (x) uniquely specifies its asymptotic series 


with respect lo the sequence 1, 27', 277, 279, .. Cae 
expansion (35) inust coincide with expansion (32) and thus we have 
the equalities f (+00) = ag, a,;* =a, ..., @ =a, ... . Sub- 
stituting the above values into (34) we obtain 
ay Jus Nay ‘ Z nyt 
f (x) =z En eg ed ee eae ve ee for z—> j7-™_~ (04) 


where the Jalter asymptotic expansion can be directly obtained 
from asymptotic relation (32) by termwise differentiation. 

We shall limit ourselves to this short review of some general 
properties of asyinptolic expansions. In § 3 we shall deseribe an 
important method of coustructing asymptotic expansions of some 
integrals. 


$3. LAPLACK METHOD FOR DERIVING ASYMPTOTEC 
EXPANSIONS OF SOME INTEGRALS 


Let it be required to derive an asymptotic representation of an 
integral 
h 


J(t) = \ ie, i)dx for t— + o (363) 


qa 


under the assumption that, for large values of é, the integrand has 
a sharp extremum in a neighbourhood of a point z = Xq and that 
its modulus is very small outside this neighbourhood. ‘Then it may 
Lurn ont that the integral taken over this neighbourhood of the point 
Zo Will be almost equal to the integral taken from @ to 0 for large 
values of ¢ Hf, in additien, it is possible to replace the function 
f(z, 2) in this neighbourhood, tu a sufficient degree of aecuracy, 
by a simple function whieh ean easily be integrated. amt if the 
difference between the original integral (36) and the integral of thts 
auxiliary function temls to zero as t-» !-00o, We can thus derive 
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an asymptotic expansion of integral (36) for large values of ¢. This 
is the general idea of the method suggested by Laplace for deriving 
asymptotic expansions of integrals of the above type. 

As an illustrative instance, we shall apply this method to deriving 
an asymptotic expansion of the gamma _ function 


—-co 


P(¢--4) = | em“ut du (37) 
; 


for t— --oo. The asymptotic representation which we shall thus 
obtain for P(t -- {) for large values of ¢ yields. in the case when 
{=n>U is an integer. the so-called Stirling* formula which 
gives an asymptotic Pep eset TUNlOm: of vr! for large values of n. 

Performing the substitution w= ¢(i -- z) we reduce integral 
(37) to the form 


+0 4-00 
P(¢+1)=e%ettt \ [e~* (1+ 2))' dx = efi"! { eth) dz (38) 
aS | = 
where kh (q) = —x + In (1 -j-z). The function e-* (1 + 2) = 


2 eae blin(h sy = eM attains its maximum at the point z = 0 at 
Which Je (z) has its only maximum. Indeed, the derivative Ji (z) — 
~ | — is positive for -1aqozrv<0O and negative for 
QO <u << -boo. AL the point of maxinim of ft (2) we have & (Gd) — © 
and hence the funetion # (z) is negative for all the values of 2 belon- 
ging to the intervals -~ 1 oc r<ctO and Om aera yw. Therctore. 
lhe function ce? tends to zero as f — -j-oo for —1 < 2 <0 0 and 
O<g@xr< j-co. Consequently, il is advisable to try to apply Large 
lace’s method. 
Taking a suffietently small 6 > Q (6 < 1) we represent the integra! 
ith Guiestion as the sum 


| x —§ 5 i 
| eth(x) dz nar | eldx) dx + | ef(x) dx + ( othtx) da (3%) 
“4 —1 -6 é 


To estimate each integral on the right hand side of equality (39) 
Wwe investigate h(x) on the intervals —{ << 27 < —6, —6 <2r<5h 
and § <2 2 <Q +00. Expanding In (1 -+ z) into Taylor’ Ss series in 
the inter val —Sd SZz<d we obtain 


DE) SS Ste aye ee 
r | 27 rr2 Oy 
ait ui Neale me Gusee Water ect 


* Stirling. James (1692-47700 an Prelit: ciaabiwonabician. 
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The series in the square brackets satisfies the conditions of Leibniz’ 
test because |z| < = <i 1. Therefore if we diseard all the terms 


beginning with — — this results in an error whose ~~ does 
2x? " , eZ . x | 
not exceed TF - For sufficiently small 6 > O we have a See 


for all x belonging to the interval —56 C2 < 6. icceuianaiee: we 
can wrile 


x* 4x a _ ag : : : 
=| —!-45|<hiy<[ —-14-36] for —6<2<6, Zbc!t 


(40) 


The funetion ft (z) increases on the interval —1 <a 2< —6 and 
assumes its greatest value 2 (—d) <0 0 at the point z= —é. On 
the interval 6 Qaz< -i-co the function # (x) decreases and its 
greatest value Rk (5) << 0 is allained at the point z ~ 6. Thus, 


h(x) ch (-—8) <0 for -1<a 7<6 (41) 
and 
kh(z)<h(d)<0 for 85 24< -j-c (42) 


Now let us estimate the integrals on the right-hand side of (39). 
By inequality (41), we have 


—§ ~§ 
etter dice | et-9 dz = et-9) (1 — 8) = O(et-9) +0 (43) 
my —{ 


for é— -: co. Furthermore, for 6 < 27 < +00 and (>1 we have. 
by (42). the inequalities th (7) < th (8) and th (x) <l hh (x). Adding 
them up we get the relation 


th (1) << [th (O)-{-A(z)| for ¢>>0 and &<¢2r<Z j-co = (44) 
Therefore 
LP Hed ens) Pacey) 
\ erm dr< \ e> dz = 
é 6 
2 h(6) to A(x) x th) 
set [2 dx =O(c? +0 (45) 
5 


for t+ 0c. Finally, by inequality (40), we can write 
, apes . a ot (e's 
| os | Plax < | emer dx< | eo. Boa tee | dy (AG) 


—6 —6 -v 
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On the basis of estimates (44) and (45) we obtain the relation 
6 c= A +30 x2 4 
-t— 11+-6 W —({—[1+=+6 = 
=6 = 
for £++co where a(6) is a positive constant dependent on 
and independent of 4. Now let us evaluate the integral 


ee x? , 
ofa [235] 


: dx 
2 
Performing the change of variable E=x|5 (1 + 46) I” we obtair 
‘a ey i256 : a. 4 -5 

EUS de = (2a)? 2 (14 $8) * (48 

lromn (44) and (48) it follows, for £--- oo, that 

x2 4 1 1 es 

\ a z ['+35] dz =(2n)2t 2 (1 +76) 21. O (e-at6t) (49) 


5 
It is obvious that 


tel 


1 
4 =5 4 5 
(1+--5) Z==1—e,(6) and (1-78) Fat + #2 (A) 
where e, (5) and e5 (8) are posilive and tend to zero for 6 -» OV. 
If 6 > O is xed we have, fur sufficiently large ¢ > 0, the inequality 
i 
| O(e- 4) — min (€,(S), #2 (5)) (22)* t 


since the quantity —qa@ (8) is negative. Therefore from (46) and (49) 
we deduce the relation 


od 


{ { & t 1 
(Qn)? 7 11—2e, (6)) < \ ets) dr << (2n)?t 711+ 2e,(8)| (50) 
-—§ 


for sufliciently large {>> 0. Taking into account relations (43) 
and (45) and the facet that the inequalities 
eae 
| O (et-9)) | << (2n)"t * min (2, (5), &2 (0)) 


and 
if 


| O (eM) =x (22)° i ° min (¢, (6), #5 (5)) 
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hold for suflicientiy large ¢ > 0 we arrive at the inequality 
{ 
(2n)* t 


=> _ 
(1 — Be, (6)) << | et dr < (2n)"1 
a 


tol —_ 
tole 


(1 4- 3e.(6)) (51) 


which holds for all sufliciently large t > 0. Consequently, since 
e, (S) and es (6) are arbitrarily small if & is sufficiently sinall we 
can write, taking into account the definition of the symbol o (1), 
the relation 


Ve Lee 
eM) dy as (2n)*t 741-! e(1)| for t+ + 00 (52) 
| 
substituting (02) iuto (38) we finally obtain the sought-for asymp- 
folic representation of [ (¢-- 1) for ¢— +00: 


-_ . 
P(t 1) e742 (2a) [1- o()], to !-00 (53) 
Putling ¢ = rn where ris a posilive integer we derive frum relation 
(53) Stirling’s formula 
4 | 
n+ Dy is 
mise "n =(2n)°[1-+0(1)) for rn—-p- co (4) 


which is widely used ino mathematics and its apphications. 
The Laplace method makes it) possible to obtain asymptotic 
expansions of a more general type. It can also be applied to multiple 
integrals (see [3)). Laplace’s method is also generalized (yu the case 
of integrals of functions of a complex variable. This generalization 
is known as the saddle-point methed which, like Laplace’s method, 
is used in various divisions of mathematics and mathematical phy- 
sies. Gu the saddle-point method we refer the reader to 13) and [121 


SUPPLEMENT 2 


On Universal Digital Computers 


This supplement provides an introduction to modern digital 
computers. their operation and use. It cannot be regarded as a 
systematic account of the computer theory and programming me- 
thods, and for greater detail we refer the reader to special books. 


§ 1. COMPUTERS 


1. Introduction. Many problems of modern science and cnginecring 
require extensive calculations to obtain resulfs of practical tiuipor- 
tance. The amount of work may be so large that the calculations 
eilher cannot be earried out manually or take so much time that 
the result becomes useless. For example, it makes no sense lo fore- 
cast the next day's weather by applying a method that takes a month 
of computational work. 

The number of problems requiring large-scale calculations as well 
as prompt answers has recently increased in the light of such tech- 
nical needs as automatiou of imandfacluring processes. 

sone technical devices which Jacilitate computations were mven- 
ted Jong ago but the last two decades are connected with a radical 
turn in this field owing to the appearance of high speed computing 
machines based on electronics. 

The new technique has achieved a marvellous success in a short 
time. Modern computers can do hundreds of thousands of arithme- 
tical operations per second. This makes it possible to succeed in 
solving such problems that could not even be stated before. 

Computers net only inereased the range of mathematical appli- 
calions but also influenced the development of mathematics itself. 
[no mathematical logic and numerical analysis there have arisen 
new problems and new trends. The computer theory and programming 
(see § 3) are very important liclds of modern mathematics. 

Nowadays computers are used alinost everywhere. Therefore 
spectalists im various branches of science, physicists in particular, 
should be tamiliar with the mode of operation vf these machines. 
with their propertics and capabilities. 


2. Basie Types of Computer. Computing machines are divided 
into two basic classes: machines of discrete aperation referrarf ta 
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as digital and machines of continuous operation called analogue. 
A digital computer operates with numbers represented in a positio- 
nal number system. An analogue computer represents variables by 
means of some physical processes and quantities (such as electric 
currents, voltages, mechanical displacements and so on) that may 
vary continuously. In analogue computers only the final results 
take the digital form. Analogue computers are widely applied 
(mostly when high accuracy is not required) bul in modern compu- 
lavional mathematics they are of Iess importance than digital 
machines. 

In what follows we shall deal with digital computers to which 
the general term “computer” will be applied. 

There are two types of digital computers: special purpose and 
general purpose. Special purpose computers are designed to solve 
a specihe class of problems. -A computer is said to be general purpose 
or universal when it can be nsed to solve a wide variety of problems, 
arithmetical as well as Jogical (for instance, the trunslation of 
languages). It is the universal computers that we are going to con- 
sider here. 

Versatility is a great advantage of universal computers. llowever, 
it should be noted that the computer itself can only perform a res- 
tricted number of elementary operations (see § 2), and therefore 
to solve a problem on a computer we must reduce it to a sequence 
of clemcntary steps, thal is a rouline corresponding to the problem 
must be prepared for the machine. The process of preparing a rouline 
(programming) onmay be rather complicated. Some general notions 
related to programming and examples of elementary routines are 
given in § 3 of this supplement. 


3. Principal Components of a Computer and Their Functions. As 
has Leen mentioned, every computer can perform some elementary 
operalions, arithmetical and logical. Furthermore, facilities must 
be provided for performing some additional operations, namely 
for entering initial data and instructions into the machine, storing 
this information and intermediate results and withdrawing final 
results from the computer. Accordingly, every universal digital 
computer includes, irrespective of ils construction, the following 
functional units: 


1. frput vil. 

2. Storage unit (memory). 
3. «lrithimetic unit. 

4. Control unit. 

oo. Oulput teres. 


A block diagram of a typical computing machine system is shown 
below. 
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Arithmelic 


Contre] 


Direction of information flow is shown by continuous arraws ant 
that of control signals by dotted ones. 
Let ous briefly consider the function of each unit. 


i. Input is a device used for transferring initial data and instruc. 
tions into a computer. Information must be prepared in a forn 
intelligible to the machine. In general, it processes some physica 
medium such as magnetic tape, punch tape and punch cards. 

On a magnetic tape data are stored as small magnetized spot: 
arranged in column form across the width of the tape. 

On a punch tape and punch cards storage is in the form of hole: 
punched at definite places. A punch card is shown below. Sucl 
cards are widely used. 


| | is onl ot | ie 
b= 68 | BS 6G ORD a if 
s27 # 6 & 4) ‘o ta “A St sa” oh Mw Sf Sk OM Me bf ee at ay |e OM 7 ce 8h Gl ot he skh) 
Ce Rae a SP wLIEGISGgeoeFACAdCK CEPA KHGOCHAIIOANAIICIIIIF AIL: eco 2  COEL ST 
Pa ee ere Dee SD OO ee 
Mera a rd Cae auras ane Sie ek sa ec ae - §8 Wa “22 
SITZIIIVIBVIIIT SIL PIR 2333337797399" TUATUTITAUV EB: ds Se eae te i ee 7 5 


RU REEEOECOCESCOOCES POUCRV EROS! FOP EOES TE) | Pees Cees | CREEPERS. PEERESSECRREES FOPee 


Pile a Be ee Di Deh 0 i cae a Re, in Doe cod daw epg Wn Saree Oe Oe OC ge ae Se Ue ee ee er 


GRESSEDL SCE SECEREDISEESELEEBEESEECGSOSESEHS EES EHSTTESH6GKGES FF OGEE i bE Moor arneSEOaH AS 
ieee eee eee eee ee eee ee eRe re eee eee eee eee eee ee ee eee 


Ce ee nee eee 
'y 4 § 20999 4s UW os eo? od ME Tk BPMN TB MO A aH BT YW ww SH w FA a be ee A KM OF Ot mM 
ee SaSRTSGSSOAETIIOGS SSDESIVSS$S93999999999999999999999991999999%399939399599999 


° —- - wee 


2. Storase (memory) is the section in which instructions, initia 
data and intermediate results are stored and from which they car 
be taken. A storage is a set of locations, cells, each of which is iden- 
tified by a number. Bach location is of a fixed digit capacity anc 
can be used for storing numbers as well as instructions. As is seer 
from the block diagram. the storage unit is directly connected witt 
the other units. From the input device it accepts the initial date 
and the set of instructions (the program) corresponding to the pro. 
blem which is to be solved. The storage sends numbers to the arith. 
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metic unit where arithmetical operations are carried out. The results 
come back to the storage. 

Complicated) problems require storage devices of great capacity. 
At the same time it is important that the stored data could be rapidly 
react out. To satisfy both conditions storage devices are usually 
made of two blocks: internal and external memory. An externa) 
(audtiliary) storage holds much larger amount of information than 
the main, internal, storage but its access time is greater. The external 
storage is not connected directly to the arithmetic umil; if neeessar¢ 
it feeds information to the internal s{orage and only then this infor- 
Ination can be processed by the arithmetic unit. 


3. Arithmetic unit is a part of a computer in which arithmetic 
operations are performed. The set of these operations will he spe- 
cified below. 


Control is the section which interprets the instructions involved 
in a routine (i.e. converts them into pulses) and theu sends appro- 
priate signals to other machine blocks. The control unit determines, 
in aceordance with a given routine, the operation of all other parts 
of the computer. 

Since no human operator can achieve the speed at which a com- 
puter works a control unit must be automatic; this is one of the 
tInain principles of conmputer organization. 

». Oulfput unit is meant for accepting, in a suitable form. the 
<Olution of a problem und some intermediate results that are ol 
interest. A few output deviees are card punches, paper tape punches, 
priuters amd miaageelic tape uiils. 

A, Number Systems Used in Computers. When we operate on 
numbers (na matler whether we utilize a computer or not) we Juve 
{o represent them in a certain system of notation, i.e. in a number 
system. The system practised on the greatest scale nowadays is the 
decimal system ino which any numerical quantity is) represented 
as a sequence of coefficients in the successive powers of ten. For 
example, the decimal expression 25485 denotes the number 


10% -}- 5-402 -+- 4-40" + 8-100 


The decimal number system uses the digits O, 1, 2, 3, 4, 5, 6, 
5S, and 9: operations on numbers comply with the well known rules. 

Any other positive integer except unity may also he used as 
a base of a number svstem.* Logically, the simplest is the binary 
system jn which every number is represented as a combination 


af powers of two. For example, 13 <= 1-2? j- 1-2? 1 Q-2! + 1-20 


* Indeed, there were nations that used non-decimal number systems. From 
the mathematical point of view the decimal system has no special advantages. 
und its general use stems from the fact thal man has ten fingers. 
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and lence the decimal number “thirteen” is represented as the binary 
number 1101. This notalion uses only two digits O and t, the number 
two being the unity of the next (to the Ieft) position. 

The reader might well ask at this point which system of notation 
is the best suited for electronic computers. Nolte that if we use a num- 
ber system with base p the corresponding digits can have one of the 
values O, 1. 2. .... p — 1 (for instance, the decimnial system uses 
1U digits. the binary system uses 2 digits etc.). In order to be able 
lo fix p different digits a machine must involve some devices that 
have p stable states. each representing finite digit. The speed 
with which a modern cumputer works (as a rule, hundreds of thou- 
sands of operations a second) makes it impossible to use anv meclia- 
nical device for fixing nuinbers. On the other hand such speed can 
he easily achieved by electronic circuits which are practically 
inerlialess. Most electronic elements (valves, transistors etc.) are 
bi-slable. For instance, a valve assumes either of two stable states: 
“on” (the current tlows through it) and “olf” (the current does not 
flow through it}. Owing to these features of electronic devices, the 
binary number system proves to be the most applicable for modern 
calculating equipment. 

The binary system lias also the advantage of simpler arillimetic. 
For example. the “multiplication table’, tn the binary notation, 
consists of the following four itents: 


0-0 — N), Q-1 — U, 
|) == 0, 1-1 — 1 


The binary system has some disadvantage because it requires 
converting initial dala written to the base ten to the equivalent 
numbers writter to the base two and converting computed results 
back to the deciinal form. This operation is however not complicated 
and may easily be automatized. 

Besides the binary system, computers also use the octal system 
(based on a radix of cight) and the binary coded decimal notation 
(binary-decimal system). In the latter a number is first wrilten 
in the decimal notation and then each decimal digit is represented 
by the corresponding binary number. Fer instance, the number 


D900 
is represented in the binary-decimal notation as 
QO104, OOM, 1006, 0110 


It is clear that each decimal digit (i.e. the digits O, 4. 2, .... 9) 
can he represented by a four-digit binary tumber. 

There are computers with elements having three stable states (for 
example, the current flows through an clement, the current flows 
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in the opposite direction and the current does not flow). Arithmetic 
in these machines is based on the ternary number system. 


oO. Representing Numbers Within a Computer, Any computer ope- 
rates with quantities having a definite (for each machine) number of 
digits. lf a number is shorler than the location in a given machine, 
zeros are put to the left of signihcant digits. If a number is longer 
tt must be rounded off by deleting less signilicant digits. The number 
of binary places in each location limits the precision of representing 
the results and thus restriels the accuracy of computations. 

Since we deal with negative quantities as well as with positive 
ones. the computer must contain some means of distinguishing 
between them. A certain binary position is usually assigned for 
this purpose and the codes U and J are interpreted, respectively, as 
positive and negative signs of the quantities. 

Moreover, since we have to deal with mixed numbers the machine 
must be able to separate integral and fractional parts by a “binary 
point’. The position of the radix point may either vary in the course 
of calculation (floating-point machines) or be constant (fixed-point 
machines). In the Jatter case the integra] part of any numerica! 
quantity is expressed by a predetermined number of digits. All 
quantities occurring in a problem to be solved on a fixed-point 
computer must be converted into the desired range of magnitude 
by means of -seale-factors” specific for each problem. This makes 
fixed-point machines less convenient than floating-point ones; 
however, their logic and hardware are simpler. 


g 2. BASIG OPERATIONS EXECUTED BY A COMPOUTEN. 
INSTRUCTIONS 

1. Types of Qneration, We have already mentioned that any com- 
puter is designed to perform a certain restricted number ot basic 
vperations. Although this number can be still reduced, it would 
be inconvenient for the programmer and user. On the other hand, 
the larger the muimber of different elementary operations, the more 
complicated the construction of the machine. A compromise must 
therefore be reached between the claims of the designer and of the 
programmer; the point at which the balance is struck varies from 
one machine to another, every computer still being able to carry 
oul the following operations: 

(1) arithmetical operations; 

(2) addifional computational operations; 

(3) logicet operations; 

(4) transfer aperations (including conditional transfer of control); 

(5) iaput and output operations. 

One point must be emphasized at the oulsel. We assume all opc- 
rands to be stored in the memory locations, each location heing 
identified with an address, i.e. a certain serial uuimber. When 
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an operation on two quantities is performed the following must be 
indicated: 

(1) the addresses of the operands; 

(2) the command to be executed (addition, multiplication etc.); 

(3) the address for storing the result. 

Consequently, each instruction that causes a computer to perform 
an operalion contains three addresses of the locations involved in 
the operation and specilics the operation which is to be performed. 
li other words, such an instruction is of the form* 


Operation ist address 2ni address 3rd address 


It is important to note here that it is not the operauds but their 
addresses that are indicated in the instruction. This enables us to 
prepare a program (a sequence of instructions) without knowing 
the specific values of the quantities lo be dealt with. 

Now let ous describe the basic operations. 


2. Arithmetical Operations. Arithmetical operations are of the 
following four types: 

(1) slddition. This operation reads: “Yake the number stored in 
location a, add it to the mumber stored in location B and store the 


bf 


result in Jocation ov." Symbotically: 


Achhition 


(2) Mulliplicadion. “Multiply the number in location a@ by the 
number in location (} and store the result in location y.” Symboli- 
cally: 


———— 
Multiplication a B y 


a , - o 


(3) Subtraction: “Subtract the number in location 6 from the 
nuinber in location @ and store the result in location y.” Symbo- 
lically: 


| — = ’ 
| Subtraction 


= ——— 


* For the sake of simplicity, we consider computers referred to as three- 
address machines. There exist inachines that involve one-, two-, or four-address 
instructions but we shall not discuss them. 


$Y —US2 4 
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(4) Division: “Divide the number in location @ by the number in 
location (§ and store the result in location y.” Symbolically: 


Division 


p 


3. Additional Computational Operations. ‘The set of these operations 
may vary from one machine to another. Tlere are some examples: 

(1) Wazximum: “From two numbers stored in locations « and 
take the greater one and place it in location y”, that is 


Maximum 


(2) Afinimtemm: is delined similarly. 
(3) Afagnitude: “Take the absolute value of the number in loca- 
tion % and store it in location y”, i.e. 


Absolute value 


The latter operation (and some other) involves only two (and 
not three) addresses. 

The greater the number of various additional operations, the 
easier the process of programming. Many modern computers have 
built-in imstruclions for square rool operation. sine evaluation ani 
su oh, although these operations are in fact reduced to certain com- 
binations of a limited variety of elementary computing steps 
(see §& 3). 

4, Logieal Operations. These operations on numbers are performed 
on a divil-by-digit basis without carry. A few examples will illu- 
strate this type of operation. 

(1) Logical addition. It is an operation in which the numbers 
placed in locations « and PB are added bit-to-bit*, i.e. each digit 
ing is added to the corresponding digit in Bp according to the follow- 
ing rules: 


O--O0=0, O--1=1, 17-0=1, 141-0 


The result is placed in location y. We denote this operation syin- 
bolically as 


Bit-lo-bilt addition 


a] 


* The term fie means binary unit (of information) or binary digit. 
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(2) Comparison. This operation is concerned with the determina- 
tion of similarity or dissimilarity of the corresponding digits in 
the numbers stored in locations @ and [. lf the digits in a certain 
place in @ and fi are alike the result in this place at y is equal to 
unily. if otherwise. the result is equal to zero.* For example, the 
result of comparing the numbers 


{oOr1r1+1oti1dgdl 
11401900100 


is the number 
1001101 10 


Let us symbolically denote this operation by 


Comparison 


(3) Logical Negation. The operation is performed as follows: if 
the number stored in location @ contains zero in a certain position 
the corresponding binary place in location y contains unity and 
vice versa. Symbolically: 

ri ts 


The set of available logical operations depends upon the lype 
of a computer. 


Logical negation 


>. Input and Output Operations. These are the following opera- 
tions: input, writing (transferring a number from the internal storage 
to the external storage), reading (transferring a number in the reverse 
direction), printing and stopping. 

(1) Jrput instruction is denoted as 


Trprut n— | 


at | | 


It means: “Transfer m numbers (or instructions) from the input 
device (e.g. punch cards or punch tape) into » memory locations 
a+ti,a@-+2,...,a-i nn.” 

(2) Print. This is an instruction of the fourm 


| 


trint. a x — | | 


* Some computers use the opposite rule, i.e. O denotes the fact of ecoinci- 
dence and 1 of diserepanev. 


JY * 
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Which means “Print (in the decimal system) the numbers stored in 7 
consecutive locations beginning with location a.” 
(3) Stop. This is an instruction of the form 


which causes the computer to stop working. 

external storage deviees are used in large-scale computations 
requiring loug prowrams and large amounts of initial data. We shall 
not dwell on them here. 


G. Transfer of Control. We have pointed out that it is not the 
Operands hut their addresses that are indicated in an instruction. 
This enables us to plan the whole procedure for solving a problem 
before starting computations. However, in a computational process 
there mav occur a situation in which the further course of compu- 
tation depends upon the result we have obtained at a certain stage. 
For example, if a quadratic equation is being solved the course of 
computing depends ou the sign of its discriminant. If some alter- 
native courses of action must be taken depending on a relationship 
obtained at a certain step the so-called operations of conditional 
transfer of control (conditional juinp) are used. 

The examples helow illustrate this kind of operation. 

(1) Yransfer of contral depending on relative value of tivo numbers 
taken with their algebraic signs. This is an instruction of the form 


| 7 jump | ce | fi | k : 


| : : 1 l 


When reached in the evurse of a program it causes the computer 
to compare the numbers stored in locations @ and f. !f the fornter 
is greater than the latter the computer executes the next instruction 
in the original sequence, if otherwise it goes to the instruction 
stored in location £. 

(2) Transfer of control depending on relative magnitude of iwo 
numbers. We denote this instruction by 


{-7] Jump | h | (3 k | 


anes eee 


and understand if in the sense of the previousloperation with the 
only differenee that itis the absolute values of the numbers which 
must be compared. 
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(3) Transfer of control depending on the sign of a number (pli 
jump). 


Plus jump | 2 


This operation means: “If the number in localion @ is positi: 
execute the instruction stored in localion 4,, otherwise execute t] 
instruction stored jin location 4&2.” 

The latter instruction may be used for the operation of uncond 
tional transfer of control to location }. Fur this purpose it is sufficie: 
to form the following instruction: 


Plas juriayp : tL 
| 


This instruction transfers control to the instruction stored in loc 
lion #& irrespective of the number stored in location «. 

‘A conipuler performs any of the available operations after 
corresponding instruction has been reeeived. The instructions a 
represented by binary numbers and stored in computer's memo 
as well as initial data. The control unit interprets these instru 
tions, that is decodes them and applies the proper signals to tl 
Other parts of the machine. 


7. Realization of Operations Within a Computer. From the stan 
point of engineering every process of computing consists in co 
verling the corresponding pulses by electronic circuits. We a 
not going Lo discuss this question at length, that is to go into part 
culars Concerning Ue elements needed for performing specilie op 
rations. We shall only limit ourselves to the operation of additic 
of two positive quantities by way of illustration. 

Qperalion of addition in the binary system, as in any other pos 
tional number system, involves the bil-to-bit addition and, whe 
necessary, a carry to the next higher digit place. The bit-to-b 
addition compJies with the following rules: 


0:0 -=0: 1+-O=0--4=21 and 1-10 


plus next place unity. 

Let @ and b be the digits we have to add together when performil 
the operation of addition on a certain digit place and let ¢ be #1 
carry from the foregoing place. To pertorm the operation of add 
lion on a digit place means the following: given a, b, and ¢ whic 
may take one of the two values zero and unity. it ts required 
lined s (the digit to be wrilten into this place) and p (the carry 
the next place). The variely of all the situations that may ari 
here is) confined to the fallowing table: 
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It follows that to realize the addition on one digit place the 
machine must have a device with three values (a, 6, and c) at its 
input and two values (s and p) at its output. The operation of this 
device must be in accordance with the above table. Therefore, when 
voltages at the inputs are equal to zero the voltages at the outputs 
do not exist either; when voltage is fed to one of the inputs the 
output voltage is produced at s while that at p is equal to zero, 
and so on. 

Such a device is referred to as an adder. It can be easily realized 
as a circuit composed of electronic valves or transistors but we 
Shall not discuss this question in detail here. 


§ 3. ELEMENTS OF PROGRAMMING 


{. General Notions. A problem to be solved on a computer must 
be expressed as a sequence of clementary operations which the 
machine is able to perform. Each operation is specified by the cor- 
responding instruction, and the complete sequence of instructions 
necessary to solve the problem is referred to as the program or routine. 
Programming, that is preparing a routine, is one of the main stages 
of computing. It is clear that prior to this stage an appropriate 
mathematical method for solving the problem must be chosen and 
specific formulas for computing should he obtained. 

The form of a routine depends on the numerical method chosen 
for solving the problem (for instance, we may compute an integral 
by means of the trapezoid rule, rectangular rule or some other for- 
mula cf approximate integration) and on the type of the machine, 
i.e. on the set of operations it can perform. When the numerical 
method and the type of the machine are fixed the routine 1s not 
yel uniquely determined because there is a variety of ways for 
reducing the calculations to clementary operations. The selection 
of the most suitable routine depends, to a consicerable extent, on 
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the skill of the programmer. Here we shall not go into particulars 
and conline ourselves to some elementary examples. 


2. Formula Programming. Problems involving formulas are the 
simplest for solving on a computer. In this case programming is 
reduced to representing the formula as a sequence of elementary 
operations in a reasonable way and to placing the corresponding 
instructions and initial data into the storage. Let us consider a 
simple example. 


Ezample. Given x, it is required to evaluate the quantity y 
expressed by the formula 
_ 2z-433 
or 5z+1 


The calculations can be represented as the following sequence of 
elementary steps: 


(1) A, = 2z, (2) Az=A;+3, (3) By=oz, 


A (1) 
(4) B,2=B,+1, (9) ae 
To perform these operations on a computer we arrange initial 
data in five storage locations (e.g. locations with numbers from 
n+ 1 to n -+- 5). This can be written down as 


: Stored 
Location tore Location | eamanie 
n+1 x n-+4 5) 
n-+-2 2 nitiA 1 


n-+3 


Let us place the instructions corresponding to the above operations 


into some other five locations. We thus obtain the following sequence 
of instructions: 


ox + 1 


tocation | operation es eet ie) ee 
m -1- 1 Multiplication n+i n+2 | n+2 | 22 
mt? Addition nt.2 n-4b-3 nt2 2x+3 
n—-3 Multiplication n-- 1 n-+-4 n-+-1 52x 
mp t-4 Addition nt 4 nad att oz -t- 
a 2 
Pr +- 5 | Division nt 2 nt-1 nt2 Eat Se 
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When an intermediate result is not needed for further computations 
it may be erased so that the storage location can be used for new 
data. For instance. the execulion of the first instruction involves 
such a procedure: the product of the numbers stored in localions 
m-- 1 and n — 2 is again placed into location “ — 2. This makes 
the use of the storage more effective without overloading it( with 
unnecessary data. 

The program we have composed must be further supplemented 
with an input instruction which transfers the initial data and 
instruction codes into the storage and with the instruction for deci- 
mnad-to-binary conversion because the machine uses the binary 
System while initial data are usually written and fed to the machine 
in the decimal notation. lustruction “division” written in location 
m+ 3d must be totlowed by three more inslruclions, namely, for 
converting the result of computation to the decimal system. printing 
the answer and stopping the machine. 

The final stage of preparing a program involves replacing symbolic 
addresses by the corresponding conerete numbers. 

These numbers. the absolute addresses, are four-digit numbers 
which are written in the octal number system beginning with QOUO. 
Several initial storage locations are commonly used as standard 
operating cells (for input operations. number system conversion ctc.). 
Suppose we have a machine in which the first eleven locations are 
used for this purpose (locations with numbers from JOOT to 0013 
in the octal notation)*. Then we begin the storage allocation with 
location OUI4A and thus write down our program in the following 
fori: 


* Let the location identified by 0000 contain the muimber zero. 


Location Operation or number Pe tee | Piiree 
| , : 
0014 Input (in locations 0015 through 
OU32) UO15 VOLS 
0015 Conversion from decimal system to 
binary (locations 0026-0032) 0026 O004 (026 
0016 Multiplication VU GU27 QU27 
O017 Addition 0027 0030 0027 
0020 Multiplication OU26 UU31 QU26 
0021 Addition O26 OU32 (O20 
0022 Division 0027 (10285 RA; 
0023 Conversion froin binary system to 
decimal J027 (O27 
, 0024 Print UU2% 
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Continued 
' . tst 2nd sed 
Location Operation or nutnber address address address 


0025 Stop 
ON26 
U027 
0030 
UO3 t 
0032 
003:3 


mm SIce to 8 


3. Cyclic Processes. It is clear that in such a simple case as wi 
have jist considered there is no practical sense in using a computer 
This elementary example has been taken with the only purpos 
to demonstrate how some familiar expressions are translated to th 
language intelligihle to the! machine. The application of a digita 
computer is effective only when the number of operations that the 
machine carries out is much greater than the number of instruction: 
we must feed into its memory. Au instruction can be reused many 
times when a repetitious series of the same operations Is presen 
in a problem. In such cases routines are said to contain loops. Tlu 
action of performing each operation in one traversal of a loop i: 
called a loop cycle. We now consider two elementary examples o 
cyclic programs. 

(1) Computation of the Square Root. Suppose it. is necessary 
approximate the square root of @. a positive number, to a giver 
accuracy. For solving this problem we may take advantage of the 
following fact (e.g. see IS], Chapter o). The sequence 


1 f_ Qa 1  , a 
Iy~ G@, Mm—-> xot—}, L9= > n+). ae 


converges to Va for every positive numbor a. Calculating the succes- 
sive approximations 2,, 22, ... and so on we may continue the 
process until a sufficiently accurate value is obtained. Fer testing 
the accuracy of an approximation we can compare 2, With 2,213 
when the difference is less than the preassigned value we stop the 
iterative process. 

Now we seo that to compule VY @ we must place into three storage 
locations the three numbers: @ — 2, (assumed to be an initial appro- 


; ‘ 1 ; 
ximation), # (assessing the degree of accuracy) and =. The further 


computation of Va is nerformradl acearding ta the following raytine: 
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ee 


ist 2nd grd Description of operations and 


roca- 
addressiaddressladd ress their resudts 


Gion | Operativn or number 


en 


Qui4 | Input 0016 | OO15 Inputting numbers and_ ips- 
truction codes 
Wt | Dectmal-to-binary] O30 | VOV3 | 0U30 | Converting input data to bi- 


COnVErsION nary System 
QU16, Bil-to-bit ad- | UU31 0027 | Sending z, from location 
dition 0031 (where z, remains 
to be stored) to location 
UO27 
0017 | Division 0030 | 0027 | 0031 = 
n 
0020] Addition 00314 | 0027 | Ou31 rn t+— 
r 
ov2t| Multiplication — | 0031 | 0033 | 0031 eee (n+) 
= fi 
YVU2Z2Z | Subtraction 0031 7 0027 | 0037 faai—in 
023] | -c] jump OU32 | VO27 | 0016 | Checking whether the given 


accuracy is achieved by 
comparing |2%p_;—Zn] 

with e and completing the 
cycle if the accuracy is 


attained 
0024) Binary-lo-deci- VUSI 0031 | Converting the result to deci- 
mit] convecsion mal system 
| Pract (0073 Printing the result 
OU26 | Stop 
0027 Operating cell 
0031 To 
QO32 tt 
QU33 _ 
0034 : 


= —— tS -: oe eee a 


(2) Tabulating Functions. Another typical example of a cyclic 
process is evaluating elementary functions for different values of 
their arguments, i.e. compiling tables. 

For example, let us consider the function sin z. From Taylor's 
formilla it follows that 


ent! 


Pa ee oa 1)” : J R 3 
SU = Xap ~..+(—1) Vn bay | tae (3) 
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where the remainder AR, 4, satisfies the inequality 
peut3 


| Ran l<aaargr 


Denoting the Ath term of the sum on the right-hand side of (3) by 


uw“, and setting s, = Uy + Ug -... 7 uu, We get 
Ung = ge . Where ax = 2k (2k -'- 1) (4) 
and 
Spaqg = Sm tuna, (AK = 1, 2, ...-), 8) = 2 (3) 
Finally, it is readily seen that 
Qne1 = 0, +8, +6, a = 6 (K=1,2,..,) (6) 


We thus arrive at the following computational procedure: we choose 
a rough approximation s; = z for sin xz and compute the successive 
approximations s, (k = 141, 2, ...) by using formulas (5). 

At each step, after the Ath approximation s, has been computed, 
we first find @a4, (by (6)), then yg, (by (4)) and finally s,4,. If 
U,+2; appears to he less than the preassigned number & the machine 
regards s, as the sought-for value of sin z and proceeds to compute 
sin x for another xz. This computational scheme may he realized 
by means of the following program: 


iget'| overstton ur numer |auStSefadiciiias] MARY RetE eueo™ 

O0OIM | Input O043 | OALS [nputting numbers and 
instruction codes 

O01 Decimal-lo-binary con- | 0044 | 0010 | 0044 Converting input data 

version to binary system 

OUIG | Bit-to bit addition Q050 (062 | Transferring x to the 
standard location 
for Up 

OO17} Bit-lo-bit addition 0062 0063 | Transferring u, to the 
standard location 
for s 

OONZ0] MulQplication WOG62 | OUb2 | 0064 x2 

0021] Subtraction 0064 | 0004 poet 

0O22 | Multiplication 0045 | GOGO | 0065 8 ik —1) 

OO2S} Addition O0VGS | 0046 | GUSS Sk. ly--6 

0024] Addition 0007 | ONGS | 0057 ap 

QUZo | Addition OUGQ | VUS4 | BAGO ie 

QU26' Diviston 0062 | ONS7 | OOHRS lip 
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Continued 


HARB 


pase Operation or number address jdaress see pena ele Seale 

0027] Miltiplicalion 0065 | 0064 | 0062 aig? ee yas 

ONRGT Addition QOG3 | OUG2 | OUB3 Sk] Skh—URey 

OUST] |<] jump W047 | 0062 | 0022 | Completing computa- 
tion of sin +r; 

Q032 | Bit-to-bit addition V0G3 0050 | Transfer: sin xj — 4; 

OU33 | Bit-to-bit addition 0960 | Transfer: O—k 

W034 | Bit-to-bit addition 0057 | Transfer: 0+ ay 

uso | Address modification YUIG | 0056 | GOOLG | Modifying the ist ad- 
dress of the instru- 
ction in Jocation 
NOG 

MuU361 Address modification (W32 | (Ooo | 0032 | \edifying the 3rd ad- 
dress of the instru- 
ction in location 
0032: i—i+1 

(037 | Addition O0OG4 | 0044 | 0061 

OU40] Transfer of control ONG1 | 0054 | COIG Completing tabulation 

O04} Binary-to-decimal con- | YoQsu } W003 | VO50 

Versiol 

0042] Print QOU5U | 0003 

0043] Stop 

0044 1 

OUAS 8 

U04U ( 

NO4AT e. 

0050 Xy 

O05 1 Xo 

QU52 x4 

0053 a4 

(1054 4 

0055] 1 in the 3rd address 

OU56) 41 in the ist address 

0057 0 (ap) 

OUEO 0 (k) | 

0061 | Operating cel! for i 

UU62 | Standard location for u,;, 

0063} Standard location for s 

0064 [Standard location for —xz? | 

| 


oe 
CN ene 
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Similar routines can be written for evaluating the other elemen- 
tary functions (cos z, e*, Inz etc.). 


4. Flow-chart. Subroutines. When preparing a program for solving 
a complex problem it is helpful to represent it as a sequence of 
blocks corresponding to individual problems, that is to draw a 
flow-chart. This makes programming easier; moreover, one and 
the same block may be involved in different routines as a subroutine. 
Let us consider an elementary example. Suppose we have to compute 
an approximate value of an integral 


b 
J=\f(x)dz (7) 


by using the rectangular formula (e.g. sce [8], Chapter 12). It is 
natural to break down the computation into two steps (two blocks): 
(1) Computing the values of the function f (xz) for the points x; 
involved in the rectangalar formula. 
(2) Computing the sum 
3t 
So s Sf (zi) (S) 


nr 


i== | 


which approximates integral (7). The routine for computing f (z;) 
depends upon the form of f (x), while that for evaluating sum (8) 
is irrelevant of the choice of f (2). 

The absolute error of the result. (i-e. Lhe absolute value of the 
difference J — S$) depends on two factors: the accuracy of the rec- 
tangular formula* and the accuracy with which the values of f 
at the points 2; ure determined. 

5. Instruction Codes. Operations on Instructions. In writing the 
above programs we referred to machine operations by symbolic 
Names such as “addilion”’, “multiplication” ete. These symbols, 
however, must be replaced hy the corresponding binary numbers 
to be entered into the machine, i.e. by instruction codes. These 
binary numbers are fed to the memory locations in the same way 
as data. that is in the form of a sequence of the symbols 0 and 1. 
Each location has several predetermined binary places for storing 
them. 

Let us consider an imaginary three-address computer. Suppose 
its locations are of 42-digit capacity, a 6-digit number being used 
for the operation code and three 12-digit numbers representing the 


(oar 


addresses. Then the instruction “add the numbers in locations 7 


* For estimation of errors of various formulas for approximate integration 
see (Sj. Chapter 2, § 2. 
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and 12 together and store the result in location 13” is represented 
in the code of our machine as 


‘st address Zad advress Srif Gduress eee 


where QOOOQ! is assumed to designate the operation of addition. 
The fact that instructions and numerical data, when put into the 
machine, are Of similar form presents no difficulltios. Moreover, 
this enables us to treat instructions as ordinary mumbers. e.g. to 
add* one instruction to another, which turns out to simplify pro- 
gramnung. To illustrate this lel us consider a simple example. Sup- 
pose we have to determine the sum of a thousand numbers. We 
may of course place them in the storage, e.g. in the locations with 
numbers from 7 + 1 to 2 4+ 41000, and then compile the following 
program: 

Ist instruction: 


Addition n-—-1 nt. 2 


2nd instruction: 


Addition 


QOQ¢e instruction: 


Addition | n+ 999 | n-4 1000] 2-t [U00 


But we can solve this problem more economically: we again 
place the numbers in locations n 4-1 through r + 1000 and then 
write (e.g. in location m +- 1001) the following “instruction”: 

Tae | 0001 


UsMnt | 


Now let an instruelion of. the form 


Aiton | | | wt? 7-2 | 


—! 


* Tt should be noted that Operations on instructions invelve special types 
of addition. namely, operation code addition, address-to-address addition and 
bit-to- bit addition. 
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be stored in location m -- 1. This instruction results in adding 
together the hirst two numbers. In the next location m + 2 we 
place the following instruction: 


Address-to-address addition m—1 


n+ 1001 G -- 


ln location m + 3 we put the inslruction of transferring control 
to location wm 4- 1 which will at this stage contain an instruction 
of the form: 


Addition | oa«- 


The latter instruction causes the machine to add the third number 
to the sum of the first two. It is clear that this loop of three instruc- 
tions will provide adding together all the numbers stored in locations 
n+ 1 through x» -}- 10UQ. It remains to provide the corresponding 
instructions for printing the answer and stopping the machine when 
the work is completed. 

Thus, the use of operation of addition of instructions has made 
it possible to perform address modification and thus replace a long 
chain of similar instructions by a small number of operattons. 


6. Automatic Programming. Modern computer techniques include 
libraries of subroutines and other programming facilities but never- 
theless the procedure of programming takes much time and eHort. 
The stage of programming mav require much more time than that 
Of machine operation. This primarily applies to modern large high 
speed computers, and particular attention is therefore attached Lo 
various melhuds of aulomatic programming. 

Ilere we camnol go into particulars concerning these methods. 
Their basic idea is to use the computer for translating a routine 
wrillen in a symbolic language into a machine language. Ja other 
words, a mathematician describes the procedure for solving a pro- 
blem in a special language using words and symbols taken from a 
fixed set of terms (vocabulary). Each character in this text when 
transferred into a machine is represented by a definite combination 
of zeros and ones. A special routine called the translator is then 
used to translate this program into a machine language program 
that can be run on a computer. It is necessary that the procedure 
be described in accordance with some formal rules of syntax by 
means of a clear-cut set of available words. There exist several con- 
ventional languages designed for automatic programming. The 
most widely used languages are ALGOL and FORTRAN*. Each 


* Abbreviations fur “Algorithmic Language” and “Formula Translating’. 
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language can be used independently of the computer at hand while 
the choice of the translator is governed by the choice, of a language 
and the type of a machine (but not by the problem to be solved). 

The use of algovithmic languages and translators reduces tedious 
and labour-consuming work of a programmer. 


§ 4. ORGANIZATION OF COMPUTER WORK 


1. Conditions for Effective Use of a Computer. As has been said, 
the solution of a problem on a computer requires an adequate routine, 
i.e. a sequence of coded instructions causing the computer lo perform 
the clementary operations which the problem is reduced to. If 
the number of individual instructions in a routine were equal to 
the number of operations necessary lo solve the problem, the use 
of computers would not be effective since the process of prograinming 
would take almost as much time as performing all the calculations 
manually. However, every complicated problem which is to be 
solved on a computer contains specific groups of operations that 
must be repeatedfover and over again. This was shown in the instance 
Of the routineffor computing the square root; to a greater extent 
this is associated with more complex problems. The number of 
instructions in a reasonable routine is therefore much less than the 
number vf operations it eauses the computer to perform. The use 
of a computer is particularly effective in the problems where different 
sets of initial data must be processed in one and the same manner. 
On the other hand, there exist problems in which the application 
of a computer 1s useless heeanse they require a long and tedious 
process of programming while the amount of calculations is compa- 
ratively small. 

The question whether the cotnpuler methods are suited for a par- 
ticular problein is of primary importance for elfective use of com- 
puters, 

2. Basic Stages of Solving a Problem on a Computer. Once the 
decision to compute has been made, the problem moves through thie 
following stages: 

(1) Problem Formulation. to the first place any problem to be 
solved on a compuler must be stated precisely in the mathematical 
form. In other words, the problem that has arisen in physics, engi- 
neering or elsewhere must be described as that of solving equations, 
evaluating integrals and so on. lt should be stressed that this stage 
is miiniy based on collaboration of physicists or engineers setting 
the problem and specialists in computational mathematics and is 
therefore connected with cousiderable difficulties. To overcome them 
successfully it is necessary that the mathematicians he familiar 
with the nature of the problem they deal with. On the other hand, 
the engineers and physicists must have a clear idea about compu- 
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lational methods and the advantages they put at his dispo- 
Sal. 

(2) Problem Analysis (Selection of an Adgorithm). Computer cannot 
deal with such terms as the solution of an equation. integral, func- 
lion ete. in which we commouly state a problem. Hence, before 
translating the problem into a language acceptable to the machine. 
a Suitable numerical method must be selected for such operations 
as evaluation of derivatives and integrals, solution of equations, 
cle. For example. derivatives are replaced by the corresponding 
divided tinite differences. integrals are evaluated by means of some 
approximate formulas (such as the trapezoid rite or Simpson's rute) 
and soon. Phus. the prohlem is reduced to a fintte sequence of arith- 
metical operations. [t is clear that one and the same problem can 
be solved by using different numerical methods. Computer efficiency 
essentially depends upon the proper choice between alternative 
mnnelhods of computation. 

(3) Programming. This stage comes when the problein analysis 
has been accomplished. i.e. when a suitable algorithm consisting 
of a sequence of elementary operations has been chosen for eaeh 
step. The routine, however. may be written in a variety of ways. 
The choice of the most adequate program. of the best way of using 
the storage and other machine’s facilities requires professional skill 
of (he programmer, his experience and familiarity with the type 
of the machine. 

(4) Mechine Run, When a program has been completed the process 
of computations reduces to a standard machine operation. The person 
who dmanipolates the coutrols of a computer (operator) may be 
nnfamiliar with the particulars of the problem he deals with. 

3. Checking Computer Operation. Error Detection. Mass-scale cal- 
culation. om a computer involves millions of elementary operations. 
ft is therefore a complicated problem lo prevent computer errors, 
Wrong results may be obtained for varians reasons. To begin with, 
the program itself may have errors. A single mistake in a rontine 
may result in the faifure of the whole computation process. Henee. 
auy mistakes in a computer program must be loeated and corrected 
before starting computations. This is the so-called checkout process. 
Sometimes if is helpful to perform a step of caleulation manually 
and then compare the resull with the machine result at the same 
step. There exist some other systentatical methods of checking pro- 
grams which however we shall net discuss bere. 

Auother thing we mast make sure alis the proper lurdware ope- 
ration. Thais is usually checked by pultiog through a munmber of test 
routines. Some of these are specially desiaued to test all the tain 
units and functions of the computer. Bat it should be taken into 
accoumt Chat a failure of equipment may oerur in the process of cal- 
culation. Such faults are deflected and etitinatod ja the lolfaywing 
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manner: the machine is made to store an intermediate result and 
to repeat computation once again. If the two results coincide the 
machine proceeds to the next step. 

Finally, it may be a rounding error that involves wrong results. 
The finite capacity of storage locations puts a limit to the precision 
of computations since all the quantities must be rounded off by 
deleting less significant digits. These deviations from the theoretical- 
ly correct values inay occur in the course of a long computation and 
vield an incorrect result without any fault in the routine or hard- 
ware. 

There exist different methods for increasing the accuracy with 
which the computed results are obtained. For instance. we may 
write numbers having twice as many digits as are normally handled 
in a given computer by using two locations instead of one for each 
number (the so-called double-precision method). 
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convergence of 449 
properties of 441 ff 
lests for 4“%3dif 
multiple 468ff 
proper 426i 
double 2uU, 30 
estimation of the modulus of 40, 
470 
Muler-Poisson 396, 425, 450 
Muler’s 106 
improper 383, 401 
absolutely convergent 390. 30F, 
417 
criterion for conver- 
gence of 389, 402 
comparison tests for convergence 
of 392, 393, 395, 36, 
402M. 419%1 
conditionally convergent 392, 397 
Abel’s test for convergence of 
397 
convergent 384f, 412, 424 
divergent 384. 412. 424 
Canchy’s principal value of 
A08, 413 
methods of evaluation of 3991 
multinie 10a 


Cauchiv's 
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Integral(s), iruproper 
of nonnegative function 41 4ff 
of unbounded function 400tf 
over unbounded domain 424f 
with infinite limits of integra- 
tion 383ff 
iterated (repeated) 34. $9 
linearity of 40 
monatonicity of 40 
niultiple, of higher order 103ff 
of a vector function 112 
over a fuid volume. time-derivati- 
ve of 279ff 
triple 82 
sum 30, 81, 166. 199 
limit of 30. 82, 166 
surface 199ff 
Integrand 30 
lntensity of illumination St 
Interchanging indices in a tensor 302 
Intertor of a set 21 
Internal memory of a computer 606 
Intersection of sets (or product or 
meet) 22 
[Interval of converzence of a power 
series 343 
Intrinsic 
(absolute) properties of a surface 161 
geometry of a surface 161 
(natural) equations of a curve 124 
Invariance 
of area 24 
of valume 80 
Invariant form(s) 
bilinear 292 
symmetric 2423 
conoection with tensors of 291 ff 
linear 292 
multilinear 295 
quadratic 293 
Invariants of a surface 159f 
Inverse (Fourier) transform 546 
Inverse mapping 62 
Isobar 232 
Isometric 
(length preserving) 
surfaces 160 
{sotherm 232 


Jacobian 62, 94. 191, 102 
geometric meaning of 73. 104 
Jordan content 24. 80 


mapping 161 


Kronecker delta 28% 
Krylov s method 517f 


Lagrange's form of lhe cemainder for 
Tavior's theorem 356 


Lagrange’s thearem on finite incre. 
ments Lit, 194 


Laguerre’s polynomials 564 
Lame’s coefficients (scale factors) 269/T 
Laplace's 

equation 26. 

method s98ff 
Laplacian operator 262 

expression in general curvilinear 


courdinates of 274 
Lebesgue’s measure 29 
Legendre’s polynomials 502, 556 
orthogonality of 502. 556 
Leibniz rule for differentiating an in- 
tegral dependent on a para- 
meter with respect to the 
parameter 429 
Level line 232 
Level surface 23! 
Limit 
of a vector function 107 
of integral sums 30, 82 
point 21 
Superior 346 
Linear operator 288 
Linearity of the integral 40, 83, 169 
Line integral 165 
of the first type 165f, 172f 
applications of 170ff 
independence of the orientation of 
the path of integration of 
170 
properties of f69f 
reduction to the definite integral 
of {67f, !72f 
of the second type 165, 173f, 180-183 
dependence on the orientation 
of the path of 180 
evaluation of 177, 183 
in a multiply connected domain 
195ff 
reduction to the line integral of 
the first type of 175ff, 182 
Lobachevskian geometry 104 
Logical 
addition 610 
negation 611 
Lowering indices in a tensor 316 
Luminous flux 51 


Mapping 62, 94 
inverse 62 
isometric (leneth preserving) 164 
linear 68 
of a plane figure 62 


of a space figure Y4 
ann_tn.ane &) Qs 
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Material surface 205 
centre of gravity of 205 
mass of 205 
moment of inertia of 2d5 
Matrix 
orthogonal 285 
inverse of 256 
transformation. from one basis to 
another 285 
transpuse of 286 
\iass 
of a material Line t7at 
of a material surface ZO) 
of a plate 438f 
of ai solid SA 
Mass distribution 43, S5 
density ata puint of 43, 85 
moan density af 43 
Maximum deviation of functions 321, 
370 
Afean 
curvitture of a surface 157. 162 
square deviatien of Junchions 366 
value Cheorem 40, S3F, 170 
Measure 29 
Metric 
eoelticieuts 13s 
tensor 316 
Mixed tensor 316 
Moment of inerlia 
of a anaterial line (711 
of aoaterial surface LA5 
ob a plate 50 
of a sulid Saf 
Monotonicity 
ol area Zo 
of the integral 40, 83. 1 
of volume SO 


‘ay 


Moving (natural) trihedron 116 
Mobius strip 209 
Multilinear iovariant form 295 


Multiple integrals of higher order £034 
Multiplication 
of a matrix by a vector (on the 
sight or on the left) 318 
of a tensor by a number 300 
of a tensor by a_vector 300 
of matrices 3171 
of tensors 300 
Multiply connected domain 129 


Nabla—see Ulamilloutan 
n-dimensional sphere toot 
Neighbourhood 24 
Nested 
collection of domains 45 
i Melee Nain ddeesetecsys bod 


operator 
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Newtonian potential of a mass point 
241) 
Newton's 
binumial formula 338 
law of universal gravitation 104. 106 
second law of dynamics 128. 278, 
297, 30S 
Normal 
aceclerution $27 
curvature of a surface in a given 
direction = b50 
curvature, radius of 151 
plane to a curve 119 
seclion of a surface 144 
te ai surface 145 
Norm of a function 302, 932. 466 
Number systems 606, 607, 605 


Qdd [funetion 48% 
One-paraineter family of curves 130 
One-to-one mapping 62, 4% 
Open 
circle 24 
set 2] 
Operating cell (in imemory of a cam- 
puter) 616 
Operations performed by a computer 
GUST 
Operator 
Laplace’s 262 
linear 288 
adjoint 2 
eigenvalues and 
310 
Order of stuadlness Stull 
Orientation 
of a boundary of a surface 210f 
of a closed contour on a surface 241 
of a domain in the plane 77{ 
of a surface 210 
Oriented domain 77f{ 


eigenvectors of 


Orthogonal 
affine tensor 284. 286 
coordinates 142, 267 


nalrix 28H 
inverse of 286 

system of funetions 
Orthogonality 

in a functional space 566 

of complex funetions 532 

af trigonometric system 4S 

with weight fimetion 459, sho 
Orthogonalization process 364 
Orthonormal basis 284 

transformation af 254i 
Oscillation of ao funetion 328 
Useulating plane 11% 


O22, Hove 
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Ostrogradsky theorent 218. 222 
applications of 222IT 
for tensers 308 
Parabolic point. of a surface 158 
Parametric curves am a surtace (aul 


Parametric (veclov) equations 
of a curve 483 
of a surface 935, 132 


Parseval’s relation S25, 326 
Particle derivative 276 
Partition of a domain 29, Sl 
fineness of 30. Bi 
relmement of 33, 34 
Periodic extension of a function 475 
Pertodiec funetion 476 
intevzral of 478 
period of 476 
primitive 477 
Phase of a harmome 476 
inilial 476 
Piecewise smooth curve $65 
Planar point, of a surface 148 
Plane 
curve, concave up (down) 12% 
ligere 24 
area oaf 24, AS 
content (Jordan) of 24 
of area zero 26 
squarable 24 
flow 258 
normal ty a curve 119 
asculating 114 
reclilying 19 
Lanvent to a surface 1331 
Point 
boundary 24 
elliptic, of a surface 157 
hyperbolic, of a surface 157 
Jinnit 21 
of rectification 116 
parabolic, of a surface 1538 
planar, of a surface 138 
unibilical (circular), of a surface 155 
Polar coordinates Giff 
Polvgonal figure 23 
Polvhedral solid 79 
Polynomials 
Chebyshev’s 923, 565 
Hermite’s 565 
Lagnerre’s 564 
of feast deviation from zero 523 
Oforder a with respect te an orthogo- 
nal system of functions 405 
Potential 
field 258 
function af a vector field 238. 240, 
on 


theory 246 


Power series 341 
applications of 3598f 
arithmetical operations on  3A2¢f 
differentiation of 348, 351 
expanding aéiofunction inte 341, 
3541, S37 ff 
in a complex variable 3621T 


circle ot tonvergence of 363 
intevration of 348. 352 
interval of convergence of 3-45 
radius of convergence of 344, 363 
remainder oof 35508 
uniform convergence of 348fi 
Principal 
axes of a symmetric tensor GLO 
curvatures of a surface at a point 159 
direchion of a surface at a point 154 
normal fib. 119 
value of a divergent improper in- 
legral 408 
Principle of superposition 569 
Product 
of matrices 317 
of tensor by a sealar 300 
(outer) of tensers 300 
Program 600, 614 
cyclic (loop) 617 
Programming G14iT 
automatic 623f 
Projection of an element of a func- 
Gebal space 506 
Pseudosphere 163 
Pythagoras’ (heorem lor ao functional 
space oS 


Quadratically integrable (sunimmable) 
fuinctton—see Separe-inlewra- 
ble (summable)  finetion 

Quadratic form 293 

first, fundamental of a surface 139 
positive definite 139 
second, fundamental of a surface 152 


Radius 
of convergence 34% 
of curvature of a curve 147 
of normal curvature of a surface 5! 
of torsion (of second curvature) of 
a curve 117 
Raising indices tn oa tensor 316 
Reciprocal bases 311 
Reennstructine a lunetion Troms its 
total differential 193i7¢ 
Rectifiable curve 26 
suriace 142 
peeeliby sig plane bps 
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Refinement of a partition 33 
Relative displacements, tensor of 303f 
Remainder of a power series 355ff 
in Cauchy's form 358 
in Lagrange’s form 356 
Resolution of a tensur ot second rank 
into symmetric and antisym- 
metric parts 303 
Rodrigues’ forinulas 56% 
Rotation (curls of a vector field 254 
expression in general curvilinear 
orthogonal coordinates of 
272 Kf 
physical meaning of 253f 
svinbolic formula for 252 


Saddle-point methud G02 
Scalar product (in a functional space) 
965 
Scalar field—see Field 
Seale factor 269ff, 608 
schwarz example 142tf 
Screw line (circular helix) 143 
Second curvature—see torsion 
Sequence, functional 319 
convergent at a point 319 
convergent in the mean 367 
integration and differentiation of 
369TI 
convergent on an interval 320 
convergent to ua funelion 320 
divergent 319 
domain of convergence of $2ZU 
limit function of 320 
passage to limit in 369fi 
puink of convergence of 520 
point of divergence of uniformly 
convergent 320 
properties of 331ff 
weak limit of 378 
weakly convergent 378 
weakly fundamental 378 
equivalent 381 
Series, functional 324 
convergent 324 
convergent in the mean 367 
integration and differentiation of 
371 fi 
dominant series of 326 
dominated 326 
power 341 
sum of 324 
Taylor's 354 
term-by-term passage tu limit in 
339 ff 


termwise differentiation of 337Ff, 372 
termwise intevration of 334ff. 371 


termwise passage to limit in 369%ff 
uniformly convergent 324 
comparison (\Weierstrass’) test for 
326 
properties of 331ff 
Set(s) 
arcwise connected 21 
bounded 22 
closed 21 
closure of 21 
diameter of 22 
difierence between 24 
distance between 22 
(everywhere) dense 29, 375 
function 411f, S4ff 
interior of 21 
intersection (or product or meet) of 
22 
open 21! 
separability of 22 
subset of 22 
union of 22 
Shape of a curve in the vicinity of its 
point. 121 ff 
Simply connected domain 129, 190, 228 
Sine integral ‘ii. 
Singular point 110, 400 
Sink (negative source) 242 
Skew-symmetric (antisymmetric) ten- 
sor 302 
Simooth curve 165 
Source of a field 242 
Space figure 8 
of volume zera 80 
Special purpose computer 604 
Specilic conductivity 2383 
Specific heat 264 
Spectral characteristic $69 
Spherical coordinates 96 
Squarable figure 24, 384 


Square-iutegrable (summable) func- 
tion 366 

Stationary distribution of tempcrature 
2695 


Stirling’s formula 599, 602 
Stokes’ theorem (formula) 224, 226 
applications of 227if 
Storage (memory) of a computer GO5Sf 
Strain tensor 296 
Stress 296 
tensor 291, 298ff 
Subroutine 621 
Subtraction of tensors 300 
Summation convention 312 
Superposition of harmonics 479 
Surface(s) 
annlicahble (isometric) 160 
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Surface(s) 
area of 14211 
classification of the points of 157ff 
coyrdinates on 131 
definition of 129 
lirst fundamental quadratic form of 
139 
integral 199 
applications of 20-4 
of the first type 200. 206 
of the second type 207, 213 
reduction to double integral of 
200ff, 245ff 
(absolute) properties of 
mean curvature of £37, 162 
normal to 135 
of constant curvature 163 
one-sided (nonorientable) 208, 210 
parauictric equations of 132 
parametric representation of 132 
second fundamental quadratic form 
of 152 
smooth §1 
squarable (rectifiable) 42 
tutal (Gaussian) curvature of 157, 
162 
two-sided (orientable) 
symmetric tensor 302 


tutrilsic 


208, 2tO0 


Tangent 
plane to a surface 133f 
fo a curse L1G, 1a 
Tangential acceleration 127 
Taylor's 
fopmesta 254 
series 354 
Tensor(s) 230, 284 
algebraic operations on 300 
coinponents of 283, 284, 286, 287, 
288 
conductivity 283, 294 
conjugate 302 
contracted 301 
contraction of 301 
contravariant 316 
covariant 315 
held 305 
divergence of 306 
flux of 308 
general, definition of aAt4. 
interchanging indices in 302 
lowering indices in 316 
metric 316 
mixed 316 
multiplication by a vector of 300f 
of pure deformation 303. 30a 
ioe qa agi wud y) lutulivu wu, wu 


315 


orthogonal affine 284, 286 
connection with invariant forms 
of 2926f 
of rank one 286 
of rank p 288 
of rank two 287 
connection with linear apera- 
tors of 288ff. 298ff 
of rank zero 286 
raising indices in 316 
resolution into symmetric and an- 
tisymmetric parts of 303 
skew-symmetric (antisyo metric) 302 
Strain 296 
stress 291, 295i 
syinmetric 302 
principal axes of 310 
Thermal equilibrium 265 
Torsion (second curvature) 
of a space curve 117 
radius of 117 
Torus (anchor ring) 131 
Total differential, integration of 193ff 
Total (Gaussian) curvature of a sur- 
face 157, 162 
Total partial derivative 276 
Tractrix 164 
Transfer of coutrol 612f 
Transformation matrix from one or- 
(thogonal hasis to another 285 
Transforination of hase vectors 285, 313 
Translatnr 623 
Transpuse of a matrix 286 
Trigonametric 
polynomial 519 
series 480 
sysiem 481 
completeness of 527ff 
orthogonality of 481 
Triple integral 82 
applications of 85ff 
change of variables in 98ff 
conditions for existence of 82f 
evaluation of 87ff 
properties of 83f 
reduction to an iterated integral 
of 


Umbilical (circular) point of a sur- 
face 155 

Unconditional transfer of control 613 

Cniform approximation of functions 
with algebraic and trigono- 
metric polynomials 51&ff 

Uniform couvergence, tests for 326fi 

Uniforinly bounded family of fune- 
Lions 375 


640 


lnton @f sets 2? 
Universal digital computer 604 


Vector(s) 
base, for curvilinear coordinates on 
a surface 133 
lield—see Field 
fiinction 107, 112. 285 
continuons 108 
derivative of 108 
differentiable 18 
cdilferential of 110 
integral of 142 
limit of £07 
singular point of {10 
line—see Field 
potential of a solenoidal field) 257 
surface—see Field 
Viscosity factor 278 
Volurne 
element of OF] 
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in curvilinear coordinates 97 

of oat curvilinear cylinder 19f. 47f 

of an a-dimensional parallelepiped 
1O2E 

of an a-dimensional sphere 105f 

of a polyhedral solid 79f 

of a space fieure 80, 85, 223 


Weak 
convergence 378 
limit 378 


Weakly convergent sequence 378 
Weakly fundamental sequence 378 
Weierstrass’ 
approximation theorems O18if, o76lf 
V-test 326 
test (for integrals) 449 
Weight function 538 
Work of a field of force 173f 
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